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Preface 

This yearbook is intended to be primarily a highlighting of the essen- 
tial elements of those basic mathematical understandings which should 
be continually developed and extended throughout the entire mathe- 
matics curriculum, grades K-12 and beyond. This is the content of 
Chapters 2 through 8. 

Growth in understanding of a fundamental idea and of its extensions 
is a continuous process that is facilitated by properly chosen classroom 
techniques. Hence our second objective is to define and illustrate some 
classroom procedures and their psj'chological bases, which we feel are 
also appropriate and important at all levels of instruction. This you 
mil find in Chapter 10. 

In Chapter 9 we have tried to lUustrate, if not to define, a major ob- 
jective of mathematical training; namely, training in maihemaiical 
modes of ihoughC. These modes are not quite mathematical concepts 
themselves, but are rather understandings and procedures which are im- 
plicit in the study of all mathematical topics. 

They include ideas and processes which might by some be labeled 
problem solving and by others, crecUh'e thinking, little if any of this can 
be taught as a separate topic in a text or a unit in a curriculum. Students 
can be helped to develop creativity and problem solving ability, we 
believe, only if their teachers constantly and repeatedly lead them to 
and through problem solving and discovery processes and encourage them 
to strike out mentally for themselves into problem situations or into 
areas new to them. Chapter 9, then, forms a bridge between the mathe- 
matical concepts of Chapters 2 through 8 and the methodological ideas 
of Chapter 10. Some of our most desirable objectives, while requiring an 
understanding of mathematical ideas by both teachers and pupils, will 
be achieved best by teachers who consciously adopt classroom proce- 
dures which dev’elop mathematical thinking habits and techniques. 

Our third objective is to assist tcachcis and supervisors to extend and 
apply the ideas of the book in their own situations. This is the objectii’c 
of Chapter 12. A siagk b<fak can aalj’ present s bread outline o! the 
mathematics program in grades K tlirough 12. Even if more details 
could be included in this book, they might, without careful study and 
interpretation, confuse rather than clarify that which is the real intent 
of this book. Included in Chapter 1 1 are some suggestions for extending 
the insights and testing the interpretations which a reader might be 
expected to get from this book. 

It is inevitable that this twenty-fourth yearbook should be compared 
v\ith and related to the twenty-third yearbook, Insights Into Modem 
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Mcithematici. AW.ouEti the Uvcnly-fmirtt. ireltl.ci conceived nor 
written a>i a supplement to the Inciity-tliird, tlicy fliouU supplement 
one anotlicr well. We have sooght to make this hook a solf_ contained 
unit insofar as any single book on BUch a broad topic can l>e. lo do tins 
we have written cliapters entitled “Xumber mid Operation,” Relations 
and Functions.” “I’roof,” and **Probabilily'’ winch in title overlap tliO‘c 
of the twenty-third yearbook. However, where that book stressed mathe- 
matical theory and modem malbemalics, we here arc trying to suggest 
bow basic and sound malbcmalical ideas (whether modem or not) can 
be made continuing themes that arc recognized by tcacliera and pupils 
as a part of a Bpiraling growth and development of mathematical under- 
standings from the kindergarten through grade 12 and beyond. 

This yearbook was originally proposed to the Board of Directors of 
the National Council of Teachers of Mathematics, at its April 19M 
meeting, by its Yearbook Planning Committee, F. Ljuiwood Wren, 
Francis G. Lankford, Jr., and Daniel W. Snader, as a yearbook on “in- 
service education for mathematics teachers.” The committee’s sugges- 
tion was adopted after the board modified its description by adding: 
“This book is not intended to be a textbook on methods, nor a survey 
of curricula, but rather a highKgbting of the most basic matbcmalical 
themes which should be central to the entirety of a modem mathematics 
curriculum, and of the similarly key concepts of modem leaching tech- 
niques. These themes should be displayed as concretely as possible and 
at as many different levels of Instruction as may be.” Phillip S. Jones 
was then selected to be the editor of the book. Tlie undersigned com- 
nuttee developed the framework of broad outlines and policies within 
which the authors have written. 

The committee soon realized that to mite concretely at a wide range 
of grade levels would take several authors uith varied experience for 
neatly every chapter. It further reaVued that the book should itself have 
some unity and continuity which would require face-to-taco discussion 
and even argumentation among its authors. Hence the committee sug- 
gested to President Marie Wilcox and the Board of Directors that funds 
be sought to pay for meeting of the writers and oommittce where the 
book’s purposes, content, and organi*atioQ could be jointly discussed, 
where illustrations and crilidsms of fimt and second drafts could be 
shared, and where some actual miring could be done. 

The board endorsed this proposal and urged President Wilcox to ask 
the National Science Foundation for funds. Funds for these purposes 
were granted in October of 1^6. Whatever good this book may have 
would have been less without the discusaons and revisions made possible 
by the funds allocated by the Foimdarion. 
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In addition to pajdng for such meetings, these funds also made it pos- 
sible to reproduce o%'er a hundred copies of an early draft of the book, 
to be read and criticized by a number of teachers in classes and seminars 
all o^'er the country in the spring and summer of 1957. 

We regret that some who helped us cannot be listed because some 
eritJQues were summaries of the ihinWng of groups and others irere 
mailed to us without names; ne\’ertheless, we wish to acknowledge with 
thanks the help of the following persons, who cannot, however, be held 
responsible for any of our errors or failures. 

George E. Adams, Jr., Marjorie Y. Adams, Jackson B. Adkins, R. 
Ames, John B. Anglin, Elsie Baehre, Jessie AjTes Bailey, John Bartelt, 
James S. Beadle, Milton W. Beckmann, Roy 0. Birmingham, Jr., 
Josephine Bodever, Alpheus Booker, Mary T. Boulware, Boyce Brown, 
John G. Bryan, Joyce Burchinal, Harold R. Burke, Barbara S. Bums, 
Richard B. Bums, Miriam Burris, Frank C. Carpenter, Jack Carpenter, 
Audrey D. Carr, Helen Chaffee, Dorothy Clark, John R. Clark, Arthur 
CoUard, Thomas 0. Corlett, Robert G. Crook, Mcrv^m Dauenbaugh, 
Nathan L. Davis, Dale Davison, Aristides Demetrion, Geraldine Dolan, 
Laura K. Eads, Harriett E. Emery, I^athr>Ti Evans, William H. Evans, 
Walter J. Ferdon, Louise Fitchett, Carroll E. Fogal, William A. Gager, 
Paul R. Gagneaxix, Ferdinand Gezlch, John V, Ghindia, Jonathan Gill- 
ingham, Moses L. Glenn, Edith M. GUdewell, Richard Gorham, Elnice 
Greene, Jack A. Gustafson, Ruth M. Hannum, Irell S. Harp, Thomas Y. 
Harp, Arthur W. Ham's, M. L. Hartung, Billy F. Hobbs, Virginia Hogc, 
Lucille Houston, Roy E. Howell, Jesse Humberd, Donovan A. Johnson, 
Robert L. Johnson, William L. Jonas, Robert Jorgenson, Clark Kaplan, 
Houston T. Ifames, Josephbe Anne Kcgerreis, Stanley Kegler, Ivathleen 
Keller, Calven E. I^g, Helen Kriegsman, Donald E. Kuhnic, Marj* 
Carolyn Labbe, Dorothy M. Leffler, Curt'ish Leicht, Catherine A. V. Ly- 
ons, Evan Maletsky, Ronald 0. Massie, B. E. Meserv’e, T. L. Moyer, 
Dorothy R. Miller, Willis M. MUler, Howard Mion, Francis Mueller, T. 
Nelson, Frederick A. Parker, Philip Peak, Christine Poinde-xter, Frank P. 
Prather, H. Vernon Price, Louis E. Weskom, Marj' Anne Prunier, 
Charles N. Race, Myrtle Rehwinkel, Robert L. Root, George H. Ross, 
Myron Rosskopf, I^fary Lou Rohrbaugh, Velma I. Rust, Fred Schleiber, 
l^Iarie T. Shires, Donald M. SSbeigcr, Helen T. Simpson, James T. Sims, 
Sister Margaret, Joseph Sloboda, Jr., Janie Smallwood, Vemona L. 
Smukal, Roger F. Soucy, Andrew Stet'cnson, De Verc W. Stevenson, 
Alan D. Stewart, Edwin H. Slieben, Henrj* Swain, Dorothy SylUng, 
Walter Szetela, Julia Tegner, John E. True, Bruce R. Vogeli, Marguerite 
A.. Watkins, Anna D. V’eatherford, J. Fred Weaver, Catherine N. 
WTieat, Marie S. Wilcox, Edward J. WHlb, and John Earl Wood, 
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Finally, all the writers and tlie committee, as well os Paul ClifTord 
and Max Beberman, have shared in discussions of all chapters. How- 
ever, since wc occasionally failed to be in complete agreement, no writer 
nor committeeman can l>e held rcsponriblc for statements other than 
those in the chapter he ^^Totc, but if there is any excellence in the book, 
credit for it must be shared aJ! who Itave worked eo liard on it. 

And, as the book goes to press, we feel wc must add a word of sincere 
thanks to Myrl Ahrcndl, Executive Seccetarj' of the Xational Council of 
Teachers of Mathematics, who lias labored hard and conscientiously to 
sec ouc manuscript through the physical process which lias made it into 
this book. 

The Cemmi7/cc 
IlAnoLD P. Fawcett 
Alice Hacii 
CiiAPJAxm: W. JoNGE 
Henhy W, Syeh 
Hestit Vax Ences 
Phillip S. Joves, Chairman 
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The Growfh and Development of 
Mathematical Ideas in Children 

Or How and Why To Use This Book 

PHILLIP S. JONES 


We TVHO are plaumog and writing this book have on occasion dis- 
agreed as to the relative importance of some of the goals of mathematics 
education, and as to the best methods for achieving them, but wo are 
agreed that the following are axioms: 

Axioji 1. TJie best learning is that in xchidt the learned fads, concepts, 
and processes are meaningful to and understood bg the learner. 

Axiom 2. Understanding and meaningfulness are rarely if ever "all or 
none" insights in either the sense of being achieved instantaneously or in 
the sense of embracing the tehole of a concept ami iVs at any 

one time. 

The sudden perception or flash of inright which is one of the joj’S of 
mathematics learning and teaching comes only to those who have, with 
thought, struggled to extend or apply concepts which have been par- 
tially understood earlier. Further, meanings and understandings them- 
selves change continuously as they arc extended, broadened, and applied 
in different situations. For example, the early elementary pupil wiio 
suddenly perceives that 9 plus any other single digit number is the teen 
nu/nher whose units digit is one Jess than the ^ngie digit number prob- 
ably first secs this after having added a number of specific combinations 
such as 9 -f 3 = 12, 9 -f 4 = 13, 9 -f- 0 = 15, and so on. Even if he 
had been told this rule, it is doubtful that it would have been really mean- 
ingful to him until after ho had worked out several c.Tamplcs. Later the 
idea can be extended to such combinations as 20 -f- C *= 35, 49 -f* 8 = 
57, and so on, and then to 25 -b 9 — 34, 07 -b 9 =* 70, and so on, StUI 
later, perhaps, when be has begun to do column addition he learns that 
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The Growth and Development of 
Mathematical Ideas in Children 

Or How and Why To Uso This 6ool^ 

PHItllP S. JONES 


Wb TVTio are planning and rniting this book have on occasion dis- 
agreed as to the relative importance of some of the goals of mathematics 
education, and as to the best methods for achieving them, but Tre arc 
agreed that the following are axioms: 

Axiosi 1. The best Uarning is that in tchich the learned fads, concepts, 
and processes ore meaningftd to and vnderslood hy the learner. 

AxiOif 2. Understanding and meaningfulness are rarely if ever “cW or 
none" insights in either the sense of being achieved instantaneously or in 
the sense of embractnp the ichole of a concept and tfs implications at any 
one time. 

The sudden perception or flash of insight which is one of the joys of 
mathematics learning and teaching comes only to those who have, with 
thought, struggled to extend or apply concepts which have been par- 
tially understood earlier. Further, meanings and understandings them- 
selves change continuously as they are extended, broadened, and applied 
in different situations. For example, the early elementary pupil who 
suddenly perceives that 9 plus any other single digit number is the teen 
number whose units digit is one less than the single digit number prob- 
ably first sees this after having added a number of specific combinations 
such as 9 + 3 = 12, 9 -f 4 = 13, 9 -b C =» 15, and so on. Even if he 
liad been told this rule, it is doubtful that it would have been really mean- 
ingful to him until after he had worked out several examples. Later the 
idea can be extended to such combinations as 29 -f- G = 35, 49 •{- S = 
57, and so on, and then to 25 + 9 = 34, 07 4 - 9 = 7G, and so on. Still 
later, perhaps, when he has b^un to do column addition he Icams that 
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addenda may be regrouped without liau^g the sum. Thus the sum 

3 

4 
6 
8 

may be thought through mentally either as 3 + 4 = 7, 7 + 6 = 13, 
13 + 8 = 21,21 + 2 = 23,oras3 + (4 + 6) + (8+ 2) « 3 + (10 + 
JO) = 3 + 20 = 23. This latter may seem to be difTerent in principle 
from the rules for adding nines, but both are merely special cases of 
the ossociotirc late which, in algebra, is written o + (h + c) = (o + b) + 
c. Howe\’er, even before studying algebra, and ndthout any use of the 
term asiodative law, the student can work out the reason for his rule 
for adding nines by thinking: 9 + 3«9 + (l+2)*»(9 + l) + 3 = 
10 + 2 » 12 or 29 + 6 = 29 + (1 + 5) * (29 + 1) + 5 * 30 + 5 - 
35. "When all of this has happened, his understanding of an important 
idea has grown and developed from being used and understood at a 
very simple nonverbal level to the recognition of a broadly applicable 
principle with a name (associative law or a-riom). 

The actual sequence of extensions and insists will varj* from pupil 
to pupil and teacher to teacher. Our point b that the ideas should be 
understood at each stage, but that the nature and generality of the 
pupil’s conception will also grow and develop and should not in general 
be expected to be complete at any stage. In fact, the associative law, the 
use and imderstanding of which has its roots in the early elementary 
years, b an increasingly important principle in many mathematical 
theories, such as vectors, matrices, and linear algebras, still to be met 
by the student after he has completed secondary school. 

The two axioms with which nebegau imply two theorems and a couple 
of corollaries. They are: 

Titeoresi 1 . Teachers must plan so that pupt7« continually have recurring 
hul varied contacts with the fundamental ideas and processes of mathematics. 

These contacts should often be in different contexts. They should be 
both at higher leveb of abstraction and generalization and also in the 
form of concrete applications or realizations of old generalizations in 
new situations. In both new generalizations and new specific cases or 
applications it is important that the student be deliberately led to see 
the continuing tbeme, the general principle, which was met earlier and 
now is being extended or apphed. Tor example the child who has learned 
that 3 X 10 = 30, 3X2 = 6 may then be lead to think for himself 
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that 3 X 12 « 3(10 + 2) = {3 X 10) + (3 X 2) = 30 + 6 = 36 be- 
fore he learns the mechanical process or algorism represented by 
12 
_3 
36 

The fact that 3 X 12 ~ 3 X (10 + 2) could have been developed out 
of such still earlier concepts as that multiplication by an integer, 3, is 
equivalent to repeated addition, and that 12 means 10 + 2. Thus, if 12 
were represented by two piles of apples, one with 10 apples and the other 
with 2, three times this quantity could be represent^ by three piles of 
10 each and three of two each, or a total collection of 36. Later the 
student meets this same principle when he learns that three packages 
containing 1 Ib. 4 oz. each will together contain 3 Ib. 12 oz. Again, geo- 
metrically, the area of the two rectangles in Figure 1 is 3 X (5 + 4) »= 
(3 X 5) + (3 X 4) — 15 d- 12 27 « 3 X 9 sq. ft., and in studying 

angular measure in either geometry or trigonometry 3 X 15*13' » 
45®39'. This same principle which he may, in algebra, learn to n-rite as 
o(5 -h c) ss ab 4* oc and call the distributire hu> n-ill help him to under- 
stand why a negative number times a negatii’c number is defined to be 
a posith'e number. It also, of course, is the concept undcrliTng factoring 
in algebra and the processes of multiplication and division in arithmetic 
and algebra. 

5ft. 4 ft 


3ft 


Fio. 1 

As each of these topics is studied the teacher should point out the 
general principle being used, its occurrence in earlier situations, and 
exactly how it is being used or extended now. 

Displaying such examples of the continuing growth and extension of 
basic mathematical ideas is the funcUon of the rest of this book, not of 
this chapter. To point out how and why to read the rest of this book 
we need one more theorem. 

TiiEOKEJr 2. Teachers in all grades Aould view their tashs tn the light 
of the idea that the understanding of mathematics is a continuum, that 
understandings grow within children throughout their school career. 

This theorem implies immediatdy the eorolkiries tlwt (1) Teachers 
should find what ideas have been presented carlierand deliberately u«o 
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them as inuch as possible as the ba«w for tl»e tcacliinR of new ideas. (2) 
Teachers should look to the future and teach some concepts and under- 
standings even if complete mastery cannot l>c expected. 

Teachers should do this in order to Wild rradiness for new topics. We 
liave all at sometime had a flash of imifdit or perception of rclatioa^hip 
come to us as we went over a topic a second time in a Later course or in 
a new context. This growtli in understanding could not liavc come tiic 
second time over if there had not been a first time! We must all be con- 
tent, even be anxious, to he the unsung heroes of some later teacher's 
triumph. Let’s hope we also take care to reap the fruit of the seeds sown 
by our predecessors! 

Careful consideration for the vertical organization and continuity of 
our mathematics program not only in its content but even in its presen- 
tation, especially in its emphasis on the understanding of ba.«ic ideas, 
will not only tend to create readiness for new learnings, but will tend 
to eliminate possible sources of later interference. The elcmcntarj’ tcaclicr, 
who is aware tliat in the eighth or ninth grade his pupils will learn of 
the negative numbers which make subtraction always possible, will be 
a little cautious about insisting that one can never subtract a larger 
from a smaller number. Early strea on subtraction and dh*ision as, by 
defimtion, the inverses of addition and multiplication not only intro- 
duces preUminary ideas of proof and of the structure of mathematical sys- 
tems, but also will help teachers to lead students to understand why one 
can not divide by zero as well os why one “cAonprs the sign and adds'’ and 
"inverts and multiplies" in certain well-known situations. 

Theorems I and 2 and their corollaries indicate the readers who we 
hope will find value in this book and the uses to which we hope it will 
be put. 

We hope this book will be valuable to all teachers of mathematics, K 
through 12. Since it is clear that these teachers do not nil have the same 
background nor the same problems, we have occasionally dispaired of 
writing in one book materials which would be understandable by’ and 
useful to all teachers. However, we arc so coniinced of the importance 
of continmty in the mathematics program as a whole that we decided 
to attempt the task. 

e do not believe, for example, that proof plays the same important 
role in the first grade does number. However, in the early elementary 
grades children do prove that 7 — 3 *= 4 by showing that 4 -h 3 = 7, 
and a third grader can reason that 8 + 5 = 13 because 5 is 2 -f- 3, 8 -|- 
2 is 10, and hence 8-l-5=sl0-b3 — 13. Thus, his introduction to the 
nature of and need for proof and for reasons can actually be begun in 
his early study of number. 
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So readers, we urge all of you to follow through the book with us. 
You who are elementary schoU teachers will find in each chapter some 
discussions which apply to your grades. These are, in general, presented 
early in each chapter. We hope you trill read a little further than this 
in each chapter in order to see how the structure of mathematics, not 
merely of computation, may be based upon the foundations which you 
lay. However, when the discusaons of number ideas seem clearly to 
have moved far beyond your instructional level, turn to “Relation and 
Function,” “Proof,” and so on, to see what these may bold for you. 

You who are junior and senior high school teachers can scan our essays 
for connections with earlier work which may be emphasized in your 
teaching, as well as for how you, too, may help basic mathematical 
understandings grow in the minds of your students. Eead both ichat may 
come before and whal may come after your present level of instruction. 

And finally, may we say a few words about what is not here? Just as 
chapters on “Proof” and “Probability” are included even though they 
may be central ideas which should be and are less stressed at the early 
elementary level than later, so, too, there certainly are important ideas 
and concepts which belong in the mathematics program for which we 
didn’t find any room in this book. We selected what to us seemed the 
most important continuing concepts but we do not pretend that the 
book covers everything that should be taught. 

However, when you seem to miss algebra or geometry do not assume 
that we have relegated them to an unimportant role in the school of the 
future. Look through “Number and Operation,” “Relations and Func- 
tion,” even “Proof,” “Measurement and Approximation,” and “Lan- 
guage and Symbolism in Mathematics.” You will find algebra in all 
these chapters and in others too. Similarly geometry may be found in 
“Proof,” “Relations and Function,” and “Measurement and Approxi- 
mation.” It is our belief that continuity, growth, and development of 
understanding may be planned for and achieved in many curricular 
contexts both traditional and nontraditional. You need not have an 
integrated curriculum to do this, though some nill think it easier to 
plan in such a setting. However, the central themes which wc wish to 
stress are not revealed or emphasized by course titles such as algebra, 
geometry, and trigonometry. Hence we ha\'e not used these courses for 
the framework of our book. We believe that the major concepts of these 
courses fall under one or more of the central concepts which wo have 
discussed. However, space has not permitted us to expand these dis- 
cussions to display everything which may be classified with each concept 
or theme. Wc hope you will read in each chapter, and tliat you nill seek 
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and Bee in it the topics you are now teaching (plus perhaps a few more) 
from a new viewpoint. 

Further, we recognize that at least two of our chapters, ‘ Probability 
and “Statistics,” represent topics which certainly are not now accorded 
a central or unifying role in our elementary and secondary school cur- 
ricula. We included them because we feel certain that recent rapid devel- 
opments in both their theories and applications justify us in claiming for 
them a more central position in the curriculum of the future. We did 
not set out to prophesy or to advocate changes, but felt it to be proper, 
even to be a duty, to recognize changes which seemed desirable to all of 
us. We have tried to make it clear as we went wherever our prophecies 
have outrun our experience. 

Don’t skip merely because some new terms or symbols are being used- 
the underlying ideas may be old and familiar ones which new terms and 
symbols may simplify. Similarly, don’t skip because the material being 
discussed is old stuff — follow along in search of some new aspects of 
teaching. 

Scan the “Preface” for another statement of our objectives, read at 
least part of each chapter, and finally turn to the last chapter for sug- 
gestions as to how to extend further your study of these ideas and their 
use in both teaching and curriculum planning. We do not believe there 
is just one correct sequence or grade placement of topics. We are con- 
cerned that every teacher be aware of his position in and contribution 
to a planned spiral development of ideas in hb school. Thus the “Flow 
Chart” in Chapter 1 1 b not a grade placement chart nor do we regard it 
as defimng a correct or rigid sequence. It is intended as an example of 
a helpful analysb which might profitably be thought through for itself 
by the staff of every school system. 

We hope yon will also observe that there are some themes or recur- 
ring concepts running through thb book. For example, even the most 
elementary mathematics, counUng, b an abstraction. Abstractions and 
their related generalizations are what make mathematics useful — the 
same principles apply in many situations. In teaching, one should plan 
to complete the cycle, moving from concrete to abstract to concrete 
realizations, applications, or modeb of a theory. Move from special to 
general, and back to further qjecializations. New ideas are often dis- 
covered inductively and/or by seeking new extensions which will still 
preserve the essential properties of the old system from which they 
stem. But let’s move on and see what you find as themes for our booki 
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“ilatbematics is the queen of the sciences, and arithmetic 
the queen of mathematics.” — C. F. Gaoss 

“Reeling and Writhing, of course, to begin with, . . . and then 
the different branches of Arithmetic — Ambition, Distraction, 
Uglification, and Derision.” — L ewis Cahroll (C. L. Dodcson) 
in Alice'! Adcenlures t'n Wonderland 

A DAY without number! .. .how often children are asked to speou* 
late on such an event in an attempt to envisage the importance of 
mathematics. What woxild happen if there were no numbers? What 
changes would come to some of the things we take for granted in every- 
day living? No prices would appear on the food we wish to buy at the 
comer grocery. We would need to determine other waj'S of recording 
time for all numerals on the calendar, and the clock would disappear. 
We would find ourselves perplexed in trying to figure out a way to re- 
port business transactions. Our latest scientific developments would 
become extremely difficult if not impossible to understand or use. Yes, 
probably the oldest unifying theme in mathematics is that of number. 

Number is both a fanuliar idea and a fundamental idea to all of us. 
In fact, it is so much a part of our everyday lives that we may easily 
lose eight of the nature of its development. In thb chapter it is our pur- 
pose (1) to display the fundamental ideas of number and operation and 
(2) develop with our readers on appreciation for these fundamental 
ideas of number and operation as they exist in the structure of mathe- 
matics, not only from a viewpoint of I(^cal structure but also from a 
viewpoint as to how these ideas dei'clop in the minds of students. More 
specifically, we shall examine the nature of number, how the natural 
numbers are used to invent new numbers — the fractions, the positive 
and negative numbers, the irrational numbers, and the complex num- 
7 
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bers. As proceed, we shall follow the order of the major steps in 
which new numbers are introduced today in our schools. We also shall 
consider the fundamental operations of arithmetic— addition, sub- 
traction, multiplication, and divirion-^ith each kind of number. 

The development of mathemarics may be regarded as the development 
of two central themes, namely, number and form}* By the latter we refer 
not only to geometric fonn, but also to the structure of mathematical 
relations and theories as developed in sequences of postulates and 
theorems. These sequences and their accompanying proofs are found 
not only in geometry, but also are logically necessary in algebra and all 
other divisions of mathematics, all of which in turn have their founda- 
tions in elementary school arithmetic. 

In the seventeenth century these two themes, number and form, were 
integrated to form mathematical analyds, the anal3rtic geometry, and 
the calculus. More recently, in the latter part of the nineteen^ century, 
we also have the intemungling of these two themes, number and logical 
structure or form, in an attempt by Peano* and others to axiomatize 
not only natural numbers but all numbers. 

As man has encountered new problems, he has created a need for new 
numbers. Consequently, over the ages he has successively invented new 
numbers to satisfy new needs. At each step, old numbers have been 
the building blocks for new numbers. His guide in using these building 
blocks has been that of preserving such bade properties of old numbers 
as order and equivalence and the commutative, associative, and dis- 
tributive laws of operation with these numbers. Although some modem 
algebras and their arithmetics fail to have all of these properties, such 
properties will continue to be fundamental in elementary and secondary 
school mathematics. This is true not only because numbers with these 
properties were the first to develop historically, but also because these 
mathematical properties correspond to the way in which most of the 
objects of our immediate physical world behave. For example, the num- 
ber of apples in a pile is the same whether the pile was formed by put- 
ting down first three apples and then two apples, or first two apples and 
then three apples. 

We believe that three major considerations should be reviewed by a 
teacher in planning for maximum meaning and understanding. They 
are (1) logical coimderotwi* wlwh are based on ibe structure and logic 
of mathematics itself, (2) the amsideraiions of Ustory—the chronological 
fequencee of events which sometimes furtush the only real reason for the 
of particular terms or umla being taught, such as root, inch, 

r.r.re„ce, .t 
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degree, and (3) the -pedagogical sequence— a sequence based on sound 
psychological considerations whereby the teacher weighs such things as 
the necessity of proceeding from the use of objects as representations of 
ideas to abstractions, to generalizations, and then returning to apply the 
generalizations to specific situations. Consideration should also be given 
to levels of learning in mowng from less mature to more mature ideas. 

No longer do we confront a child with a new idea by using the adult 
level of a written algorism and expecting him to memorize it. Esther, 
we recognize that the development of mathematical concepts is a growth 
process going from levels of working with manipulative materials through 
various levels of working with abstract qmbols. For e.xample, a child 
in the lower elementary grades may be able to determine by using manip- 
ulative materials how many candies he can buy for fifteen cents if he 
knows that three candies cost five cents. By putting three objects nith 
five objects, another three objects and another five objects, and another 
three objects ndth another five objects he finds that he can get nine can- 
dies for fifteen cents. Later, in the upper elementary school, he may 
express this as 



From his understanding of classes of equivalent fractions, he knows that 
% is another name for ^^ 5 , and therefore, the number of candies must 
be nine. Still later in the secondary school, he may express this situation 
as 

^ = JL 

5 15 

but he solves the problem by determining the number \rith which to 
replace n in the following manner: 

5n = (3)(15) 

5n ~ 45 
n = 9. 

Sometimes, the going from one level to another is almost instantaneous. 
Again, It may take sei’cral years as noted in the preceding illustration. 

LEARN NU3IBER NASfES 

Logical, Chronological, and P«!ngogical Approaches. Thc^ 
approaches to the development of numbers all fend to indicate a rimi- 
lar type of teaching sequence and method. Seemingly, the integration 
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of these considerations into a sound classroom procedure is easier for 
the development of the concept of number than it is in some later areas 
where a paiaMism is not so obvious or may not even exist. To see this 
parallelism, let us consider simultaneously the number experiences of pre- 
historic man and the preschool cluld. 

It is believed from recent studies of antbropolo^sts and excavations of 
archeologists that prehistoric man would keep a record of the number 
of objects, such as skins or heads, by making tally marks on a stick of 
wood, or in the case of the earliest known mathematical writing, on a 
leg bone of a prehistoric wolf, This prehistoric bone, unearthed in Mo- 
ravia in 1938,* bears on it scratches in an orderly array — a group of five, 
a second group of five, and so on. After five such groups of five scratches, 
a longer notch appeared, followed by a continuation of subgroups of 
five until a total of fifty-five scratches had been recorded. 

What were the purposes of these scratches? No one knows exactly 
nor are we certain that prehistoric man was keeping a record of his 
possessions by tallying. The chances, however, that these would have 
been arranged in this fashion by accident are so slight and the connection 
with tallying with notched slicks and knotted ropes so clear that there 
is little doubt that some prehistoric man was working with number 
idea.s. Primitive people have been observed to make a one-to-one corre- 
spondence between sheep, skins, wives, children, and collections of 
pebbles or notches on such recording surfaces as sticks or bones of ani- 
mals. 

Studies*- * have shown that number has been a part of the ex- 
periences of many preschool children. Those have been for the most 
part informal experiences. A child holds up three fingers to report h»s 
age. He sees that there is a plate on the table for each member of the 
family. He speaks of the four candle-holders and the four candles to be 
placed in the holders. He learns to determine each move in a game of 
parchesi by counting the spots on a die. He keeps his score in a daft 
game by making tally marks on the playroom blackboard. 

From brief accounts of the beginnings of number in our culture, we 
note the similarity of prehistoric man and the preschool child in the«r 
establishing a one-to-one coirespondencc between two sets of objects. 
Iji^r, a set of marks or 8>’mbo1s replaced one of the groups of things. 
This progress from things to symibols and the use of correspondences 
suggests on approach desirable in the development of the idea of number 
nithln ckissroom filualioas. 

More specifically, one of children's early experiences with number 
comes wiUi idenUfjing the concept of liw common to Ids two hands. 
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his two eyes, hb two feet, his two ears. He recognizes n one-to-one corre- 
spondence between the elements in the sets shomi in Figure 1. This 
common property of these groups or sets is given the name, ‘2’.* Ho 
learns that there is not a one-to-one correspondence between elements 
in such sets, as showm in Figure 2. The cardinal number of the set in 
Figure 2 A can be given the name The cardinal number of the 
set in Figure 2 B cannot be given the name ‘2’. It is given another 
name, ‘3’. Having arrived at some understanding of what sets have the 
cardinal number 2, the child is able to select the collections whoso num- 
ber may be appropriately labeled by the symbols 'two' or ‘2’ from such 
groups as illustrated in Figure 3. 

TJic Concept of Set and Car«Hnal Nuniljor. In referring to the pic- 
tures of groups of obj'octs in the preceding section, we have called them 
‘sets'. One of the moH fruitful ideas for the mathematician in recent 
years has been the concept of set. Regarded as an undefined term in 
mathematics, the word ‘set’ is synonymous with such words as ‘collec- 
tion’, ‘aggregate’, ‘menge’ (German), and ‘ensemble’ (French). In ofTect, 

• Single quotation marks will be used to denote the numeral or the name of the 
number. 
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we can say that a set is a collection of things. The objects mahing np the 
set are said to be members or elements of the set. Some scheme must be 
given 60 that we may know ^\hether or not a particular clement is a mem- 
ber of that set. For example, the set may be all the elementary teachers in 
Lincoln School; it may be the set of all presidents of the Mathematics 
Club since its founding; it may be the set of all students in Mr. Smith’s al- 
gebra class at West High where Nan(^' White is not a member of the set 
since she is in Miss Dunn’s class; it may be the set of all even integers 
whose members we can determine by merely testing whether or not the 
integer is divisible by 2; jt may be the set of natural numbers from 1 
through 10. Tliis set may be represented by { 1 , 2, 3, 4, 5, 0, 7, 8, 9, 10 j . 
We can easily tell that 3 and 4 are members of this set while 12, and 
are not members of the set. It may be the set of all medians of a 
given triangle; or, it may be the set (an infinite set, incidentally) of all 
pairs of numbers, x and v. such that they would satl'fy the condition that 
a: + y « 8. 

Two sets are said to be eguivatent if for every element of one set there 
is one and only one element of the other set; that is, if for given Sets A 
and B, there exists a one-to-one correspondence between the individual 
elements of Set A and of Set B (Fig. 4). Equivalent sets are said to have 
the same cardinal number; e.g., the cardinal number of Set /I is 3 and 
the cardinal number of Set £ Is 3. In dealing with equivalent sets and 
their cardinal numbers we disregard the specific nature of the objects 
being matched whether it be a set of pebbles matched with a set of 
sheep, a set of plates with a set of people, or a set of symbols with the 
set of fingers of a hand. We are concerned only with the common prop- 
erty of the sets — known as their cardinality — their foumess or their 
fiveness. If the sets are not equivalent, they lack common cardinality. 



Set A Set B 

Fjo, 4 


The equivalence ot two Eels may be demonstrated in several different 
ways. For example, we can show that a set of balls and a sot of blocks 
arc cqmvalent by malchine as shown in o or b of Figure 5 Either of 
schemes shows that tor every clement of one set, there is one and 
only one corresponding element ot the other and consequently shows 
that the two sets are equivalent. 
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(a) 


(b) 


Let us consider the sets in Figure G, labeled A, B, and C. Although 
Set A is a set of toys, Set B is a set of fingers, and Set C is a set of 
letters, each of the elementa of one set may be placed in one-to-one corre- 
spondence vrith an element of each of the other sets; that is, each ele- 
ment in Set A may be matched with an element in B and with an ele- 
ment in C, as illustrated in Figure 7. Similarly, each element in Set B 
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may be matched with an element In Set C and with an dement in Set 
A. Since the elements of these sets may be put into one-to-one corre- 
spondence, they are said to hav'e the same cardinal number. This com- 
parison of sets of dements with respect to cardinality is possible without 
the use of number names or counting. For example, we may see that each 
person in a gii’en set of people matches with a chmr in a given set of 
chairs and yet be unable to say how many chairs or how many people 
there are in cither set. If there are some empty chairs after everyone is 
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seated, we know tliat we have more chairs than people but we may not 
be able to say how many of each. 

It is convenient, however, to have names for each of the cardinal 
numbers. These names may be anything we «Tsh. For instance, we call 
the cardinal number of Sets A , B, and C, ‘five’ because historically this 
word was invented, used, and understo^ long before the importance 
and usefulness of this approach to cardinal numbers by way of equiva- 
lent sets was recognized. Yet, this number could have been given any 
arbitrary name, such as, ‘6ec*, ‘zofce', ‘zume’, '/un/*, 'cinq'. 

THE COUNTING NUMBERS— 1, 2, 3, ••• 

The Natural Numbers. Throughout the elementary and secondarj’ 
schools, we arc concerned primarily witli the counting numbers. They 
are man’s way of indicating how many objects arc contained in a given 
collection. These counting numbers, the simplest of numbers, 1,2,3, - • * 
11, 12,13, ••• 101, 102, 103, ••• 1001, 1002, 1003, arc the building 
blocks for the other numbers— fractions, positive and negative integers, 
irrational numbers, and complex numbers. Other names commonly used 
for thcs<5 counting numbers are 'integers’, 'whole numbers’, 'cardinal 
numbers’, and ‘rutural numbers’. In mallicmatical usage, os opposed 
to common usage, there is a distinction in these names. The integers 
include both positive and negative numbers and zero. Just as wo termed 
equivalent all finite sets that can Imj put into one-to-one correspondence 
with each other and have associated a number name ndth each set of 
all such sets, So infinite sets that can be placed in one-to-one correspond- 
ence are said to be equivalent and to have the same cardinal number. 
For example, we can place in one-to-one correspondence the set of even 
numbers and the set of positive integers os 

1 2 3 4 5 C — -n 

1 I I I X t I 

2 4 0 8 10 12 — .2n— 

All sets which can be put into one-to-one correspondence with the set 
of positive integers are equivalent infinite seU and are given the cardinal 
number akph-nuU, H,. Aleph-nuH is thefirst or least ‘transfinite’ cardinal 
number. 

The tem, 'eaidmil mimbti’, is applied lo both finite and ttansfinito 
numbers. The technical term that means only counting numbers is ‘nat- 
ural numbers'. We Ehall use this term tvhen referring to the counting 
numbers, the numbers that are commonly caUed c.-hole numbers in eie- 
mentary school mathematics. 
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Early Number Experiences. Cluldreii’s early number experiences 
may follow either an ordinal or a cardinal approach. Using an ordinal 
approach, a child learns the number names in sequence — one, two, three, 
four, • • •. He learns that the name three comes after two, that eight 
comes before nine and after seven. He may then mechanically match a 
sequence of number names with a sequence of objects. When he is count- 
ing rationally, that is, with understanding and insight into the counting 
process, he realizes that the last name used is the name of the cardinal 
number of the entire set. He knows that the arrangement of the objects 
does not make a difference as long as each object is matched with a 
number name in the ordered sequence of cardinal numbers. 

Using the cardinal approach, one of a child’s early experiences in a 
study of number is to recognize and leam the natural numbers as names 
for standard sets or groups. We shall follow from this approach. A child 
identifies the following collections as among those which may be given 
the name ‘five’, and learns to record the common property with the 
numeral, ‘5’. Any one of the Sets, A, B, or C in Figure 7 or \lllll] 
or even {6, 2, 8, 4, 7{ may be used os a standard set for 5 and there 
need be no previous knowledge of such symbols as '1', ‘2’, ‘3’, ‘4*, or 
of an order for these symbols in order to obtain the cardmal number, 
6. However, it also would be possible to use the previously memorized, 
ordered set of symbols (1, 2, 3, 4, 5{ os the repre^entahVe sti for defining 
the cardinal number, 5. 

Ordering Standard Sets. To continue to define so-called standard 
sets independently of each other would result in a long list of names to 
be associated with a corresponding number of standard sets. To deter- 
mine the cardinal number of a set it would be necessary to try to estab- 
lish a one-to-one correspondence between the given set and the elements 
of many standard sets imtil a standard set was found such that each 
element in the standard set was in one-to-one correspondence with 
each element in the pven set. This soon becomes a most inconvenient 
way of deter m ining the cardinal number of a given set. 

This can be done more easily by considering an additional property 
of the natural numbers, a property that is related to the verj' feature 
which has made them seem natural. We shall let the sets in Figure 8 be 
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representative sets for 1, 2, and 3 respectively. We could soon have an 
assorted array of Bjindard seta, as iltaattated m Figure 9. 

If we compare any two of these sets by malclung elements, either 
they are equivalent or some elemenla of one set are le}l over. 


<] 

<1 

A 

A A 

A A 
AAA 

A A 
A A 
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Ueuig this idea of nonequivaleoce, we can arrange an ordered Bcquence 
of modeb as in Figure 10 where the successor of a given set is a set 
equivalent to the given set with one more element in it. We then can 
assign names and symbols to the cardinal numbers of these sets. These 
cardinal numbers are ordered by the ordering of the representative sets. 
Thus, 1 is less than 2 is less than 3 because 2isl + l,3is2+l>---’^ 
is (n — I) + t. Once this ordered system is created and the order memo- 
rized, ccuniing a collection means assigning to every member of the set 
a terra in the ordered sequence of number symbols. If any set of discrete 
elements is ordered in tome way, we also can use the ordered sequence 
of numerals to describe the position or place of a particular element in 
its set. For example, John sits in the fourth row from the windows in 
the third seat from the front of the room. Or, in Figure 11 the third ring 
from the left may be identified as illustrated. 


U 0.0 0 0 0 0 0 0 0 0 0 I t 1, ^ 3, <, 5, 6. 7, 8 | 


Fio. 11 

The ability to set up correspondences in this specialized way comes 
into existence when the first few number words ^ve been committed 
to memory in their ordered succesrion and a scheme (including a system 
of numeration) has been devised to pass from any natural number to 
its piccesaor. Each new natural number after 1 may be derived from 
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its predecessor by addmg 1. Without our ability to arrange things in 
ordered succession, little scientific progress could have been made. The 
last element in the set of numerals {1,2, 3, 4, 5, 6, 7, 8, 9, 10, 11, •• •} 
needed to match with the set of objects names the number of the set of 
objects or elements. By this matching process, we are able to answer 
two questions— “How many?” and “Which one?” Children may learn 
these number names v,nth an understanding of the sets they label before 
they can read tlie name or recognize the numeral. Furthermore children 
need not know the words ‘cardinal’ and ‘ordinal’ to understand and use 
these ideas. 


THE SYSTEM OF NUMERATION 

Early Systems. From the earliest times, most civilizations have had 
some system of numeration. At first these systems were unrecorded for 
men developed mathematical understandings and used mathematical 
ideas long b^ore they had any methods of recording these ideas. Manipu* 
lative materials (pebbles, sticks) and mechanical counting and calculat- 
ing devices (abacus, counting board) were used to keep records of posses- 
sions and transactions. 

These early numeration systems, while varying one from another in 
form and complexity, also revealed a high degree of similarity in terms 
of basic principles. Each involved the use of a base, o way of grouping. 
Some systems were based on five, the Egyptians and Romans used a 
base of ten, the Mayas of Yucatan used the base of twenty, the Baby- 
lonian system was based on sixty, and some primitive tribes neat Aus- 
tralia had a base of two. For the Egyptians, Greeks, and Romans, the 
number represented by a collection of number symbols was essentially 
independent of the position or sequence in which the symbols were 
written. Remnants of these various systems are seen in our number sys- 
tem today, such as the use of score for 20 and the division of hours and 
degrees into GO minutes, and the Roman numerals which arc still used 
for such purposes as inscriptions on public buildings, numerical tablets, 
cornerstones, ornamental clock faces, and for designating chapters of 
books. 

From the early vnwrillm numeration system, the present decimal 
numeration system has evolved. Wlule it is called ‘Ilindu-Arabic’, it is 
in reality a composite of ideas from many civilizations, including the 
Babylonians and the Greeks. It cannot rightly be chimed in its entirety 
by any particular group. Using the ideas of symbol, b.a$c, and positional 
notation, w often gain further in^ght into our decimal system by u^ing 
other bases instead of ten. For cmmplc, using the sj-mbols to which wo 
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lepiEKutative Mte for 1, 2, ond 3 i^tively. We could soon have an 
assortcfl array of s'uindard sets, as illustrated in Figure 9. 

If we compare any two of these sets by matching elements, either 
they are eqiuvalent or some elements of one set are left over. 


<] 

< 

<] 

A 

A A 

A A 
AAA 

<1<1 
O <1 

Fio. 9 

A 

A A 

A 

A A 

A A 
A A 

A A 
AAA 


Fio. 10 


Using this idea of nonequivaleoce, we can arrange an ordered sequence 
of models as in Figure 10 where the successor of a given set is ft set 
equivalent to the given set with one more element in it. We then can 
assign names and symbols to the cardinal numbers of these seta. These 
cardinal numbers arc ordered by the ordering of the representative sets. 
Thus, 1 is less than 2 is less than 3 because 2 U 1 -f 1, 3 is 2 + ^ 

is (n — 1) + 1. Once thb ordered ^tem is created and the order memo- 
rized, counltng a coHeclicn means assigning to every member of the set 
a term in the ordered sequence of number symbols. If any set of discrete 
elements is ordered in some way, we also can use the ordered sequence 
of numerals to describe the position or place of a particular element in 
its set. For example, John sits in the fourth row from the windows in 
the third seat from the front of the room. Or, in Figure 1 1 the third ring 
from the left may be identided as illustrated. 
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Fio. 11 

The ability to set up correspondences in this specialized way comes 
into existence when the first f'lw number words have been committed 
to memory in their ordered EUccesaion and a scheme (including a system 
of numeration) has been devised to pass from any natural number to 
its pjccessor. Each new natural number after 1 may be derived from 
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its predecessor by adding 1. Without our ability to arrange things in 
ordered succession, little scientific progress could have been made. The 
last element in the set of numerals { 1, 2, 3, 4, o, 6, 7, 8, 9, 10, 11, • • • } 
needed to match with the set of objects names the number of the set of 
objects or elements. By this matching process, we are able to ansn’er 
two questions — “How many?” and “Which one?” Children may leam 
these number names with an understanding of the sets they label before 
they can read the name or recognize the numeral. Furthermore children 
need not know the words ‘cardinal’ and ‘ordinal’ to understand and use 
these ideas. 


THE SYSTEM OF NUMERATION 

Early Systems. From the earliest times, most chdlizations have had 
some sj'stem of numeration. At first these Q'stems were unrecorded for 
men developed mathematical understandings and used mathematical 
ideas long before they had any methods of recording these ideas, ^fanipu- 
lative materials (pebbles, sticks) and mechanical counting and calculat- 
ing devices (abacus, counting board) were used to keep records of posses- 
sions and transactions. 

These early numeration sj'stems, while varj-ing one from another in 
form and complexity, also revealed a high degree of similarity in terms 
of basic principles. Each involved the use of a base, a way of grouping. 
Some systems were based on five, the Egj'ptians and Romans used a 
base of ten, the Jlaj-as of Vucafau used the base of twenty, the Baby- 
lonian system was based on rixty, and some primitive tribes near Aus- 
tralia had a base of two. For the £©1)11305, Greeks, and Romans, the 
number represented by a collection of number sjTnbols was essentially 
independent of the position or sequence in which the sjTnboIs were 
UTitten. Remnants of these various sj'stems are seen in our number sys- 
tem today, such as the use of score for 20 and the di%’ision of hours and 
degrees into 60 minutes, and the Roman numerals n hich are still used 
for such purposes as inscriptions on public buildings, numerical tablets, 
cornerstones, omanicntal clock faces, and for designating chapters of 
books. 

From the early untaillcn numeration system, the pre-^ent decimal 
numeration sj’stem has evolved. While it is called ‘Hindu-Arabic’, it is 
in reality a composite of ideas from many civilizations, including the 
Babylonians and the Greeks. It cannot rightly be cbimed in its entirety 
by any particular group. Using the ideas of s37nbol, base, and position.*)! 
notation, we often gain further inright into our decimal sj-stem by using 
other bases instead of ten. For example, using the symbols to which we 
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TABLE 1 


Set of elements 

Set of numerals (base ten) . 123466789 10 11 12 
Set of numerals base seven).. . 1 2 3 4 5 6 10 11 12 13 14 15 


are accustomed and counting on the base of seven, we determine the 
cardinal number of the set of elements by pairing them with number 
symbols as illustrated in Table I. 

In other words the same number is represented by 12 in the decimal 
system and by 15 in a numeration system based on seven. 

Table 2 illustrates the use of the base of ttvo. If we use the duodeci- 
mal system (base of twelve) we must add two new symbols for the ‘10’ 
and ‘11’ of the decimal system. Letting these symbols be ‘I' and ‘e’, we 
count as illustrated in Table 3. 


TABLE 2 


Set of elementfl 

• • 

• 


Set of numerals (base ten) 

1 2 

3 

4 5 6 7 8 

Set of numerals (base two) 

1 10 

11 

100 101 no 111 1000 

TABLE 3 

Set of elements 




Set of numberaU (base ten). . 

1 2 3 4 5 

6 


Set of numerals (base twelve)... 

1 2 3 4 5 

6 

7 8 9 t e 10 11 12 13 


For a natural number written in the duodecimal system, ‘13’ repre- 
sents 1 twelve and three which corresponds to 15 (1 ten and 6 ones) in 
the decimal system, to 33 on the base of four (3 fours and 3 ones) or 30 
on the base of five (3 fives and 0 ones). 

Whj then do we have the base of ten? It is strictly an inheritance from 
ancient times. Had we had twelve fingers instead of ten, we have reason 
to bebeve that the duodecimal would today be in world-wide 

use among civilized people. 

Our System of Numerals. The Ilindu-Arabic system of notation, 
like most piat achievements, is relaUvely simple. It is an additive sys- 
tem, utilizing (1) ten symbols (‘O’, ‘1% ‘2’, ‘3’, *4’, ‘5’, ‘6* ‘7» ‘g’ ‘O’), 
Md (2) positional notation. Each numeral is a’name of a cardinal num- 
1°"° “ standard Kit. Furthermore, each 

tor ‘3' is the ^cral 

ono^Lh o‘r“;”c;:i.rta“ ® 
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Let US consider the numeral, 6666. The digit, *6’, represents 6 of some- 
thing. The place in which the ‘6’ is written indicates whether the some- 
thing is ones, tens, hundreds, and so on. An example is illustrated in 
Scheme 1. 


6 6 6 6 

^ 6 ones or 6 X 1 or 6 X 10“ (I0“ *= 1 by definition) 

* 6 tens or 6 X 10 or 6 X lO' 

I 6 hundreds or 6 X 10 X 10 or 6 X 10* 

6 thousands or 6 X 10 X 10 X 10 or 6 X 10* 


As one progresses from right to left across the numeral, ^6666^, the 
number represented by each '6’ is ten times the value of the one preced- 
ing it, or, if one reads from left to right, each succeeding digit represents 
one-tenth the value of the one preceding it. Thus, the cardinal number 
represented by any digit is dependent upon the digit itself and the place 
it occupies. 

These same principles, operative in natural numbers can be extended 
to decimal fractions. In the numeral *1.1', the value of ‘1’ in the ‘tenths' 
place is one-tenth the value of that in the ‘ones’ place. Decimal fractions 
also compound in powers of ten as do the natural numbers. Let us now 
consider the numeral, '6666.666' as illustrated in Scheme 2. 

Scheme 2 


6 6 6 6.0 6 6 



6 thousandths or 6 X or 6 X or 6 X 10' 

lUUU lU* 

0 hundredths or 6 X ~ or 6 X or 6 X lO" 

Gtenthsor6X-ior6X j~or6X 10“‘ 

0 ones or C X 1 or 6 X 10® 

6 tens or 6 X 10 or 6 X 10* 

G hundreds or G X 100 or 0 X 10* 

6 thousands or G X 1000 or 6 X 10* 
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OPERATIONS WITH NATURAL NUTHBERS 
Addition. Early in hU study of number a child sees that the collec- 
tion of G 13 the same as a combination of collections of 3 and 3, of 4 and 
2 of 5 and 1, and so on. Later, he becomes familiar with the Hgn (‘=’) 
between numerals and learns that the collection designated by the simi- 
bol on one side of the sign is equivalent to the collections designated by 
the symbols on the other side. For example, a set of balls whose number 
is 4 and another set of balls whose number is 2 may be combined to form 
a set of balls whose number is 6 (4 -f 2 = 6). This bringing two sets or 
collections together is known as addition. It results in the same pattern 
that the child recognized in his study of the group of 6 where he learned 
that *4 + 2’ is another name for C. 

At advanced levels in the understanding of this same idea, in the sec- 
ondary school and junior college, we may say that if we have two sets, 
A and B, we can consider a third set which contains every element which 
is in either A or B. Thia new set is called the unicvicf A and B (A U B). 
If A and B are finite, cUsjoint sets, that is, nonoverlapping such that no 
element may be in both sets, and have cardinal numbers and V 
respectively, then we can denote the cardinal number of the set A U B 
by 'o 4* b'. The operation that determines this number, o ■+• &, is addi- 
tion. Consequently, we may come to think of ‘6 2’ as a number, as 

merely another name for ‘8’, andnotasan opemtioo of addition as thought 
of earlier in the elementary school. 

It is important for the development of number sense or understanding 
that children practice thinking of the single numbers as representing 
many Afferent pairs. For example, a child may ♦hinV of 7 as 3 + 4, 
5 -t- 2, 6 1. He later uses this idea in adding 6 -f- 7 by thinVing 6-1-7 

is the same as 6 + (4 -f 3) and then as (6 -f- 4) -f 3, as 10 •+ 3, and 
finally as 13. 

TWs process of regrouping 6 + (4 -f 3) as (6 -h 4) -f 3 is seen to be 
an instance of the associative law and is perceived eventually as a baric 
common property of all elementary number systems in arithmetic, 
algebra and even vector algebra. ^lore generally, if we should have three 
nonovetlapping or disjoint finite sets, A, B, and C7, with a, 6, and c, the 
cardinal numbers of the sets, then the car dina l number of the union of 
tb^ three sets will be the number (a + 6) -f c = a -f (6 + c), depend- 
ing on the order in which we conceived of the sets to be combined. 

Diagramically, letting o = 3, 6 = 5, and c = 6, the union of Set A, 
Set B, and Set C may appear as iUustrated in Figure 12A or B. Since 
the final new set and the elements in it will be the same in either case, 
we ve a -1- (b *1- d = (o -F b) -F c which is the associative law of 
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additioD. It simply means that m adding 3, 6, and 6, one can add 3 and 
5 and to that sum add 6, or to the sum ol 5 and 6, add 3. 

A child also learns that putting 2 balls vdth 4 balls ^ves him the same 
results as putting 4 balls with 2 balls (4 + 2 «= 6 and 2 -f 4 =* 6). The 
recognition of this property is very helpful to children in learning num- 
ber facts, for if they know that 3 + 2 5, then they also know that 

2 + 3 •* 6. Given such exercises as 

32 23 32 21 

+21 +^ +J2 +^ 

they can identify those that will pve the same sum even without adding. 
This corresponds to the fact that in operating with sets, /I U B is postu- 
lated to be equal to B U A. That is, to combme Set B with Set A ^ves 
us the same set as combining Set A with Set B. If the sets are finite 
and disjoint, the corresponding cardinal numbers, a and h, ha\’e (he 
property that a + 6 = 6 + a. This property is named the commulative 
law of addiivm. Thus, adding numbers is founded on experiences of 
combimng sets of things. 

The commutative and assodative laws of addition are the principles 
which make possible checking column addition by adding either from 
top to bottom or from bottom to top or in some irregular sequence when 
it is advantageous to forego order to group by tens, and so on. For ex- 
ample, we may add the ones in the example below by adding 0 + 3 + 8 + 

4, or by the order 4 + 8 + 3 + 6, or (6 + 4) + 3 + 8. 

3G 

23 

18 

44 

For children it suffices to generalize the associative and commuta- 
tive laws out of experiences with combining and counting collections or 
sets. Later, in the eccondarj* school students state these ideas of order 
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and grouping in addition, as statements about numbers, a + b 6 + 
a and (o + b) + c “ u + (b + c). 

Subtraction. Children’s first experiences in using the idea of sub- 
traction involve the taking of objects from _a given collection and 
determining how many objects remain. Starting with a collection of 
objects, they separate it into two collections — that which was left and 
that which they toofe aicay. For example, ‘5 — 2=3’ where 5 was the 
number of the set to be separated, describes for them the result of 
removing a set of objects whose number is 2 and leaving a re mainin g 
set of objects whose number is 3. 

Subtraction also is used in answering such questions as “How much 
larger is one group than another?” “How many are taken from a 
collection of elements if there are so many elements left?” and “How 
many more are needed to complete a set?” All of these involve sub- 
traction. Furthermore, all of these involve addition in the sense that 
one of the numbers involved is the sum of the other two. 

Thus, addition is a fundamental operation, independently defined; 
subtraction is merely its inverse derived from addition and not existing 
logically until after addition and its algorism have been set up, €.g., if 
3 4-4 = 7, then 7 — 3 = 4. We emphasize this relationship between 
addition and subtraction from the outset by teaching addition and 
subtraction facts together, and by emphasizing the presence of the 
addition idea in the applications made of subtraction. An additional use 
of this idea occurs when children see that they may check their subtrac- 
tion problems by addition. 

Cluldren learn that the mathematical models, a + b = c and c — 6 = 
a, may fit several situations in the physical world. They come to realize 
early in their study of operations with numbers that situations which 
appear different in the phyrical world may call for the same mathemati- 
cal process. Each may help to understand the other. For example, a 
child who has 5 cents and needs 12 must come to realize that although 
he must add 7 to 5 to get 12, the number 7 was obtained by subtract- 
ing 5 from 12. 


Children learn that subtraction is not always possible, and indeed, 
4 — 9 is meaningless in natural numbers. From such experiences ele- 
mentary school children conclude that they cannot take a lai^er number 
from a smaller one. Yet, even while in the elementary school, they may 
play shuffie board or other games where they may go in the hole, and they 
may hear of temperatures below zero. An elementary teacher should not 
insist t^t “You cannot take alaigernumber from a smaller,” but should 
assure her children that such a problem may be worked but that in doing 
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tHs, another Idnd of number is n^ed. “I^ter we will discuss these 
numbers which make subtraction can be used 

Multiplication. There is “'^'^nerus suppose that 

to introduce ° ballots as a favor. How many 

“each of 5 children at a party is p ^^^^crsputs 5 marbles in a bag 
balloons do we need? If each „ 3 

for his little sister, how may cjiSidren see these situations 

dozen eggs, how many eggs do we ^ ^ ^ com- 
as addition problems. ’’ ^tically, the balloon problem is 

blued are of the same size fflustrated in Figure 

illustrated in Figure 13, and the marble problem 

13A. 




Q 

p 

p 

Q 

P 

p 

p 

p 

0 

a 

a 

la 

bJ 



Fio. 13A 


Fio. 13 . , X- 

i. ^, 1 , RAvcral important ideas relating 
These diagrams serve to "“P^j^IulUplication of natural num^ 
to multiplication of is, 5 threes is the same as 3 + 

is equivdent to repeated "“‘it ,o 1. + !- + ^ + 

3 + 3 -h 3 + 3. The term ah m the cardinal 

a terms, if a ^ be the cardinal number of a set fomed 

ri - fi'iC 2 Children use this wca for, although he knows 

lyilngonefact aehildhas^rucd* ^ , t 

tluit 3 -1- 3 -t- 3 + 3 + 3 m dijfc „dcr, their product is the 

given the pair o "7'’™' ffed and used as a basic properl^y of dl 
^me. Later, ‘7 of many algebras, that is, ah - ha, 

elementary numb J mnUiDlication. o\ i — o v 

the commutative law o _„mbcrs is associative; (2 X 3) X • — - 
Multiplication of Mca combined with the 

C3 X 4) or 0 X 4 = 2 X K- cuts ns one takes when ho 

law tor multipheation leads 
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menlallyriem2 X8 X 5032X5X8 = (2 X 6) X 8 = 1° Xf." 
80. Id practice adults do not think of all these separate steps, n orking 
^rilh such combinations does help cWldren, however, to build the 
meanings and understandings which are sometimes labeled ‘number 
sense’ and later called ‘mathematical maturity’. Similarly when one 
mentally does 3 X 20 he should not have to >TSualizc this as 

20 
X 3 

and then tWnk 3 X 0 = 0 and 3 X 2 = 6, but he thinks 3 X 20 = 
3 X (2 X 10) = (3 X 2) X 10 = 00. As he gains experience he arrives 
at a point where he sees 2 X 40 as (2 X 4) X 10 or 80, 20 X 40 as 

(2 X 4) X 10 X 10 as (2 X 4) X 100 or SOO. 

The mature arithmetician docs not think out each step of this process, 
nor dow he leam it as a process taught in school, hot his understanding 
of the decimal system of numeration and of the associative and com- 
mutative principles leads him to make such combinations automatically 
and subconsciously. This level of learning will be reached only if teachers 
point out and use these principles repeatedly at all levels of instruction. 

Another idea which is used repeatedly at all levels is the distributive 
loip. Tor example, since 5 may ^ thought of as 3 + 2 then instead of 
of 3 X 5 we may Hunk of it as 3(3 + 2) or 3(3) + 3(2) 9 + 6 - 16 

as illustrated in Figure 14. More generally, for any numbers, o, 6, and 
c, o X (6 + c) = (a X 6) -f- (o X c). Since the two sets are equivalent, 
they have the same cardinal numbere, that is, (3 X 3) + (3 X 2) “ 3 
X 5. Wo will see in a short time that this idea is es.«cntial in deri\’ing 
a rule for such operations as finding the product of 43 and 65. 


O O O O o 


o o o o o 


O O O o o 


Flo. 14 

“^e commutative, associative, and distributive laws are the basis for 
den-rngmostof theimportantproperties of Byrtems ot numbers. 

Division. We have seen that the model for solving such examples 
fo™ ■“ X h = C, where the number to be found 
13 0 Should It be necessary to Snd one ot the factors, as 3 X □= 15 
or □ X 5 - 15, when given c and one ot the factors, either a or b, then 
the inverse of multiplication U necessary. This inverse process U divi- 
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Suppose that we had 15 candies to be tied in packages of 3 each. 
How many packages of candy would we have? In numbers, 15 -J- 3 = n. 
We separate the 15 candies into groups of 3, finding that we can make 
5 packages. Another problem, conceptually different for elemenfarj’ 
school children, is stated by asking what would be the share for each 
person if we di\'ided 15 candies among 3 children, that is, if we would 
separate the 15 elements into 3 equal (same number in each) sets. In 
numbers, 15 •?- n = 3. The first situation involved our taking n groups 
of 3 from 15 and determining that n was 5. In the second problem we 
were forming 3 groups from 15 and determined the size of each group 
to be 5. Both situations were solved by 3)15. These two applications of 
division are commonly known as quotatii'e (measurement) and partitive 
(sharing) division situations. Although not so defined in the classroom 
with children, cluldren are given many experiences with both kinds 
of problem situations so that they may come to learn to recognize that 
these different situations have a common solution because they both 
call for findmg one of the factors when we know the other factor and 
the product. 

As with addition and subtractioo, an important use is made of the 
inverse relationship between multiplication and division when multiplica- 
tion is used to check the result of division. Both the process and its 
fundamental character should be pointed out to students. If they learn 
early that any question about division must be settled by reference to 
the fundamental operation, multiplication, they will not have so much 
trouble later with the fact that division by zero is impossible. When 
faced with 



they will convert them toO*=?X6, 6=®?X0, 0=? XO and see 
that the answers are “0,” “no number," and “any number” respec- 
tively. When the students are more mature they may be warned against 

the improper use of the word 'infimty* and the sjTnbol ‘co’ Q , 

and interested in the ideas associated with the fact that we may write 

lim - — « if ' « ' lias been carefully and properly defined. 

»—0 X 

OPERATIONS AND THE NU.>7EnATION SYSTE-W 

In the elementary school one cannot be rigorously logical, but one 
can build concepts that are consistent and cosily c.Ttcnded to more 
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abstract ideas in the secondary Ecbool- At the elementary level we 
regard the four operations xdth natural numbers (addition, subtraction, 
multiplication, and division) as processes of combining two or more sets 
into one set and separating one set into two or more sets. 

The principles of the decimal system of numeration constitute the 
foundations upon wWch the rationale of the four operations is built not 
only with natural numbers but also with decimal and common fractions. 
For instance, in adding two- and three-place numbers, children learn to 
analyze situations and to devise algorisms in a variety of ways, as shown 
in the following example: 

79 + 6 may be regarded as 

79 + C = (70 + 9) + 6, to be completed by counting, or 
79 + (I + 5) = (79 + 1) + 5 

= 80 + 5 = 85, solved by grouping in tens, or 
79 + 6 = 70 + (6 + 9), to be completed by adding ones. 

The algorism for adding 32 and 46 may be viewed as 
32 + 46 = (30 + 2) + (40 + 0) 

" (2 + G) + (30 + 40) 

= 8 + 70 or 78, 
or as, 32 + 46 =• 32 + 40 + 6 
= 72 + 6 or 78. 

In doing the abos'e problems children have used the id^ of the 
commutative and a.ssociative laws without ever hearing the words. 
Later, in algebra, these laws are written as: 


a + b = 6 + a (Commutative law of addition) 

ab ^ ba (Commutative law of multiplication) 

(a + 6) + c = a + (b + c) (Associative law of addition) 

(ob)c = a(bc) (Associative law of multiplication) 


We later note the use of these in factoring, in creating an under- 
standing of the operations with signed numbers, and as a guide in 
extending our number sj-slcm. 

In Eubtnmtion, the place value idea and the process of separation are 
ba,ie prmaplcs md.iljTOg both the moaning and the algoifem for the 
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operation. The numeration system indicates the way in wluch the 
algorism shall be n-ritten. It also is the basis on which we operate in the 
process of regroupbg a larger unit into smaller units, such as, 

7000 
- 329 
6671 

where 700 tens is regrouped into 699 lens and 10 ones, as 

6990 + 10 699 10 

- 320 - 9 or - 32 9 

6670 + I 067 I. 

In multiplication, the system of numeration and the distributive law 
give us a way of writing the partial products. For example, 46 X 23 
written (40 + 6) (20 -f 3) or (40 X 20) + (40 X 3) + (6 X 20) 

(6 X 3). This is commonly written as 

23 
X4G 

where we find 6 twenty-threes or (6 X 3) -h (6 X 20) = 138. Similarly, 
40 twenty-threes is ^Titten (40 X 3) + (40 X 20) » 920. Wc may 
^vrite 

23 

XJO 

138 

92 

lOoS 

where positional notation makes it possible to express 920 by ‘92’. 

The division process too depends on our system of numeration. If 
we think of 465 -5- 3 as separating 4 65 into 3 equal groups the n we think 
of our problem as 3)400 + 60 -f^5 or os 3)300 + 150 -f- 15 = 100 -b 
50 + 5 = 155. However, if we think of 405 -5- 3asfinding thenumberof 
groups of 3 in 465, then this may be \'icwed as subtracting 3 in multiples 
of 100, 10, and so on, as 


3)465 

300 

100 

165 

150 

50 

15 

15 

5 


155 


+ R- 
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Ju*t as the place-value principles of our decimal system of numeration 
and the general principles for operations with numbers have been used 
here in the development of the algorisms we now employ, so we should 
take advantage of everj’ opportunity to illustrate and emphasize the 
meaning, use, and importance of these principles. When we attack our 
mathematical problems by uring automatically the ways of saying, 
thinking, and ^vriting numerals we have been taught, we are manipu- 
lating by habit, without reference to meaning, ^\^lile we possess a 
perfect sj-mboUsm, we often use it with little sense. The sij$km thinks 
for us! It is good to set up habits of accurate, rapid computation, but 
computation will be quicker and more accurate and the processes will 
be remembered longer and more easily applied to new situations if they 
have been learned through developmental processes with an understand- 
ing of their meaning. 


SPECIAL NUMBERS 

Every natural number is special, just as is every person, be- 
cause it is unique. However, 1 b extra special for several reasons: (1) 
It is ths aret nAlural number, (2) it was the child’s building block out 
ol which aU natural numbers may be formed (any number plus one 
produced a swce«$or number), and (3) 1 times a number equals that 
same ni^ber (1 x n ** n). It is for this last reason that mathematicians 
call 1 the ‘multipUcative identity clement’. It is the element in the set 
of natiml numbers which when used as a multiplier with any other 
element produces that other clement as the product. For example, 1 
i “ 4. 1 X a = o. This property is retained by the natural 
number 1 as the number sj'stem is extended through elementary raathe- 
m^cs into algebra and into more advanced mathematical topics. 

i properties. It is from this 

a HI It Tr Tnl^*^** a, because a = 1 X a. Similarly 

for evlrv^? I ^ ^ ® “• = « and a/a^l, 

For example important ideas ia dealing with fractions, 

12 12 ^ j — ^ X 2 or 2. 

thcMtconta'inbignodraraL'’'^uS^T“*-*° 

the empty cookie iar the «« « familiar m e%'eryday experiences— 

alwa5'3 went off the ^ard nn m game %vhen the dart 

’ from the allowance, no pencil. 
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In some respects zero is very mnch like one. Zero is an idenlHy element. 
It is the additive identity, that is, a -f- 0 = a, for all numbers a. 
As with 1, this leads to additional properties, namely, a — 0 » a and 
<3 — a = 0. Zero also presents special properties and problems in con- 
nection with multiphcation and division. We will dL«cuss these uses, 
properties, and problems later. 

Zero and one are most important numbers. 

RATIO-UKE NUIVIBERS 

The natural numbers are adequate for counting and calculating 
when we wish todetermine kowmany. But how can we use these numbers 
to measure a half cup of milk, a part of a yard of ribbon, one of three 
equal shares of a quantity of meat? For these purposes, the natural 
numbers are inadequate. We need new numbers. Fractions were in- 
vented to deal with parts of things and to make (ii^'^s^on always possible. 
We recall that given a pair of natural numbers such as 5, 3 there was 
not always a third num^r to represent the quotient, 5 3. 

Fractions. Historically, fractions owe their creation to the transi- 
tion from counting to measuring. The I'ery word ‘fraction’ tells us some- 
thing about the early signihcaoce of these numbers for it comes from 
the same Latin root as /rocture; in German, fractions were once called 
gebrochen zShten or brofcen numbers. The ^mbol for a fraction is a pair 
of numerals. For the elementary school student one member of the pair 
specifies the number of parts into which the unit has been dmded and 
the other of the pair specifies the number of these parts with which 
we are concerned. 

The earliest occurrence of fractions dales back almost to the pre- 
historic period. In the earliest Egyptian writings, we find that the 
Egyptians used fractions which today we describe as unit fractions, e.g., 
‘H’l ‘M.’ ‘H’* Instead of restricting themselves to fractions with unit 
numerators, the Babylonians restricted their denominators to 60 and 
the powers of 60. It U to this fact that we attribute our modern use of a 
minute as of ^ degree or of an hour, and a second as of a minute. 
This restriction of the denonunator to powers of one number is basic to 
our 'decimal fractions’ in which denominators of 10 and powers of 10 
are indicated by the position in winch we write the digits 0, 1, 2, . . . 8,9. 

The first recognition that any pair of numbers might be used to 
represent a new number, a fraction, occurred in the early daj-s of Greek 
mathematics. So, we find the development of fractions from those which 
were limited in their numerator or in their denominator to those which 
could have any number as a munenitor and any number, excluding 
zero, as a denominator. 
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Today, in modem mathematics, fractions may be conceived of as an 
ordered pair of integers. TiiU concept of fractions is more abstract than 
the notion of fractions a.s associated mth things such as measures of 
grain, pieces of pie, or plots of land. Before discussing this mathematical 
approach, let’s turn to some daily life applications of fractions used in 
the initial development of these ideas tn the clcmcnlarj’ school. 

Interpretations of RaliorJal Numbers. A fraction or rational num- 
ber such as may be used in a variety of wayn to describe physical 
siUtatioivs. In some uses fratUotw arc mea.surcs of a (piantity or the re- 
sult of an operation; in others they represent relatious Ixjtvv'ecn sets. 

As a measure, the fractional numcrul, may l>c conceived of as 
(1) naming the number property of a set of 3 elements each of which is 
of some unit. If Figure 15 represents a candy bar divided into 5 equal 
parts, we may represent % as the 3 shaded parts. (2) It may be regarded 
as representing of 3 units. If Figure IG represents 3 candy bars, placed 
side by side, and dbndcd into five equal parts, the shaded portion repre- 
sents H of the 3 candy bars. Also may be regarded as representing the 
outcome of the process of dhdsion. For example, 3 5 “ because, 

as we will see later, 5 X ® 3* Further, when 13 is divided by 5, the 
quotient earlier expressed as 2 with a remainder of 3 may now be tiTittcn 
as 1% or 2 + . 
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Fiq. 10 


a repr^ntative of a relatum, the fractional numeral designates a 
ratio. The ratio which also may be expressed as “the ratio of 3 to 
5, or 3 out of 5,” or “3:5,” is interpreted in its applications to mean 
that given 2 groups of objects, for every 3 elemente in one group, there 
are 5 elements in the other. The two groups may contain 9 and 15 ob- 
jects respectively. or 30 and 50. 45 and 75. and so on. The essential 
condition IS that if the Htat group contains 3X1: objects, then the 
SMond group contains 5 X fc objects. Similarly if the ratio of the ade 
of a sq^re to its diagonal is pven as 1 to v^, this does not mean that 
the particular square bemg conadered has a length of 1 unit and its 
^gonai IS V2 units hut rather these 2 lengths may be represented by 
!!!? if the first IS some number, say n, units long, 
then the length of the second is represented by the number, (v^ X n). 
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Only integers such as 1, 2, 3, 4, . . . (and later the negative integers 
~2, —3, —4, , .) may be used to make rational fractions such 
as %. However, our last example, the ratio of I to V2, indicates that 
we may also use any real numbers such as -y/^, v, v^B in forming ratios. 
We will discuss such numbers later. Here we will illustrate ratio in 
terms of pairs of positive integers. If a and 6 are a pair of numbers 
which are used to name a ratio o/6 or (a, 6), then all pairs of numbers 
{ka, kb) obtained by multiplying a and b by the same number k rep- 
resent the same ratio. Thus the ratb 3/5 may also be represented by 
the number pairs (9, 15), (12, 20), (15, 25), (30, 50), (36, 60), (45, 75), 
and so on, all of which represent the same ratio by this definition. In 
fact, a ratio can be defined as a set of ordered number pairs all of which 
are equal in accord with this or a amilar definition of equality. 

A typical ratio problem would then be: “If the ratio of the number 
of Pete’s luts to the number of times he has been at bat is 300 to 1000, 
and he has been at bat 20 times, how many hits has he made?” This 
merely says the (300, 1000) and (?, 20) are both members of the same 
set of equal number pairs. Noting that }io X 1000 •» 20 we realize 
that the number represented by “?” must be >^o X 300 = 0. This 
problem also illustrates that a ratio may frequently be thought of as a 
rate. Thus Pete was hitting at the rate of 300 hits per 1000 times at bat 
or of 3 hits per 10 times at bat or of .3 hits per time at bat. Of course, 
.3 hits is nonsense in baseball, but the idea of a ratio gives meaning to 
the statement as a whole. 

We recognize, of course, that this problem could have been written 
and solved as an equation, lOOOn * 300 X 20. This is often called a 

300 ^ ^ 

1000 20 ’ 

proportion, or as the substitution of 20 for 6 in another equation, some- 
times called a formula, 


where b represents the number of times Pete has been at bat and k 
represents the number of hits he will haw bad if he is baiting SOO. Wc 
believe that all of these approaches, and two others, should be taught 
clearly and as related to one another as the topic of ratio is dewlopod 
through the grades at progressively Wghcr ler-els of maturity. The two 
other approaches we refer to are the graphical approach and the ap- 
proach via the power function y = asr which ultimately unifies direct 
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and Inverse variation with graphs, ratio, and proportion. This power 
function wiU bo discussed in the next chapter, “Relations and Func- 
tions,” which will also extend further the discussion of sets of ordered 
pairs of numbers. 

Let us return here to the discussnon of rational numbers and their 
equivalence which we began above. We recall that the early Greeks 
were the first to use any itco integers in writing fractions. We now note 
that some Greek writers wrote the two numerals on one line thus, 3,5 
(using Greek numerals); some wrote the denominator above the num- 
erator,!; some wTotc the numerator above the denominator, y. In all 
these cases there were three central ideas: (1) new numbers, today called 
fractions, rational numbers, or rational fractions, were constructed out 
of old numbers; (2) a rational fraction is a pair of natural numbers; (3) 
the two numbers of a particular pair do not both play the same role, 
that is, they are not interchangeable and must be distinguished from 
each other. 

Early Ideas of Equivalence Classes. Just os a natural number can 
be designated by such difTcrent numerals as 5, (3 + 2), (4 + 1), so 
a rational number can be designated by different pairs of numerals. 
As a common concrete approach, a unit, ns In Figure 17, wliich has been 
divided into 2 equal parts may be divided into 4 ofjual parts by dividing 
each half into two equal parts or into 8 equal parts by dividing each 
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half into 4 equal parts. From this we see intuitively that two-fourths is 
equal to one-half and that four -eighths is equal to two-fourth-s or to one- 
half. From this and other examples students discover that a new but 
equivalent fraction may be derived from another fraction by multiplying 
its numerator and denominator by the same numlrer. Wc then may liavc 
an infinile set ol different number names for the number property of a 
part of a unit. From such experiences evolves the generalization that if 
the numerator and denominator of a fraction are multiplied by the 
^me number or divided by the same number, the resulting new fraction 
IS equal to the earlier fraction. In a purely logical organization of the 
fractional part of our real number system, we will see that this becomes 
a theorem denved not from diagrams or objects but from a definition of 
equal fractions. 
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FRACTIONS AS ORDERED PAIRS OF NATURAL NUMBERS 
Probably the best defuution of ^ from a mathematical ■vdewpoict 
is that % is merely an ordered pair of natural numbers which could just 
as well have been written (3, 5). The ordered merely means that (3, 5) 
is not the same as (5, 3) just as ^ is not the same as The order in 
which the numbers are named makes the difference. We will explore this 
mathematical definition further in the next section. The preceding con- 
crete interpretations may be used as steps leading students over the 
years itam representations of fractions by things to the abstraction of a 
rational number. The ordered pair (3, 5) together with the mathematical 
principles governing the operations with it are a single mathematical 
model which can be used to represent these several types of conceptual, 
physical, or concrete situations as 3 of 5 equal parts of a unit, or a 
comparison between a collection of 3 and a collection of 5. 

A rational number is also on occasion defined as a number which 
may be written as p/q, the quotient or ratio of two integers p and q. 
Our definition that a rational number is an ordered pair of integers 
(p, 3) is equivalent to this. Although logically arbitrary, this abstract 
approach to our definitions is being guided by our intuitive identifica- 
tion of the pairs (1, 2), (2, 3), (3, 2), (2, 1) uith our old friends the 
rational fractions Ht Ht 

We now ask, “Are two different pairs ever equal and if so when?’' 
This question cannot be answered with logical rigor until we define 
equality for ordered pairs of integers. Past experience with fractions 
suggests that a useful definition is: Two ordered pairs of integers (p, 3) 
and (o, b) are equal if and only if pb = qa. This defines equality of our 
new ordered pairs in terms of the equality of our old friends, the integers, 
since p, 3, a, and b are integers. (Actually, in this chapter, we have not 
yet extended our number system from the natural numbers to the 
integers, but all that is said here applies to both.) For example, (1, 2) « 
(2, 4) = (3, 6) and (3, 5) = (6, 10) but (1, 3) s>i (3, 1) nor docs (2, 0) ?£ 
(0, 2). These statements follow from the facts that 1 X 4 = 2 X 2; 
that 2 X G = 4 X 3; that 3 X 10 =* 5 X G; that G X 15 = 0 X 10; 
that 1X1 3 X 3; and that 2 X 2 0 X 0. These equalities furnish 

the real mathematical proof that H = ~ derive the equal 

pairs from one another by multiplying (or dividing) each integer of one 
pair by the same integer. In general terms, the theorem that (p, q) « 
(kp, kq) follows from our definition of equality of pairs, because p(l ?) = 
q(k-p). This is the mathematical proof of the rule that a fraction is un- 
changed if its numerator and denominator arc multiplied or divided by 
the same number. Wc pre%iously discovered this by breaking into parts 
such materials as geometric figures, pieces of pic, and candy bars. 
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OPERATIONS Wmi RATIONAL NUMBERS 
Earlier in tins chapter nre envr how we could operate with tlic natural 
numbers. We rccogmzcfd the usefulness and importance of the fact that 
the natural numbers obey associative, commutative, and distributive 
Laws uith rc'pect to the operations of addition and multiplication. We 
would hope to define operations with fractions such that these la^YS still 
hold true. 

Addition and Subtraction. We recall ‘2 + 3’ cxprc-s-y^ the number 
resulting from the union of two sets whose cardinal numbers were 2 and 
3 and that we could also express the result of this union by the numeral, 
*5’. At the early intuitive level we associated ‘H' witli 1 part which has 
been obtained by dividing a whole into 2 ctiual parts. If we wish to 
combine H of a unit and H of that Fame unit, the sum may Ihj written 
as However, if we wish to express this a.s one fractional 

numeral, then we must get a common unit of measure. Earlier we have 
noted that fractions may be changed to equivalent fractions if we 
multiply their numerators and the denominators by the same nonzero 
number. Our problem tlicn becomes that of finding a common unit that 
can be \ised as a measure for each of the two froctlon.s. Wo regard as 
3 X H and ^ g as 2 X M. Tlius 3 onc>slxths and 2 onc*suclhs are B one- 
sixths. This is consistent with addition of natural numbers for just as 
3 -h 2 e 3 -I- 2, -b + ?C' Similarly, just ns (I -b 3) -f 

2 - 1 + (3 + 2), or 4 + 2 « 1 + 5, 0^ -b H) + H ^ H + 
CM + H) or M + M * H + M- We may write + H' as 'M + 
H’ or Thus, addition of fraction involves first getting equivalent 
fractions with the same number as the denominator and then adding 
the numerators. 

Another important fact w'hich follows from the definition of equality 
of fractions is that M M = % « *®Moo = a/a « 1. This ehould 
be associated with several types of problems and related ideas. For ex- 

ample, in dealing with improper fractions may be regarded as ^ . 

This becomes 3+- = 1 + 3= Ig. Letus note tho relationship of the 
fact, a/a = 1, to the processes of addition and subtraction. 

3i 

2i_ 

&T = 54-|+| = 5+ l+ i= 0 }, 

4f=3-b5-bi= 3| 

— “ zli 

2 * 
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ChUdren come to see that the idea in the relationship a/a = 1 is re- 
lated to the regrouping necessary to combine fractions in addition and 
subtraction. 

We have emphasized that in dealing wth natural numbers subtrac- 
tion is the inverse of addition. We have defined the operations vrith 
fractions such that they hai’e the same basic properties. The commuta- 
tii’e and associative laws hold for addition of fractions just as they did 
wth natural numbers. The process of subtracting fractions is the inverse 
of adding fractions; that is, H ~ = n such that 5^ + n = or 

n = %. 

Multiplication and Division. In dex'eloping an understanding of 
the meaning of fractions, we learned that fractions not only enable us 
to deal with parts of things but that they also make possible the di\i- 
sion of one number by another. We recall that multiplication of natural 
numbers could be regarded as repealed addition; that is, 3 fives (3 X 5) 
could also be obtained by adding five and five and five. This defini- 
tion of multiplication soon breaks down if the number system is ex- 
tended to include numbers other than the natural numbers. However, 
we use this idea to help us find a suitable definition for the multiplica- 
tion of fractions. For example, 3 one-fifths or 3 X H can be \newed as 
-f- ^ or as If we wish our new numbers, fractions, to behave 

as did our old numbers, then it must be true that ^ X 3 will have the 
same result as 3 X We verify this at the elementary level with dia- 
grams as in Figure 18. 


1 j 2 3 
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In using this last diagram (Fig. 18) it should be pointed out not 
onl}’ that the shaded portion is of 3” by reference to earlier discus- 
sions, but also that it represents the answer to 3 -j- 5 = n, icoiujc 3 = 
5 X n. We then make the generalization that the product of a frac- 
tion and a whole number is a new* fraction wbo'^c numerator is the 
product of the whole number and the numerator of the fraction and 
whose denominator is the denominator of the fraction. 

In summarj’, when the multiplier is a fraction, the idea of repeated 
addition gives us no direct help, but the commutative law m-akes it 
applicable. In the minds of clcmontarj' school children, H X 3 => 
is similar to an earlier experience of 3" = This dictates that if 
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a physical object such as a length of 3 inches were to be divided into 5 
equal lengths, each would be % of an inch. We may cither divide 3 by 
5 or we may multiply 3 by These ate the early experiences which 
ultimately lead to the generalization tlmt di\’iding by a number gives 
the same results as multipljdng by its reciprocal. All of these ideas and 
approaches at some time fit somewhere into a growing and maturing 
idea of fractions. 

However, because its reasowng is somewhat sophisticated for elemen- 
tary school children, an initial approach to learning to multiply M X 3 
from 3 X H by the idea of commutativity is not too desirable. There 
also is a danger that students may think they are deriving the result 
rather than just defining it. Consequently using an inductive approach 
has merit both psychologically and lopeally as a way of developing their 
beginning ideas. In using it we may start writing 


Also, 


X 12 - 48 

and 

3 X 12 

X 12 - 24 


1 X 12 

X 12 12 

X 12 = 6 

X 12 = 3 


i X 12 

6 X 1 « 3 

and 

6 X i 

3Xi-| 


3Xi 

ixi = i 


1 X i 




iXi =i 


f Xi 


By so doing, children come to realize that as the multiplier increases, 
the product does likewise, and that U the multiplier is divided by 2 or 
by 3, the product is likewise divided by 2 or 3. 

This inductive approach makes thi^ important additional points. 
First, when a multiplier is less than 1, the product will be less than the 
other factor. Later, children eee that if both factors are less than 1, the 
product is less than either in contrast to that which had been true in 
multiplication of natural nurobeta. Secondly, it focuses attention on a 
general pattern. It is a means of hoping children look for systematic 
changes and relationships, to think in terms of if and then. For example, 
if m multiplication we decreased one factor, we decrease the product; 
or more precisely, if we divide one factor by any number, then the prod- 
uct will be divided by thesamenmnber. Finally, and still more generally, 
every tune a student discovers something for himself by any process. 



NUMBER AND OPERATION 


37 


he is getting some introduction to the processes of problem solving and 
creativity. 

Just as we related the multiplication of fractions to that of natural 
numbers, we relate the division of fractions to that of natural numbers. 
We may now ask the question, “How many one-thirds are there in 2?” 
We recall from our early ideas of fractions that there are three in 1, 
By this children are led to understand that 1 ^ H ** 3, and from this 
that 2 -i- = 6. Further examples will lead to the generalization 

that division of a number by 1/n is equivalent to multiplication by n. 
From Figures 19 and 20, they can also see the idea of division by re- 
grouping. (1) How many ^’s in 6? That is if 6 -5- % = n, then n *= 
= 8. Or (2) How many SM's in 83^? If -r- 2^ 
= n, then -s- = 3%. Thus, n = 3%. 



Fio. JO 


12 34 56789 

I - I - ' J 1 » 

Fio. 20 

We can also develop processes for such problems as 1 4- 2^ by noting 
that since H is twice as much as H. or 2 X 5^^ = H. tlien rre would 
expect 1 4- % to be only half as much as 1 4- 3'^. Since 1 H = 3, 
then 1 4- % = 

Or, 1 4- M - (I X 3) 4- 2 « 1 X 

This inductive process may then be continued with such examples as 
44-^ = 4X3 = 12 

4.i.f = (4X3)4-2 = C,or44-S« = 0, 

which may be generalized to 

4 2 j V 3 _ 4 X 3 

5 • 3 5^2 5X2 

or to the familiar statement of the ^ort cut — lo divide by o jracHcm, 
invert the divisor and multiply. 
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As a student be^ Ws study of algebra, he is ready for more empbaas 
on the inverse relationship between multiplication and division. He sees 
that 

a _ 2 

6 ' d“? V 

is eqmvalent to 



We see from tHs that the numbers to be substituted for x and y 
must be such that zfy X c/d = a/b. At first in numerical examples such 
^ ^ ^ work out step by step the replacement of x/y 

by numbers such that ^ *= x/y X or ^ = ( ) X We think: 
"We could acMeve our goal of converting ^ to % in two steps. First 
we could tbdnk of a fractional numeral which if put in the parentheses 
would TTiiiVo the right-hand member a symbol for one. This first substi- 
tution would then be since H’H - !• We roust next put mto the 
parentheses the number symbol which irih convert this from 1 to a 
sj-mbol for This must then be or ^ (5^ X X or */y “ 

% X From experiences as these, students see that if a/h + e/d * 
x/y, then x/y — a/h X d/e. 

A second approach whereby a student may increase his understanding 
of division of fractions is by writing 


d 

Then the teacher leads him to renew the ideas that fractions with unit 
denominators are simpler, and that if one multiplies the numerator and 
denorrunator by the same number, he derives an «iuivalent fraction. 
The following gives some idea of the way a student of algebra might 
think to arrive at the algorism. 

- 

c ^ b c _ o d 
b ' d c c d 1 ~ b*c' 
d d c 

Xolc the recurring empharison^ = l,and (o 4- a) = a/a « 1. 
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DECniAL FRACTTOXS AND PER CENT 

A child’s first experiences with decimal fractions are as a set of frac- 
tions whose denominators are limited to 10, 100, 1000, • • • lO', and 
which can therefore be represented by use of the place value concept in 
a number system based on 10. We derive the procedures for converting 
so-caifed common fractions to decimal fractions, and conversely, from 
our earlier notions of rational fractions and our definition of decimal 
fractions. Thus the problem of converting to a decimal fraction 
merely asks = ?/100. We find the fourth number by determining 
by what we must multiply 25 in order to obtain 100 and then multiply- 
ing 2 by that same number, that is, 

2*x __ n 
25 ^ " 

Thus n = 2 X 4 =a 8, and « ^{oo -08. At more mature levels, 
these steps are seen to merge into one; we merely divude 2 by 25. ThU 
one-step process may also be approached directly as based on the fun- 
damental idea that a fraction is (he quotient of two numbers. 

Children first meet never-ending or infinite processes when they find 
that » .833 Rather than avoiding or slighting discussions of 
infinite processes and the limits which are associated n-ith them, their 
abstractness and importance should be motivated by some attention to 
them early and by then returning to them in later work. Vftderslandings 
are not all-or-nothing <^airs, but grove, develop, and expand as a con- 
cept is met repeatedly in different contexts ond ai dijirercnt laels of ah- 
straciion and generality. With this in \ievr it becomes important that 
we point out and reteach such matters as often as is possible with many 
examples at successively higher levels of organization, and with the 
recognition that we aren’t expecting complete understanding and mas- 
tery at the first approach, but that wc are building toward such a goal. 
Thus the remarkable fact that ^ on, lead to infinite, 

repeating decimals is first merely obsen'cd; It ma 3 ' then be illustrated 
by showing that H is less than A and greater than .3. An enlarged scale 
would show .33 <H < .34; .333 < ^ < -334; and so on. Intuitively 
we see that yi corresponds to a ringlc point which is within the nested 
inten’als -3-.4, .33-.34, .333-.334, and so on, and we gain some feeling 
for yi as the limit of .333 • • • but as not exactly equal to any terminat- 
ing decimal fraction. 

Two questions may arise quite naturally from these situations. Thej' 
are “How can we tell which fractions will terminate and which will 
not?”, and “’Can we reverse the process? Is (here an ordinarj* fractfoo 
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associated with every infinite decimal?” Each of these questions can 
be answered at different levels of rigorand abstraction and liy using dif- 
ferent mathematical tools. Wc mil only sketch some of these answers 

here. ^ ^ ^ o. i / n’ 

Every fraction whose denominator is the product of 2 s and/or o s 
rvill produce a terminatingdecimal fraction. (Such a fraction is sometimes 
referred to as an infinite decimal fraction which after some point repeats 
only zeros.) We can sec this because if we have any fraction such as 
^ 7 

200 *2X2X2X5X5 

we could make its denomiiiator a power of 10 by pairing each 2 rvitb a 
5 03 long as they laei and then supplying any S’s or 2'8 needed to complete 
pairs by multipljdng the numerator and denominator by the same fac- 
tors Thus — ^ ^ ^ — « .035, Con- 

tors. ious. (2 X 5) X (2 X 5) X (2 X 5) 1000 

versely, if the denominator contains any factor which is not a factor of 
10 it will be impossible to make it into a fraction whose denominator is a 
power of 10 and hence, it can not be written ns a terminating decimal 
fraction. Thus, whether or not a fraction terminates depends on the re- 
lationship of the factors of its denominator to the factors of 10, the 
base of our number system, after the fraction is witteu in its lowest 
terms. 

We can show that a unique rational fraction corresponds to every 
repeating decimal. Perhaps the most elementary approach is typified 
by the followin g exam ple. Assume that we have emphasized that the 
dots following .142857 . . mean that it is really an infinite decimal and 
the bar over ,142857 means it repeats those same digits in the same 
order, thus, .142857 142857 142857 .... Then, if is the rational num- 
ber represented by .142857 . . - , 1,000,000 N = 142857.142857 .... Sub- 
tracting one from 1,000.000 JV, we have 999999 N = 142857 or iV “ 
142857 ^ 1 
999999 7 ’ 

When geometric sequences and seri^ are studied later, this problem 
can be solved in a second, more mature, and more rigorous manner. A 
geometric series is the sum of a sequence of terms guch that each suc- 
cessive term is obtained by multipl 3 ru^ the preceding term by a con- 
stant, called the common ratio. Thus the following are geometric pro- 
gressions: 

2+6-hl8-{-54 + 162 
^ + i + 4 + *4-^-1- 
a -t- or -f or* -h or* -h - - • ar**"' ar“ -f - • • . 
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The sum of n terms of the latter is S. = . hod, if r, the common 

ratio, is fess than I in absolute value, the limit of S. as n increases without 
bound exists and is given by 

lim S, = 

11-^ 1 — r 

This limit is called the sum of the progresaon. 

Periodic decimal fractions then are but geojnetrical series in disguise. 
For example, the infinite decimal fraction 0.21 ... or 0.212121 ... ac- 
tually means 


21 21 L 21 

100 10,000 1 , 000,000 " ' ■ 

This is a geometrical series mth first term, a *= ^ and common ratio, 
r = . The summation formula shows that 

^ " 100 

When infinite repeating decimals are discussed we should also refer 
to and illustrate the fact that there are also numbers which are rep- 
resented by infinite nonrepeating decimals. These are the irrational 
numbers such asVS =* 1.4142 . . and *■ = 3.14159 . . . which are rep- 
resented by infinite decimals that never repeat the same digits in the 
same order. 

In order to compute with these numbers, we must cut off the in- 
finite decimal at some point. IVTicn wc do this, we select a rational 
number to be used in computation. Rounding off these infinite decimals 
introduces approximations in our work. It is here that students should 
come to understand that there are mathematical theories of approxima- 
tion and approximate computation, which are good, important, and 
correct branches of mathematics and not mere substitutes for careful 
w’ork or lack of knowledge. Computation with nppro.ximatc numbers 
mil be discussed in a later chapter of this book. 

Problems Imolving Pccimal Fractions and Per Ccnls. Problems 
invoUing decimal fractions and percents most frequently inx-olve three 
numbers, as 25 % of 4S is 12, or .2 of 15 is 3. In practical problems any 
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one of the«e throe numbers might be unknown at the outset. Thus^ our 
first example might have arisen out of any one of the three questions. 

What is 25% of 48? 

What per cent of 48 is 12? 

12 is 25% of what number? 

Because these three situations typify practically all per cent problems 
as well as those which occur in connection with decimals, common frac- 
tions, and ratio and proportion, teachers and texts have often taught 
problem sohing under the heading of three easet with three associated 
niUs. We believe that this formalizing of the problem solving process 
is uodcpitable from the viewpoints of meanin^ul teaching and conti- 
nuity. iTje unif jdng idea suggested above is merely that in everj' case wc 
are given a situation in which the product of two numbers eqtials a 
third irate X time « distance; per cent (in hundredths^ X base = 
percentage; principal X rate *» interest (or discount); sales X rate » 
commission, and so on). Students begin to solve problems of tbU tJTX! 
a '5 soon as they begin to learn multiplication. (As soon as they learn 
2 X 3 “ G, they should t)cgin to Hunk “if 2 X something ■« G, the 
‘fiometliing’ is 3.") They continue to solve problems of this tiTJC os 
they learn that di\ision is the inverse of multiplication. They progress 
through such fitagea asare represented by: of 12 » n”; X 12 = 

n“; “H “ n/12’’; “.25 X 12 n*'; “25% of 12 = «.*’ Finally, in 

algebra, they represent all problems of this type by the general sentence 
x-y = «ond acquire the ability to solve for one unknown whenever they 
arc given values of the other two. If the emphasis throughout Ims been 
on the underlying common relationship and the connection between 
multiplication and diririon, wc l)clievc thci’ will not only be able to 
handle whatever case comes along, but will al'o liavc begun to under- 
stand and appreciate how one nulAemottcal inodel may represent many 
difTerenl daily life and p!i>'Fical situations. 

IIATIONAL XU.MIIERS AS OnDEIlED PAIRS 
lie have raid titst otir new rational numbers may be con.«tructed as 
pairs of old numbers, and wc defined two pairs (p, q) and (a, h) to be 
wjual if and only if j>b ■= 50 . Xow let u.s coneidcr the fundamental opera- 
tion-s from this abstract dewpoint, 

Ad«15tlon anil Stibtraclion. Wth the idea that a fraction is merely 
an erdmd pair of integers, mc have no need (o talk of lile quanltlies 
or common dfnomifwtors. In-tead, we defne addition of rational num- 
it-r* as (a, 1 ) + (e, d) •» q. ordered pair formulation 
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f OUT problem M would be (1, 2) + (1, 5) ^ ^ I(l)(5) + {2)(1), 
_ ( 7 ^ JO) or Ko- From this definition of addition and our earlier 
efinition of equality we can show that addition of fractions also obeys 
ae commutative and associative laws, so important for the natural 
umbers. For example, by definition (a, 6) + (c, d) = (od + be, bd) and 
c, d) + (o, b) = (cb + da, db). The two right hand pairs are the same, 
owever, because by the commutative law for natural pumpers, cb = 
c da = ad, db^^ bd. Thus, (ad he,bd) = (cb + da, db). We wdl leave 
t to our reader to show that addition of these pairs is associative, but 
ire would like to point out how to derive a rule for subtraction of pairs 
rom the rule for addition. . , *• 

Subtraction is the inverse operation of addition. In a subtraction 
iroblem we are given the result of an addition and one of the addends 
ind asked to find the other addend. Starting with H -H “ 
converting this to the ordered pair form, it becomes (3, 4) - fl, 3) - 

'? ?) = (I, v). Converting this to addition, the fundamental operation, 

Thele eoraespond toThe“paTrs aoT24),' (T5!3C),lli of ivhkh are equal, 
these oorrespona , (action rcproscnls a family or 

Tins equal fractions. Such a 

set oontaimng an „„,Mlcnai class. When this terminology 

^ "dTfSn “y be defined as the equivalence class of equal 
IS used, a fract viewpoint no particular pair is regarded ns 
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° 7 . j:..., onrl Pcncraliring the process of arithmetic m a 
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the fact that there is no reason to expect our construction of new num- 
bers by generalization and abstraction to stop with the literal expressions 
of elementary algebra. 

Tins idea of viewing one number S 3 retem as an extension of another 
may be clarified by returmng to the idea of jamilies of ordered pairs 
mentioned briefly above. We have concerned ourselves earlier with 
families or equivalence classes of fractions. Now let us consider another 
set of pairs, those having 1 as the second element in each pair, for exam- 
pie, 1). Consider their sum, (2, 1) + (5, 1) = K2)(l) + 

(1)C5), (1)(1)1 = (2 + 6, 1) « (7, 1). In general (a, 1) + (6, 1) « 
(o + b, 1). In other words the eum of any two members of this family 
of pairs with 1 in the second position is still a member of the family. 
The first clement of the sum of two such pairs is the sum of the two 
integers which were the first elements of the two original pairs. This 
process sets up a one-to-one correspondence between the set of all 
natural numbers and the set of all pairs whose second element is 1. Un- 
der this correspondence, the sum of two natural numbers corresponds 
to the sum of the two corresponding pairs. Mathematicians call such a 
correspondence an isomorphim. When one set of numbers is isomorphic 
to a part or is a subset of another set of numbers with respect to both, 
addition and multiplication, the second number system is said to be an 
extension of the first. When we have shown that the natural numbers 
are isomorphic to the ordered pahs, (o, 1), with respect to multiplica- 
tion, we wfll have shown that this set of ordered pairs is a proper exten- 
sion of the natural numbers, since by associating each pair (2, 1), (6, 1), 
(a, 1 ) and so on with the natural numbers 2, 6, a, and bo on we set up 
an isomorphism between a subset of the set of pairs and the natural 
numbers. 

Multiplication and Division. The next step in this approach states 
that by definition, (p, g) X («, t) = (ps, gt). If 3 » identified with the 
pair (3, 1), this rule includes all cases such as 3 X K as well as % X 
ii. The latter in this notation would be (2, 3) X (4, 5) = (2 X 4, 3 X 
5) - (8, 15). Again, this definition was psychologically motivated by 
the fact that ordinary fractions had been used and operated with in 
this manner for centuries before modem mathematicians set out to 
analyze the structure of mathematics more rigorously. 

We can now complete the identification with the natural numbers of 
the family of pairs vhosc second element is I, that is, pairs of the form 
(u. 1). We see (o, 1) X (b. 1) = (ab, 1); that is, the product of two 
members of this subset of all psdrs is stlU a member of the same subset, 
a pair whose second element h 1. The first element of the pair, ab, is 
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merely the product of the first int^ers of each pair. This set of rational 
fractions is then an exlension of the set of natural numbers under our 
definitions of addition and multiplication, because the natural numbers 
are isomorphic to a subset of the rational fractions, the set of all pairs 
(a. 1). 

Although it is not at all certain now that such an abstract approach 
makes a psychologically sound b^inning on fractions for school children, 
there is some experimentation which tends to show that it may at least 
be acceptable at the junior high school level. This is worthy of more 
experimentation since the approach is in many waj-s more simple and 
more mathematically mature than are more concrete approaches. 

In any event, such an abstract approach should be well within the 
range of superior senior high school students. 

Proofs that ordered pairs obey the commutative, associative, and 
distributive laws when the operations are defined ns above may be good 
exercises in algebra for superior high school students, ginng them insight 
into the structure of the number sj-stem and into the nature of modem 
mathematics and its philosophy, provided that teachers point out all 
of these implications. 

Division of fractions is probably the most difficult operation to teach. 
Division exists only as the inverse operation to multiplication. Questions, 
ideas, or problems about division must be checked by referring to multi- 
plication. Thus, 

(a, 6 ) + (c, (f) « (?, ?) or (a, b) + (c, d) = (x, y) 

should for thought purposes be written as (c, d) X (x, y) => (a, 6 ). 
Then, by the definition of multiplication (c, d) X {x, y) = {ex, dy). If 
this is to be equal to (a, b), we must have (cr&) = (dt/a). These two 
expressions will be equal if x = da = od and y = c 6 » 6 c. In other 
words, (a, 6 ) -s- (c, d) =* (od, 6 c). Numerically, this saj-s 

? ^ = (3,4) + (2,5) = (3 X 5,4 X 2) = Lgi = | X ^ 

45 ' 4X^4- 

In effect bj’ one single sequence of steps this l)oth derives and makes 
unnecessaiy' the old rule that to divide a fradion by a fraction, one in- 
verts the divisor and mulliptics. 

numbers and direction 

Signed Numbers. In the clcmcntaiy school, children were assured 
that someday they would be able to take a laTger number from a smaller 
number Students have already felt the need for some number which 
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would give them the answer to 5 - 8, or a number wHch would d^cribe 

our score ina gamewhen we went in the hole, or a way of recording the 
temperature when the thermometer reading goes below zero. When we 
are concerned r\ith magnitudes which can be represented by lines ex- 
tending in either of two diametrically opposite directions, we have need 
for another hind of number, numbers which have come to be known as 
directed numbers, signed numbers, or poative and negative integers. 
The creation of negative numbers was also motivated by the desire to 
make subtraction always possible and to make equations such as z + 
b = a always solvable. Just as children comprehend that some tools 
are used for different purposes and that on occasion different tools may 
be used for the same purpose although in sU^tly different ways, so they 
leam that different numbers arc used for different purposes. Historically, 
the use of directed numbers or signed cumbers was evaded by mathe- 
maticians even after the necessity for them was known to exist. Natural 
numbers or integers were used when things were to be counted, fractions 
or rational numbers were used when things were to be measured, but 
negative numbers did not occur naturally in relation to concrete objects. 
However, one of the earliest attempts to interpret negative numbers 
was that of ribonacci, an Italian of the tbirteenlh century. He decided 
that in determining profit, a negative result implied a los-s. Here we have 
the basic idea underlying this extension of number; that Is, direcliw- 
Developing the Idea of Signed Numbers. As an introduction to 
the study of signed numbers it is useful for students to identify positive 
and negative numbers with such atuations as an overdrawn bank ac- 
count, a temperature below zero, distances abov'e and below sea level. 
Their introduction to these new numbers is often not by means of their 
basic properties as numbers, but by means of the uses which may be 
made of them. The applications of positives and negatives to denote 
opposites are useful for motivating the study of positive and negative 
integers. If we were to omit all illustration.s by number lines and prob- 
lems where ideas of negative numbers may be used, negative numbers 
would probably appear as absurd to the modern-day high school students 
as they did to the early algebraists. Applications and graphical represen- 
tations still play a role in gaining acceptance and understanding for new 
mathematical concepts. 

For purpo^ of deriving operations and relations invohung signed 
numtwrs, their principal property Is not a physical idea of opposilenes-s 
but the property that every positive number, -bn, has a negative, — n, 
^ch that their sum (-bn) + (-n) « 0, and conversely, for every nega- 
tive number there is a corresponding positive number with the property 
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that ( n) + (+n) — 0. Thus, 1, 5, —8, ^ all have negatives, — 1, 

—5, +8, — such that the sum of corresponding pairs is zero. 

We preserve the properties of order by ordering theintegersfrom small- 
er to larger as -n, - • • -3, -2, -1, 0, +1, +2, +3, • • • +n. We vdll 
soon see that this is consistent with the earlier notion that if a positive 
number is added to any other Dumber, the sum is larger than either 
Here zero takes on a new role as a number. It is neither positive nor 
negative but the number property of an empty set, and the integer which 
follows — 1 and precedes + 1. Graphically it is now used to label a point 
or an origin on a line from which points corresponding to positive and 
negative numbers extend infinitely in both directions. 

Addition and Subtraction of Integers- We can explain the addi- 
tion of signed numbers in terras ot counting or by addition of arrours 
(vectors). Thus, if the addition sign is interpreted as meaning mote to 
ike right and the subtraction sign is interpreted to move to the left, then 
(+3) + (+2) means to start at +3 and move 2 units to the right. 
(+3) + (—2) means to start at +3 and move 2 units to the left os in 
Figure 21, 


-3 -2 ~1 

_l 

^ -fl +2 +3 +4 +5 

(+3)+ (+2) -6 



-3 -2 -1 0 +1 +2 +3 +4 +5 

, , ■ — F ' i~ 

Fio. 21 

A second intuitive approach to the addition of signed numbers is by 
an inductive process. For example, we may give students a scries of 
problems as 

(+4) + (+3) = n (+4) + (+2) = n (+4) + (+1) = n 

(+4) + (0) = n (4-4) -1- {-]) =n (4) -h (-2) = n. 

We would e-xpect the first four problems to be done quickly and easily. 
The last two may cause some difficulty. Yet students can be led to pee 
from the first four examples that ns tre add a smaller nqmf)cr to the 
same number the result is smaller. Hence, sin«j —1 is one less than 0, 
4 ^ {— 1 ) should be one less than 4 + 0, or 4 + (— 1) = 3, and so on. 

A third approach, based on more sound mathematical situations, 
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develops the addition process out of the desire to have our associative 
and commutative Ians apply to these numbers. For example, 

5 4- (_3) = [2 + 31 + (-3) ■> 2 + 1(3) + (-3)1 = 2 + 0 = 2 

aod, 

-5 + 3 = K'2) + (-3)1 + 3 = (-2) 

+ I(-3) + (+3)1 = -2 + 0 - -2. 

We note that In this approach irc have uised the fundamental idea that 
(4-n) 4 - (— n) = 0 and have assumed both the associative law and 
that (—5) may also be expres'ied as !(— 3) + (—2)). 

Similafly in subtraction an inductive approach may be made ia the 
following way 

(+7) - (+4) « +3 (+7) - (+1) - +6 

(+7) - (+3) » +4 (+7) - (0) = +7 

(+7) - (+2) « (+5) (+7) - (-1) = +8 

(+7) - (-2) =* +9. 

Students observe that as the number to be subtracted decreases ic 
size, the difference increases, and they ertend this notion from (+7) — 
(0) « +7 to (+7) - (-1) « +8. 

Let us consider the graphical approach to subtraction (Fig. 22). 
Kemembering that subtraction is the inverse operation of addition, 
(+5) — (—2) becomes 5 =• —I + ?. The vector o represents 5, the 
sura of vector 6 (6 = —2) and vector ?. Since the sum of two vectors 
is the vector reaching from the toil of the first to the head of the second, 
the vector n wliich added to b will pvc o = 5 is seen to be ? = 7. 

-4 -3 -2 -1 0 +1 +2 +3 +4 +5 +6 4-7 

■J 1 ! j 1 1 1 1 I- I I 1: 

\=±=^ '. - • — 3 

Vector «ubtr»ctioa, 5 — (— 2) ■« 7 
Fxo.22 


This basic idea that subtrsetion is the inverse of addition may be 
applied directly to numerical examples as a device for leading students 
to discover the rules for subtraction. If a student sj-stematically works 
a number of subtraction problems by converting them to addition, he 
will eventually (somctlmee irith some help) see a pattern. Of course 
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the examples must be planned to include the various combinations of 
positives and negatives such as 7- (-2) = n which means 7 = (-2) + 
n, —7 ~ (—2) = n which means —7 = (—2) 7 — (+2), —7 — 

(+2), and so on. 

All tlus leads to the generalization that to subtract a signed number 
we change the sign and add. It is interesting to note that this is basically 
the same as the rule that to divide by a fraction we invert and multiply. 
Both of these are special cases of a general principle that the result of 
an inverse operation (subtraction or division) may be obtained by 
changing the second number to its inv'erse (negative or reciprocal) and 
then performing the direct operation (addition or multiplication). Some 
people, in teaching, tacitly assume this principle and derive the rules 
from it. Logically this principle is a theorem which follows from the 
definitions of the inverse operations and the inverses of the elements 
(numbers) of the system. 

The rules for addition and multiplication with positive and negative 
numbers are arbitrarj' rules, established by definition. Analogies and 
inductive procedures are often used to develop nn understanding of the 
rules and of the fact that we were motivated to define them in this way 
to preserve the associative, distributive, and inverse element principles, 
but the procedures are not a substitute for an understanding of the in- 
herent properties of numbers. 

Multiplication and Division. We can interpret multiplication on 
the number line in a manner simibr to the multiplication of natural 
numbers. We recall that by definition, 3X5 with natural numbers was 
5 5 ^ 5 « 15. In positive integers (+3)(+5) is interpreted ns (+5) -f- 

(+5) = +15. A natural extension of this definition to negative 
integers would be (+3)(— 5) = (—5) + (—5) + (—5) = —15. For ex- 
ample, if Dick loses $5 on each of 3 days, then he has lost $15, or 3(-5) « 

— 15. If we %vish the commutative law to apply here as m’th other num- 
bers we must define (—5)(+3) = —15 because (+3)(— 5) = (—16). By 
generalizing from arguments such as these we help our students to un- 
derstand both that the operations with rigned numbers are arbitrarily 
defined, and that there are reasons for choosing to define them so. 

We also may use an inductive approach to motivate the definition of 
multiplication of signed numbers. Thus, 

4 4 4 4 4 4 

X3 X2 2^ X-1 X-2 etc. 

"12 8 4 0 —4 -8 

Ixit us look at the product of two negative numbers— how should we 
define + (-3) »O.By(he 
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distributive lau', if it applies, (— 5)I(+3) + (-3)] = (-5)(+3) + 
(— 5)(— 3) = —15 + (— 5)(— 3). But (~6) *0 = 0, hence (—15) + 
(“S)(“3) must equal zero if rigned numbers are to behave consistently 
with unsigned numbers. Thus we define (-5)(-3) to be +15, since 
(—15) + (+15) = 0. More directly, in some ways, one could have writ- 
ten (-5)(-3) = (-5)(4 - 7) « (-5)(4) - (-5)(7) = -20 - 
(-35) = +15. This procedure assumes wthout proof that multiplica- 
tion distributes with respect to subtraction. Through procedures such 
a.s these students come to undcmtand why multiplication of two numbers 
of like signs is defined to give a positive result and multiplication of two 
numbers of unlike signs to give a negative result. 

We recall that a/h = e means that he = a. For e-vample, m = ^ 
means that (3)(5) = 15. Division is the inverse of multiplication. The 
sip rules for dmsion are therefore rules to be derived from the multi- 
plication rules. 


(-15) 

(—3) “ ” tneans that (— 3)*(n) = (—15) and that n = +5. 

that (-3)-(n) = (+15) and tliat n = -5. 

(-15) 

^ =• n means that (+3)-(n) « (-]5) and that n = -6. 

(+15) 

(+3) ' 


n means that (+3).(n) = (+15) and that n - +5. 


1,0 ”' diasrams, and induction have 
not ignored hut Ponttod ““ 

"“t" by It. 5, +J. 

CTiI kinds of number thrcel differ- 

that (3 + 2), (4 4. 1) fi properties. We recall 

s. a natural number. We recail llmt aV'ir r/^ S 
the equivalence cla-sa, a fraction belong to 

ordered pairs ot numl^rs “‘e of 

“> (8, 3), (0, 1), (7 2) 5, "“"d '* 8. *“'1' 

t , (10, 5), (115, 110), Raiendiug ,|,u irie„ f„rtl,er 
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(3, 8), (1, 6), (2, 7), (5, 10), (110, 115) • • • aU belong to the class of 
ordered pairs of numbers such that the second minus the first is 5. We 
can associate tins class with —5, a negative number. 

At advanced levels of thou^t two ordered pairs of rational numbers 
(a, 6) and (c, d) are dg5ncd to be egmvalent if and only if a + d = b + c. 
Of course, the thinking that led to this definition was based on the fact 
that with natural numbers ifo — 6 = c — rf, then a + d =* 6 -b c. For 
example, (7, 2) = (9, 4) because 7 + 4 = II =* 2 + 9. In this case we 
could also have written 7 — 2 = 9 — 4. However, with natural num- 
bers we could not have assigned any meaning to 2 — 7 or 9 — 4, but 
with ordered pairs we may also write (2, 7) and (4, 9) and show that 
they too are equal because 2 + 9 = 7 + 4. 

We can now compare the ordered pair approach to signed numbers 
with our earlier definitional approach. By our definition of equality all 
pairs with both members the same are equal, that is (o, a) » (b, b) 
because a 4- 6 = a + 6. Further, any pair of this type corresponds to 
zero because when added to any other pair the new pair is equal to the 
original. To test this we must first define addition of pairs. By definition 
(a, b) + (c, d) ^ (a + c, b -h d) or (2, 5) + (9, 2) = (11, 7). This was 
motivated by and corresponds to the fact tbat (2 — 5) + (9 — 2) « 
11 — 7. In ordered pair notation (5 + fc, 0 + fc) corresponds to (+5) 
and (0 4- m, 5 + m) corresponds to (—5). Then (4-5) 4- (—6) corre- 
sponds to(64-&,04-fc)4-(04-m,5-l-m) = (54-fc4-0-f-m,04- 

4- 5 4- m). Since the two elements of this last pair are identical, the 
pair corresponds to zero and the sura of the ordered pairs corresponds 
to (4-5) 4- (—5) — 0. We have essentially proved that for addition the 
set of positive and negative integers, and zero, —3, —2, —1, 0, 
-fl, 4-2, 4-3, " • is isomorphic to the set of classes of equal ordered 
pairs of integers under these definitions of addition and equality. Note 
that corresponding to every integer as ordinarily vTitten there is an 
infinite set of pairs, thus —5 corresponds to (0 -f m, 5 -f m) for all 
values of m. Any member of this set could be used to represent it and 
would behave the same as any other of this set. This compares nith our 
previous work with fractions where or (1, 2) represented an infinite 
family (lm)/2m or (Im, 2m) all of which were equal and behaved 
alike. 

After we define multiplication of these new pairs corresponding to 
signed numbers we could prove them isomorphic to t!ie usual set of 
integers wth respect to multiplication too. We could then go one stop 
further and show that the set of all paire (a, 0) whose second element 
is zero is isomorphic under both addition and multiplication to the set 
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of all natural numbers and zero. This would show that this sj'stem of 
pairs is an extension of the system of integers. Further if we had used 
rational number (and irraltonal numfier) wherever we used inUger above, 
the arguments would have been the same; that is, the (positive) rational 
and irrational numbers can be extended in this same manner to a sj’Etcm 
of signed rational and irrational numbers, or, in other words, to the set 
of all real numbers. 

At this level of abstraction we define the product of two signed num* 
bers when they ore represented by ordered pairs, o.s 


(a, 6)(c, d) = (ac + bd, be + ad). 


By way of illustration with the same examples as we used when thej' 
were represented by single numbers with +, - signs this definition 
would give : 

(+ 5 )(+ 3 ) = ( 5 , 0 )( 3 , 0 ) = (15 + 0 , 0 + 0 ) - ( 16 , 0 ) - +16 

(- 5 )(+ 3 ) - ( 0 , 5 )( 3 , 0 ) = (0 + 0 , 15 + 0 ) = ( 0 , 15 ) - -15 

(+ 5 )(- 3 ) = ( 5 , 0 )( 0 , 3 ) - (0 + 0 , 0 + 15 ) = ( 0 , 15 ) - -15 

(- 5 )(- 3 ) = ( 0 , 6 )( 0 , 3 ) = (0 + 15, 0 + 0 ) = ( 15 , 0 ) - + 15 . 

We define division by the equation 


(e, b) + (c, d) = (i, 5) a and a (j^ ^ 

wf^d derir“Tt,'’' T. dfe^ssioa svith rational numbers 

our illustrations fho ^ “^®5ers which we have used m 

always possible in the 6dd rf “tiouXuMb °° 
divisionbyzero)andallHnMr«wa 4 - (^th the exception of 

of numbem J 

and the complex numbers. ^ "nathematics are the irrationals 


beyond the rationals 

unabirto“»lvf numbers we an 

arise from such a = ''“=!■ "-5 

length of the hypofenL „f a ri^t " '“'‘nmination of the 
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This incompleteness in our number sj^tem may be pointed out to 
students as early as when repeating decimals are first met. We noted 
earlier that each rational number is reprinted by either a terminating 
or a repeating infinite decimal. There also are infinite decimals which 
neither terminate nor recur. For example we can construct the number 
.101001000100001 . . . where each ‘1* is followed by a set of zeros con- 
tainmg one more zero than in the set preceding the ‘1’, Such an infinite 
decimal would never repeat and never terminate. 

A more familiar though less obidous example of a nonrepeating, non- 
terminating decimal is found in i =* 3.14159. ... By this we mean that 
there is a succession of rational numbers; namely, fi = 8, rj = 3.1, 
Tj = 3.14, r 4 = 3.142, rs « 3.1416, • • • which differ from ir by smaller 
and smaller amounts such that r* can be made to be as good an approxi- 
mation to ir as is desired by taking n sufiBciently large. 

The ancient Greeks realized and proved that there was no rational 
number whose square is 2. But such numbers as the square root of 2 
are required for geometry. If a square is 1 unit on each side, then the 
length of the diagonal of that square is a number whose square is 2. It 
was customary with the Greeks, as it is today, to express lengths or dis- 
tances in terms of whole numbers and the ratios of whole numbers, 
rational fractions, but whole numbers and their ratios were closely tied 
in with the philosophy of the Pythagoreans. Consequently they were 
disturbed to discover the existence of a constructable but “incommensura- 
ble” distance, the diagonal of a square (Fig. 23). Just as we have con- 


1 
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structed numbers to solve such equations as 4 — 7 = n or 3n = 10, so 
additional numbers had to be constructed to be solutions of conditions 
such as j* = 2 and to represent lengths such as diagonals of squares. To- 
day there are several satisfactory ways of doing this, but nil of them have 
been developed within the last century. Symbolically we represent the 
solution of a:* = 2 by ■y/2, or in general, a solution of — c by 
Formally, rf is a member of the solution set of the condition x" = bi! and 
only if d" = b. The numbers represented by these sjonbols must be con- 
structed from the set of rationa] numbers just os our rational numbers 
n-ere constructed from the integers. This construction is different from 
those previously encountered and involves the concept of limit. 
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Actually children meet the idea of a limit early and fairly often. When 
we wnte H = .3333. . . we mean that ^ is the limit of the sequence of 
numbers .3, .33, .333, .3333, and so on, which may be derived by taking 
the partial sums of the series .3 + .03 + .003 + .0003 + • • • . Children 
may be fascinated by recurring designs such as in Figure 24 in which 
the area of the innermost square quite clearly approaches zero, and the 
sum of the areas of the squares considered separately, if the larger square 
is one unit on a side, isl + K + J^ + M + Ke + J^z+'-'-Xhis 
infinite sum can be written as the sequence 1, 1 H. 1 1 %, 1 

1 * * • ) where the second, third, and nth terms of the sequence 

represent, respectively, the sum of 2, of 3, and of n terms of the series, a 
geometric progresrion normally studied in detaU in second year algebra. 
However, this sequence, and hence the series, can be seen intuitively by 
inspection or by diagrams of the successive partial sums to ap- 

proach 2 as a limit without having recourse to the formal processes for 
summing a geometric progression. 



Flo. 24 
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An irrational number, a number Trhicb may not be written as an 
ordered pair of integers, may be deEned as the limit of an infinite se- 
quence of rational numbers in many waj’S. Perhaps the most obvious 
example and most direct process occurs when we slightly formalize the 
division method for finding the square root of two. Testing quickly shows 
that since 1* == 1 and 2* = 4, the square root of two is between the 
integers 1 and 2. This assumes that certain properties of order exist in 
the rational number system, for example, that if a, 6, c are positive and 
a> h then ac > he and a* > ft*. We will not take the time to elaborate 
these principles of order and the associated inequalities here, but we 
strongly recommend them to our readers for further study and for in- 
corporation into the teaching of algebra, geometrj’, and analj-sis in the 
liigh school and perhaps in some junior high classes. 

This first fact can then be written as 1 < -y/S < 2 and the inteiral 
from 1 to 2 can next be subdivided into n parts. In our decimal number 
sj’stem it would be convenient to take n =* 10. By testing 1.1, 1.2, . , . 
1.8, 1.9 we find that 1.4 < < 1.5. Repeating this subdivision and 

testing process will show succesavely that 1.41 < < 1.42, 1414 < 

■\/2 < 1.415, and so on. Each of these inter%*als 1 to 2, 1.4 to 1.5, 1.41 
to 1.42, 1.414 to 1.415 is nesUd within oU the preceding intemils and 
the set of nested intervals gii'es rise to two sequences; the sequence of 
lower bounds, 1, 1.4, 1.41, 1.414, • • • , and the sequence of upper boxmds 
2, 1.5, 1.42, 1.415, • • • . If it can be shown (as it can be in this case) 
that these two sequences approach the same limit, that limit is by defi* 
mtion the square root of two. Equi^Tilent to the proof that the two 
sequences have the same limit would be a proof that the length of the 
intervals in our nested sequence approaches zero as a limit. lotuitively 
the latter approach is helpful because one can conceit of a point (Fig. 
25) which is within all of the intervals. This would be the point corre- 
sponding to -y/S- It could be constructed with a straight edge and com- 
passes (see Figure 23) but could never be located by measuring with a 
ruler. 


1.41 142 



Fid. 25 


Everj' irrational number can be described as the common part or 
intersection of a set of nested intervals who'^c length approaches zero 
as a limit. Given two sets of nested intervals, the sum of the correspond- 
ing numbers can be defined to be the number represented by a new 
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Ecl o! rttxivA inlcrrals derived Irom Um teo siven ones. If the numbCT 
M is defined by the intervals Oj < i Ot ^ ^ — - 

bj, ai < M < hi and a fccond number N Is defined by the set oi 
nffited’mtctvnls u < ft < ii, then Jf + A' can be dclined by 


tot + Cl) <(M + N)< (in + di). (.a, + c) < (Af + AO 

< (6. + d>). (oi + eJ 5 (Af + AO < (ti + di), ■■■• 

Multiplication of numbere defined by nested intervals can similarly 
defin^ and on these dermUions ot addition and mullipbcation we can 
base definitions of their inA'crscs, subtraction and division. 

This fij'Stem for defining numbers actually describes the rational 
numbers, too, and hence can be thought of as including the entire sjTtcm 
of real numbers (irrationals, ratlonals, integers, natural numbers). This 
is easily demonstrated by remembering that H ®* .335.. . can be re- 
garded as .3 < H < .4, .33 ^ < M. .333 < H ^ -334, • - • . Simi- 

larly, although numbers sucli a.s .5 am called terminating decimals, 
they too can be UTitten as infinite repeating decimals which can then 
be translated into nested intervals. Thus, .5 can be written as a repeating 
decimal in two ways, .5 ■« .5000 . . , .4D0D .... The second of these 

says .4 < .5 < .5, .49 < .5 < XO, .499 < .5 < .500, • • « and K> on. 
All of this is really unnecessary in a sense, because we know that the 
upper bound, .5, is the number we are describing exactly, but it docs 
show that nested intervals can be used to define both rational and irra- 
tional numbera. Tbe property of being rcpre‘^;ntcd by repeating se- 
quences of digits in a pbre value numeration system with ony ha.«c, 
6 > 1 , is a property which distinguishca rational numbera from irra- 
tionals independently of tbe base. Both rationals and irrationals, and 
hence all real numbers, can be represented by the nested intciv’al tech- 


nique. 

There are two other currently used procedures for defining irrational 
numbers out of sets of rationals. George Cantor defined real numbers 
directly as the limits of sequences of rational numbers. A sequence of 
rational numbers Oi , ai , ui , C 4 , • • • a, , • • • is defined to have a limit, 
A, if for every positive number < there exists an W, such that for all 
terms in the sequence after the AT,* the difference between A and Om 
is less than *, that Is forn > A — a,) < <. Using this definition 
it can be prov^ as a theorem that a necessary and sufficient condition 
for such a limit to exist in that tbe difference between two terms of the 
sequence approaches zero aa atimit, as the two temw are selected farther 
and farther along in the sequence. Such sequences are sometimes called 
Cauchy sequences. A more technical statement of the theorem would 



NtJMBER AND OPERATION 


57 


then be: A sequence of rational numbers, flt , a* , oj , 04 , • • • a„, • • • is 
a Cauchy sequence and represents a real number if for every e > 0 there 
exists an N, sjich that for all n, m greater than JV, , | | < « . Since 

every infinite decimal fraction can be regarded as a sequence of rational 
numbers which can be shown to approach a limit, every infinite decimal 
represents a real number. From t^ viewpoint can be represented 
by .3, .33, . 333 , ■ • • and .5 can be represented by either .4, .49, .499, 
• • • or by .5, .5, .6, • • • . Thus this Cantor sequence approach also in- 
cludes both rational and irrational numbers in its definition of the real 
numbers. 

The third approach to irrationals by way of Dedekind cuts is closely 
related to the nested interval approach but makes more use of set theo- 
retic ideas. "We shall not take the space to expound it or other approaches 
such as that via continued fractions. 

Transcendental Numbers. One of the first irrationals to be met in 
this chapter, and in the historical development of mathematics as well 
as in the secondary school curriculum, is the number today denoted by 
the Greek letter ir. This number b a member of a subset of the irrationals 
which is more numerous (in the sense of infinite sets) than the set of all 
nth roots of rationals, but which was not even proven to exist until 1844. 
This is the set of numbers called transcendental. This name is used for all 
numbers which are not algebraic where algebraic numbers arc defined to be 
numbers which can be roots of equations of the form ooz" + aiz"“* + 
0 * 2 :’^*+ ••• 4- Ca-ix -f a, = Owherenbapositive integer and all theo, 
are integers. Thus -^2 as well as are algebraic because they 

are the roots respectively of :r* — 2 =® 0, a;* — 2 » 0, and Sz + 2 0. 

Other transcendental munbers met in elementary mathematics in addi- 
tion to T are e, the logarithms of many numbers, and the trigonometric 
functions of many angles. The fact that ir was not proven to be trans- 
cendental (and the famous Greek problem of squaring the circle finally 
thereby shown to be impossible of solution with straight edge and com- 
passes) until 18S2 shows something of the difficulties of a theoretical 
treatment of irrationals and transcendentals. This, however, docs not 
mean that secondary school students should not have at least heard of 
them. Quite the reverse! Here b one of the few places where secondary 
school students can be brought close to the boundaries of modem mathe- 
matics and helped to feel something of its Wgorous vitality. 

Computation with IrralionaU. In practical computations irra- 
tional numbers are replaced by rational approximations such as r 
3 14, or X « 3.14159, or V2 « 1.414. Tlie topic of computation with 
numbers arising from approximations b discussed later in Chapter 5. 
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The Real Numbei^. In concluson we will merely point out agam 
that although we have used the decimal place value notation s>^ein, 
especially decimal fractions, in discusang irrationals, the basic distinc- 
tions between rationals and irrationals are not properties of any particu- 
lar base nor even of the general idea of place v^ue number notation. 
However, the limit concept in some form is inescapable in defii^g 
irrationals and can be applied in such a w’ay that rationals and irration- 
als all are seen to be part of the same real number system. 

THE LAST (?) NEW NUMBER 
With the real numbers we can solve all equations of the form ax + 
b = 0 and of the form ct* + d = 0 where a, b, c, d ate real numbers 
and where c and d have opposite signs. However, such a simple little 
equation as -h 1 =0 can not be solved using any of our real numbers. 
There are many more equations of interest to both pure and applied 
mathematicians which can not be solved using only the real numbers. 
To end Ibis unhappy situation another new number was defined. In 
elementary’ approaches this is commonly represented by the letter i, 
and i is endowed by defimtion with the property that f* *• —1. This 
definition suffices to show that t b a solution of -{- 1 = 0. We will 
assume that our readers are familiar with the further definitions whereby 
thb unit ima^nary, t, b combined with real numbers to produce complex 
numbers such as 2 -h t, 3 — 2t, -h 1 .5*, and so on. The general com- 

plex number b defined to be any number of the form a bt where a 
and b represent real oumbera. 

The equaUty, sum, difference, product, quotient, and integral powers 
of complex numbers, a -b W, arc then usually defined with such a strong 
appeal to their analogy with real b'motniab as to make these drfinilions 
appear to .students to be derimJions. Thus (o + bi) • (c + dt) b often 
mvlliplied out to pve ac + adi + hei + bdr-, then t* b replaced by -1 
and the final result written as (oc - W) (od -b be)*. Actually, thb 
bttcr expression b a definitum of (a + b*) • (c + di), but many students 
never even see it. They arc tau^t to use the analogy with multiplica- 
tion of binombb in every numerical situation such as (2 + 30(— 4 — 0 
and tbA d!e?k'M.\vc® ia uut pasangly il at ab. 

Pedagogically thb approach has the values of being concrete, capitaliz- 
ing on previo^ experiences, using a (partially) meaningful process rather 
tlian an arbitrarily presented and meraorb^ rule. Thb presentation 
fails to explain the lopcal foundations of these numbers and their 
properties. It fads to show clearly their fundamental differences from 
. ^ ehnilarities and the sources of tb<^ 

similarities. In the writers' opimoos, an approach which omits such 
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fundamental ideas or leaves them unnecessarily obscxired is not a fully 
sound pedagogical approach. We shall here present concisely a modem 
abstract approach to complex numbers and then suggest considerations 
from which our readers may develop a completely sound pedagogical 
approach. We shall be quite concise because the details are so much like 
those we have elaborated in connection with the integers and the 
rational numbers. 

In this approach a complex number is defined to be any ordered pair 
of real numbers. Thus if a and b are real numbers, (a, b) is a complex 
number. We then give the folloning arbitrary definitions: 

Equality: (a, 6) = (c, d) if and only if o = c and 6 = d 
Addition: (a, fa) + (c, d) = (a + c, 6 + d) 

Multiplication: (a, b) X (c, d) » (ac — 6d, od + 6c). 

Note that each of these definitions for ordered pairs is phrased in terms 
of previously established numbers (real numbers) and operations with 
them. Using the idea that we still want to define subtraction and divi- 
sion to be the inverses of addition and multiplication we can work out 
the formulas: 

(o, 6) — (c, d) » (a — c, 6 — rf) 

/ ix / j\ /ac + bd be — od^ 

These formulas are actually based on the idea that the pair (complex 
number) (0, 0) when added to (a, 6) gives (a, b) and that the pair (1, 0) 
when multiplied times (c, 6) gives (o, 6). These pairs, (0, 0) and (1, 0), 
are called the addiihv and muUiplicative identities respectively. These 
pairs correspond in our new (complex) number sj’stem to the zero and 
one of our integers. 

We could now prove that the compIe.x number sj*5tem also obex’s the 
closure, associalh'e, commulaliee, and distributive laws which ^e have 
preserved at each step of the process of building neu’ numbers. In fact, 
although logically we could have defined equality, addition, and multi- 
plication of complex numbers any way that we wished, we were actually 
guided in our choice of definitions by the desire to have our new numbers 
again behave as much like our old ones as is possible. Actually the com- 
plex numbers lack one property whidi is a most important and useful 
one in the real field. This is the property of order. For any two real 
numbers a and 6 it is alwaj'S true that a > 6, or o = 6, or a < 6. The 
ideas of greater than and less than can not be defined for complex num- 
bers in such a way as to have the same properties as these do in the real 
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nUmbc „ _ _ _ up something -when we extended 

the real numbers to the complex field. In this sense then the real num- 
bers were the Iasi numbers — i.e., the last numbers with all those proper- 
ties. 

However, we also gmned something; namely, in the field of complex 
numbers all equations of the form oox* -f Oii"’'* - • • a»-ix + a, = 0, 
where the a, are real numbers, not only have a solution (as proven by 
C. F. Gauss about 1800), but in fact have n roots. Actually this same 
statement would be true even if the coefficients, a; , were complex. It 
is for this reason that the complex number system is called complete — 
i.e., no new numbers are needed to solve the general equation even if 
the coefficients are themselves complex. 

Since we are assuming that those who have read this far already know 
about the traditional graphical representation and polar forms of com- 
plex numbers and their fascinating relationships with the trigonometric 
functions (if you do not, see the references in Chapter 11), we will not 
expound on them or on their applications. (Remember, in the study of 
electricity our imit imaginary is represented by ; rather than t.) 

However, pedagogically as well as historically, these complex numbers 
are probably the hardest ones for students to accept. The name iVwj* 
inary is both merely a historical hangover and a pedagogical handicap as 
it seems to indicate that there is something almost supernatural about 
them. It would be better to stress the term complex, but one cannot omit 
mentioning imaginary sIdcq it is so generally used. Historically and peda- 
gogically, making graphical representations of both the numbers and 
the operations with them and some discussion of their many and varied 
applications will quicken their acceptance. All of these together with some 
later discussion of the logical structure of number systems and the reasons 
for and methods of extending them will help students ultimately to de- 
velop in their understanding not only of these numbers but of number 
systems and mathematics as a whole. 

We cannot leave the topics of numbers and operations without a word 
or two on each of three topics— (1) stiU further new numbers, (2) the role 
of structure in mathematics, and (3) the connections between operations 
and relations. 

STILL OTHER NEW NTJMBERS 

We can make no further extensions of our number system without 
Inking some racrifices. In fact, as we noted above, we had to sacrifice 
the orfer relations greater thari and less than when we defined the complex 
numbers. However, if we don’t mind an occasional sacrifice there are 
many sets of mathematical elements for which we can define operations 

Rajasthan Universit< 
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comparable to addition and multiplication. Some examples are: qua- 
ternions which can be represented by quadruples of real numbers rather 
than by mere pairs, vectors which can be regarded as special cases of 
matrices and which can be defined as triples of real numbers, matrices 
which are rectangular arrays of real numbers, Gaussian integers which are 
numbers of the form a -i-bi where a and b are restricted to being ordinary 
integers, algebraic integers, p-adic numbers, and others. Quaternion, vec- 
tor, and matrix algebras all sacrifice the commutative law for multipli- 
cation, i.e., it is not necessarily true in these algebras that A X B = 
B X A. Gaussian integers arc much like our ordinary integers (which are 
also called rational integers). Thus, though 5, which is prime in the set 
of ordinary integers, is (2 -h t) X (2 — t) in Gaussian integers, factoriza- 
tion is unique in Gaussian integers. However, if we call integers the set 
of all numbers of the form o -h h y/ —5 where a and h are ordinary or 
rational integers, we find that these new integers fail to satisfy the funda- 
mental theorem of arithmetic; namely, that every integer can be uniquely 
(except for sign and order) factored into prime factors. In this last sys- 
tem, for example, 21 can be factored into primes in two different ways: 

21 = 2H- 0-\/=^ = 3-7 = (1 -1- 2-v/^)-(l - W^)- 
These arithmetics and algebras, and many more, have been and will be 
further explored by many mathematicians. There is no end to mathe- 
matics, its fascination, and its uses! 

SXnUCTURE IN ARITHMETIC AND ALGEBRA 

Two simple finite arithmetics are defined by the two sets of tables in 
Figure 26. These tables mean, for example, that in Arithmetic I, -f- 
c = d, and in Arithmetic ll,h X c ~ c. 

It is an interesting exercise for oneself or for a bright group of students 
to look for, tabulate, analyze, and systematize the sumlarities and the 
differences between Arithmetic I and Arithmetic II, between addition 
and multiplication in general, between addition in the two different arith- 
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metics, multiplication in the two. For example, (1) all four tables have 
the property that none of the entries within the table uses a number or 
symbol which did not occur in the outer row and column. This property 
is called closure, which means that the sum (product) of two elements 
in the basic set is also an element in the set. Other things which may be 
observed are that: (2) whatever two elements you pick, x and j/, 2 + y = 
y -hx and a:Xy = yX«,(3)in each table there is a row (and column) 
which is exactly the same as the top or outside row (left-hand column). 
Property (2) Is called the commutative law, and property (3) is expressed 
by saying that there is an idenlity element for addition (a in these exam- 
ples) and one for multiplication (6 in the.*® example). Thus if a; is any 
other element in the above sets a + c = xanda:*li = x. There are other 
similarities and differences. For example, subtraction can be defined for 
all pairs in both arithmetics, but division can be completely defined only 
in Arithmetic I. Can you define these operations and explain why and 
in which cases one cannot completely define division in Arithmetic II? 
Actually, these are examples of modular arithmetics, modulo 5 and 6, and 
can be written with numbers, representing a, b, c, d, e, f by 0, 1, 2, 8, 4, 
5. Try it! Can you figure out an explanation for why divirion will be al- 
ways possible only in arithmetics with a prime modulus? 

These arithmetics, though fascinating, are not to be explored here. 
They ore cxlubUed to illustrate the point that there are certain basic 
ideas and relationships that occur time and again in mathematics, in 
many different situations, sometimes disguised by different symbols and 
terms, but still fundamentally the same ideas. If these basic ideas can be 
perceived to be present in a new mathematical structure, the mathema- 
tician can then immediately write down for the new system the conse- 
quences which be has previously shown must always follow when 
the basic structure, however disguised, is present. For the student the 
perception of this structure increases his understanding of the new struc- 
ture and also of why it was oripnally defined and biiilt as it was. 

There are many different typical mathematical structures. Two very 
important ones which are also present in our arithmetic and algebra are 
those called groups aad fields. 

A group is any system ha\’iDg a set of elements with a single operation 
and equality defined such that it 

(1) is closed. 

(2) is associative. 

(3) has an tdenlifij element. (In ordinary arithmetic this is zero for 
addition and one for multiplication. It is o for addition and b for 
multiplication in ArithmeUcs I and II.) 
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(4) for every element, has an inverse elemeni. (An element such that 
added to (or multiplied by) the given element their sum (or 
product) is the identity element. Thus the additive inverse of +2 
is —2 and of —3 is +3 in ordinary arithmetic, while the multipli- 
cative inverse of 2 is and of % is In Arithmetic I the addi- 
tive inverse of d is c, in Arithmetic II it is d itself.) 

If the elements of the group are also commutative the group is called 
a commutative or Ahelian group. Thus the positive, negative, and zero in- 
tegers form an Abelian group under addition. The positive rational num- 
bers form a group under multiplication. Arithmetics I and II each form 
groups under addition, but II is not a group with respect to multiplica- 
tion. Can you tell why? 

A field is a S3^tem having a set of elements nith equality and two op- 
erations defined such that; 

(1) It is a commutative group with respect to addition. 

(2) It is a commutative group with respect to multiplication (if the 
additive identity, zero, b omitted). 

(3) Multiplication b distributive with respect to addition, that is 
a • (6 + c) a6 + ac. 

Thus the rational numbers, the real numbers, and the complex num“ 
bers are fields. So is Arithmetic I. We could have said that in thb chapter 
we were going to study some of the groups and fields of modern mathe- 
matics. We felt that here, as in secondary classrooms, abstractions and 
generalizations should, in general, be built up from beginnings which are 
more concrete and special. However, we have tried to show the impor- 
tance of these ideas as we went along and how they are a continuous 
thread running though all our arithmetic and algebra. In thb section we 
have merely hinted at the fact that they are a part of the structure of 
many other mathematical systems and that as such they are most useful 
and fruitful concepts for the advanced mathematician and for the 
students whose insights and understandings are increased and broadened 
as he perceives them. 

OPERATIONS AS RELATIONS 

InthefoHowing chapter, “Relations and Functions," a relation nnll be 
defined as a set of ordered pairs of elements. The meaning, significance, 
use, and pedagogical adv'antages of the concept of relation will be db- 
cussed and illustrated there. Hence we will merely note that operations 
may be classified according to the number of elements involved, as xmi- 
tary, binary, ternary, and so on, and further, they may all be classified 
under the heading of relations. Thus ordinary addition of integers may 
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be regarded as a binary opera^on and as a set of ordered pairs in which 
the first element of the pair is itself a pair of integers and the second ele- 
ment of the pair of the relation is a single element, their sum. This can 
be represented as illustrated in Table 4. The meaning of the domain and 
ronpe will also be further illustrated in. the next chapter. 


TABLE 4 

relation ••+” DEFINED FOR INTEGERS 



pint clmrat 

Second tlemnt 



Domain; pain of iatcfora 

Rtsea: uUsm 



(2,S) 

5 



(-3, 4) 

1 



(0,2) 

2 



(-4. -5) 

-9 



{-6. -4) 

-9 



(0. 0) 

0 



etc. 

etc. 




In set notation, this relation can be represented by 
{1(2. 3), 51. [(-3, 4), 1], KO, 2), 2), [(-4, -5), -0], 

((-5, -4), -91, {(0, 0). 0]- • • i or by {[(i, y), I x + 1/ = 


This approach to the concept of an operation is mterestmg and en- 
larges one’s matberoatkal hoiiions, but is beyond the scope of this 
diapter and probably not, relatively, a significant concept for the sec- 
ondary school. See Chayler 11 for bibliographies and suggeslims for the 
further study and Use of the malerialt in the chapter. 
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RelaHons and Functions 

KENNETH O. MAY AND HENRY VAN ENGEN 


“The cultiration of the mathematical imagination depends 
chiefly on the chiid being put into the right attitude towards 
mathematicaJ conceptions in his earliest years; and, after that, 
on the right use being made of certain nodes or critical points, 
which occur here and there in each branch of mathematics and 
which should be dealt with in a quite diflerent manner from 
the rest of the coursa” — Masr ErEREsr Boole in Preparation 
of the Child for SaVnce. 1904. 

NUi^fBER PAIRS IN ELEMENTARY AND 
SECONDARY MATHEMATICS 

Xbachers of mathematics are very familiar with the words ‘relation' 
and ‘function*. Both words are frequently used in a nonmathematical 
context as well as in a mathematical context. In most instances, 'rela> 
tion' is used very loosely and with many shades of meaning. In fact, 
in elementary and secondary mathematics 'relation' has had no precise 
meaning. 

The word ‘function’ has had a precise meaning in secondary mathe- 
matics for some time. However, it is frequently poorly understood 
and, even more frequently, not even mentioned as an important con- 
cept in ninth grade algebra. 

Recently mathematical thinking has brought about a change in the 
way these words are used. ‘Relation’ is now given a very definite mathe- 
matical meaning, and there has been a change in the definition of ‘func- 
tion’ — a very fundamental chai^. Contemporary mathematics prefers 
to define ‘relation’ and ‘function’ in terms of sets; in fact, in contem- 
porary mathematics the idea of set is considered to be more fundamental 
than the idea of number. 

Sets of numbers and sets of number pairs appear very often In daily 
affairs. Familiar examples are; height-weight charts, temperature-time 
charts, and cost-of-li^ing charts. It is easy to think of other cases in 
which vre deal with pairs of numbers. For example, we can pair the 
weight (number of ounces) of a letter with llie posf.age (number of 
65 
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cents) it requires. We often pair objects other than numbers. In the 
grade book, a final average is {raired "with each student at the end of 
the year. Also, in a class record book we pair with each hour the names 
of students in the class at that hour. 

Perhaps the first pairing that the small child encounters is the asso- 
ciation of name? noth objects. He soon finds that more than one object 
is paired with the same name, and that more than one name is often 
associated with the same object. In his first arithmetical experiences 
the child learns to count a collection of objects by pairing off the ob- 
jects ^ith names, ‘one’, ‘two’, ‘three*, and so on. He learns that by 
this counting process a number name is associated with each collection; 
that is, one can pair off collections with number names. In these and 
many other instances the child learns to pair things, that is, to associate 
things, to make things correspond. Of course, he does this without 
being consciously aware of the idea of pairing. 

In the schools, we first study number pairs in tabular and graphical 
form. The elementary school pupil encounters tables and graphs as 
ways of showng how numbers are paired. This first encounter may be 
a time-temperature graph in which he has recorded the temperature 
for each hour of the school day. In this case the graph visually shows 
such number pairs as: (8, 45**), (9. 47*), (11, 65*), (12, 56*), (1, GO*), 
(2, 01*), (3, 69*), (4, 54*). Here the first member of each pair records 
the hour of the day and the second clement records the temperature. 
You are familiar ^rith graphs, and hence, we will not show the pairings 
as they might be presented in elementary school or junior high school. 

The elementary school pupil also meets pairings involving things other 
than numbers. For example, (Iowa, 2,000,000), (Kansas, 2,000,000), 
(Illinois, 9,400,000), (Minnesota, 3,200,000), (Nebraska, 1,400,000). 
Here states are paired with their populations. These are the raw data 
from which the pupil could make a graph. It is a set of pairs which 
lends itself to tabulation and graphical techniques. 

Since these pairing situations occur so frequently, it is not surprising 
that the study of pairs is of great importance in mathematics. We shall 
see that the pairing idea is the key to understanding many important 
mathematical ideas. 

Becaa«c tables and graphs are simple ways of visualizing pairings, 
they are suitable for use in the elementary grades. After working wth 
pairings as sboam in tables and graphs, the pupil is ready for a more 
abstract method of shoiving how numbers arc paired. The pupil learns 
that it is ca.sy to write *A *= «*’ as a rule for pairing certain numbers. 
Tlie formula, or rule, is more concise tlian the table of squares appear- 
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ing in every student’s mathematics book which expresses the same 
pairing in tabular form. 

In many other situations the pupil learos to use formulas along with 
tables and graphs, and much time is spent in achie^’ing an understand- 
ing of these different devices for showing how numbers are paired. As 
soon as the pupil has reached this stage, he is already dealing with some 
features of mathematical rdatioas; namely, (1) a collection of pairs 
(which may be exhibited in a table or graph), and (2) a rule or formula 
that indicates how’ the objects are paired. In our example above we 
have a collection of pairs, { (1, 1), (2, 4), (3, 9), • • • } and a rule A = s*, 
which tells us that the second number in each pair is the square of the 
first. 

Too frequently, in algebra classes, the rule is stressed almost to the 
exclusion of such other aspects of relations as number pairs and sets 
of number pairs. But there is need to keep all of these before the stu- 
dent at all times. This is certainly desirable because both the formula 
and the number pair idea are important. The most effective work in 
mathematics comes from using them simultaneously. However, in 
spite of the usefulness of formulas, it is the pairs of objects with which 
we are basically concerned. The formula is just a way of defining, de- 
scribing, and dealing with a collection of pairs. j\Jany different formulas 
give the same collection of pairs. For e.\ample, A s*, A — s* = 0, 
ands *= iVA all define the same collection of pairs {(1, 1), (—1, 1), 
(2, 4), (3, 9), -'‘j. Since we are concerned in this chapter with the 
nature of relations and the means by which the student may be brought 
to understand them, we shall approach the subject by considering 
collections, or sets of pairs of numbers. 

SETS AND VARIABLES 

The idea of a set of things is wry common and quite easy to grasp. 
Children think in terms of sets and operations xvith sets at a very’ early 
age. Mathematicians have taken the notion of set as a very ba-sic ele- 
ment in the construction of virtually all mathematical sj-stems, and 
many of them think that sets should be basic to our system of instruc- 
tion in the elementary and secondary schools. Thus, it becomes im- 
perative that we explore the idea of sets. 

A set is essentially a collection of things. Associated vdth a set is a 
rule which enables one to tell whether a given element belongs to the 
set or not. 'Without such a rule the idea of set might be vague, "i ou can 
think of all the things on your desk as a set of things. This set of things 
may consist of: pencil, eraser, paper clip, pipe, and pen. In order to 
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indicate that you are to think of these things as a whole— a set— we 
make use of braces. The set is symbolized by ‘{pencil, eraser, tj'pe- 
\niter, pen, paper clip, pipe}*. The '{ }' indicate that you are to think 

of this collection as a set of things and not as individual objects. But 
where is the rule which tells us whether a ^ven object should be an 
element (a member) of the set? In this case the rule is suggested by 
‘the tlungs on youi desk*. If an object is on your desk it is in the set; 
if it is not on j’our desk it is not in the set- 

The above set might appear in an elementary arithmetic class as a 
set of objects to be counted. In more adranced classes in the elementary 
school, the jumoi Ingh school, and the semor high school, sets of num- 
bers appear naturally. Let us see how this could happen. 

Suppose that a class decides to put on a benefit show. They plan to 
have a 35 cent admission charge. (^Jote that the class itself is a set of 
individuals; namely, {Mary, Jane, Joe, Sam}. The students are 
elements of the set, and the rule b ‘Is a member of the sixth grade’.) 
In order to help the hoi's and ^Is who n'ill sell tickets at the door the 
class makes a table such as illustrated in Table 1. 


TABLE 1 


KuaUi e( tukcU 

Cnc (lo dellm) 

1 

.35 

2 

.70 

3 

1.05 

4 

1.40 

6 

1.75 

6 

2.10 

7 

2.45 

8 

2 80 


Since the class decides that it vs unlikely that anyone n-ill buy more 
than eight tickets, they don’t extend the table any further than shown. 

Now in tlus situation we see two sets of numbers. The one set we 
call ‘D’; Z) = (1, 2, 3, 4, 5, 6, 7, 8|, and the other R = (.35, 
.70, 1.05, 1.40, 1.75, 2.10, 2,45, 2.80). Note tliat D and R each have 
ciglit elements and eight elements only, and that the elements in D 
and R are paired as shown in Table 1. The clement .70 of R Is paired 
with the clement 2 of D. This can be indicated by writing ‘(2, .70)’. 

Ut us look more closely at D. It has ciglit members. The number 2 
b a member of D, or in sj-mbols ‘2 « D'. But 9 Ls not a member of D; 
in pymboU ‘9 < D’. SimiUriy, 4J> < D and 50 < D. 'Fbese and other num- 
l>cr3 arc excluded by the nature of the physical situation. We can de- 





RELATIONS AND FUNCTIONS 


69 


scribe D as the set of all whole numbers less than 9, Similarly, R con- 
tains only certain numbers and not others. It might be described as 
the first eight multiples of .35. 

Some children might think that a graph wmdd serve the purpose in 
this situation as well as a table. In such a case it would be wise to make 
a graph. This is given in Figure 1. 



1 2 3 4 5 6 7 8 

Number of Tickets 
Fio. I 


You should notice that the line has not been drawn. The pupiU 
should notice this also. The line is not drawn because there are only 
eight number pairs to plot. These eight number pairs make up a set 
which wo caU ‘F. F - Ki. -35). (2, .70), (3, 1.05), (4, 1.40), (5, 2.75), 
(6, 2.10), (7, 2.45), (8, 2.80)}. 

Certainly, when teaching this, you would want to raise the question 
about other ■ways to show how the elements of two sets of numbers are 
paired. The pupils wall have noticed that the numbers in the second 
column in the table are respectively the products of the corresponding 
numbers in the first column and ,35. Indeed, the table was constructed 
by carrying out such muItipKcations or else by successive additions of 
,35, which is another \vTiy of accomplishing the same result. Accordingly, 
it is natural to formulate a rule; 'The second number in each pair is 
the first times .35’. We now can easily formulate a rule that defines F: 
The first number In each pair must belong to D, and the corresponding 
second number must be the first number times .35. In other words, 
F >= {all number pairs whose first members belong to D and whose 
second members are their first members times .35 (• 

The rule defining F can be stated in words, but such statements are 
cumbersome. Since the student has already had some e.Tperience with 
formulas, what could be more natural than to replace ‘the second num- 
ber must be the fust number times .35’ by ‘y = .35i’? Here, it is under- 
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stood that we may replace the letter ‘x* by a name of any member of 
D and so bblaln an equation pving y, the corresponding member ^of 
R. For example, if we replace ‘x* by ‘2’, we get y — (.35) X 2 » -"O. 
Ivnowing D and the equation we can find all the number pairs and so 
determine F. 

From the illustration it is now possible to abstract the idea of a van- 
able as it is used in mathematics, first, there is a set of numbers, D, 
which may be an arbitrary set; for c.xample, {0, 4, 19, 450, 1980) or all 
positive integers. Or it may be a set that is dictated by the requirements 
of some physical situation, as in the cose just discussed or in a situation 
in which yards of cloth are purchased. In the la.st case, the numbers 
in the set under consideration must be positive real numbers not greater 
than the maximum number of yards for sale. 

Now we may wish to talk about an arbitrary member of the set D. 
In order to do this we use a symbol, usuallj' a letter of the alphabet, 
to stand for any member of the set. It now becomes possible to make 
sentences about any member of D. To illustrate, for the set D con- 
sidered in tlic ticket problem above, we let stand for a name of a 
member of I). Then we can say tliat x > 0, x < 8, x ( D, and so on. 
Similarly, we can let ‘y’ stand for a name of a member of R. Then *y 
.35x’ is a sentence that must be satisfied by a pair (x, y) for the pair 
to belong to F. In fact, F = (the set of (i, y) such IhatitD anJy •“ 
.33i); that is, F •» {(x, y) such thatxcD and y = .35x}. 

I.et us notice several things about ‘x’ and ‘y’ in the examples aboi'e. 
First, they are sj-mbols, letters of the alphabet. As anyone can plaiiJy 
sec, the}' are not numbers. They simply 6cr\’c as placeholders, that is, 
they occupy places which may be occupied by other symbols, particu- 
larly, number sjTnbols. The sj-mbols that can be substituted arc names 
of members of some set. We describe this by eajing that ‘i’ and 'y’ 
stand for the names of the elements of the scU D and R respectively. 
IVe call mcmljcrs of these sets toIucs of V and ‘y’. IVe have emphasized 
tliat ‘x’ and ‘y’ arc sjTubols by using single quotation marks. Thus, 
when wc say tliat ‘x’ b a letter of the alphabet, we are talking al>out 
the letter ‘x’. IMicn we say Uiat in a set D, i < 8, wc arc talking aliout 
the memlwra of D. VSliat wc mean here Is tliat the sentence 'i < 
yield? a statement which b true if we substitute for 'x’ a name of any 
member of D. Wc c.sll ‘x’ and ‘y’ suriaUcs. Roughly speaking, a variable 
b a sj-mlx)! for wliich one nilistitutes names for some objects, usually a 
numlKT in algebra. A >Tiriable b alwaj-s avoclatcd with a set of object.? 
whose n-arncs can l« substituted for it. Tlicse objects are called values 
of the rariable. 
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We illustrate with a simple example involving only one variable 
Let U = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, II, 12}. Let ‘a:* be a variable 
whose range is U ; that is, the name of any member of IJ may replace 
‘x\ Then consider the sentence ‘4x — I > 10’. Substituting ‘0’ for ‘i’ 
we get 4 X 0 — 1 > 10 which is false, and substituting ‘4’ for ‘x’, we 
get 4 X 4 — 1 > 10 which is true. In this way the sentence ‘4x — 1 > 
10’ can be used as a set-builder to find a subset of U whose members 
satisfy it. By trial we can find that the set of numbers that belong to 17 
and satisfy 4i - 1 > 10 is {3, 4, 5, 6, 7, 8, 9, 10, 11, 12} . 

Pedagogical Implications. The definition above describes a variable 
in terms of how it is used. By way of contrast consider the following 
definition stiU in general use. A variable is a quantity that varies. The pupil 
may well be mystified by this definition, since it is hard to see how the 
letter ‘x’ can vary or how a letter can be a quantity. In our examples, ‘x' 
was merely a s3Tiibol that held a place in a sentence imtil we got ready 
to replace it ndth the name for some object (number). 

To help emphasize this thought let us take another illustration. 
Consider the set ^ I all positive and negative integers and zero) . Let 
‘x’ be the placeholder for any member of N. Suppose we v,Tite the sen- 
tence 6x — I > 24. As yet we have said nothing that can be reacted 
to as true or false. The sentence 6x — 1 > 24 is much like the sentence 
‘It is a book’. In each case we cannot tell whether the sentence is true 
or false until, in the former, the number name to replace ‘i’ is specified 
and in the latter the antecedent of ‘it’ is specified. However, if we do 
replace ‘—5’ by ‘x’ we see that the statement 5 • (—5) — 1 > 24 
is false. Our next replacement may be ‘1000’. In this case 5 • 1000 — 

1 > 24 is a true statement. Note that what we substitute for a variable 
are also symbols (e.g., numerals), though they are names of quite definite 
things (e.g., numbers). Such ^mibols, that stand for specific and unique 
objects, are called constants. Thus all numerals are constants. The 
niuneral ‘2’ is a name of (stands for) the number 2. Other numerals 
which are names for the same number are ‘II', *4 — 2’, and ‘5^’. Sub- 
stituting constants for variables is one of the important operations wth 
which the student is familiar before he reaches high school. 

You now see that the variable did not vary and cannot \'ary in the 
sense the word ‘vary’ is used ordinarily. The ‘i’ is only a placeholder 
in a mathematical sentence. It is a mistake to say that a variable fortes 
just like temperature fories, because ‘variable’ is not used in that sense 
in mathematics. In mathematical terms we can describe the phj*sical 
situation in which temperature varies as follows: If we measure the 
temperature at different times, we get a set of number pairs. In these 
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pairs the first component is, say, the time, and the second component 
is the corresponding temperature. "We may use variables and say that 
a temperature, T, corresponds to each time, i. Then the variable ‘T 
takes different values at different times, but the variable itself (the 
letter ‘2^) does not ^mry, even though rre can use it effectively to de- 
scribe the physical changes in temperature. 

This situation affords an excelleot chance for you to teach vocabulary 
and langur^e structure in a mathematics class. By clarifying the mean- 
ings of frequently used words you will save the student much confusion 
and speed his mathematical progress. To illustrate, let us examine a 
frequently used method for introducing the formula for the area of a 


rectangle. In the sixth or seventh grade, by one means or another, the 
pupil is led to the generahzatlon that the ‘area equals the length times 
the width’. This expression is shortened to: Area = Length X Width. 
The next step is the simple, in fact, too simple, step A = 1/ X TF, where 
‘A’ is the abhreviation for ‘Area’, ‘IT’ for ‘Width’, and for ‘Length’. 

The pupil is accustomed to multiplying numbers. Now we appear 
to be asking him to multiply words and letters. Of course, in this con- 
text both words and letters arc being used as variables (placeholders) 
whose role is to occupy a position in which the pupil is to substitute 
appropriate numerals. But this idea is frequently not emphasized. 

Is it any wonder that children find mathematics hard? If they are 
iwt let in on the secret of how symbols are used in mathematics from 
the beginning it must be difficult to find out what it is all about. There 
IS a great need for a re-evaluation of the methods used to introduce 
cMdren to the use of variables in mathematics. The iUustration used 
at the outset of this chapter would seem to be simpler than the formula 
for the area of a rectangle. It would ser^e more appropriately as a/r«i 
conioci with algebra than a formula for area. 

Some Uses of Variables. Variables appear in 
mathematics under different names. One of these is ‘unknown’. For ex- 
ample, when we ask the student to soh-e the equation *3i — 2 = O’, we 

him to find the valuefs) 
. , . . ® names make true statements when substituted 

lor X- m ^ j = 0 . So we see that an unknown is just a variable that 
appears when we solve equations. 

r “'T “ S"PPose we the .tedent to solve 

OhvS Sometimes V is described ss a constant. 

ObTOnsly, It a not a name of a number, and so is not a constant. It is 
“ Ponuneter. Clearly it is a variable, since 
^n '^*“‘■‘"<0 serais for it. When we ask the stndent to solve 
3x 2 - c, we evpect ium to write -x - (c + 2)/3’. Now this is the 
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formula that gives the solution to the equation for any value of ‘c’. 
That is, T\-e can substitute a numeral for the variable ‘c' in both 3r — 
2 = c and x = (c + 2)/3. Certainly then, V plays the role of a variable, 
since it is a symbol for which we can substitute appropriate numerals. 
Generally, a variable for which we do not want to solve or which plays 
some auxiliary role is called a ‘parameter' to distinguish it from the 
variables on which our attention is focused primarily. 

Another example of the use of a parameter is in graphing an equation 
such as a; -f y = c. Actually, we cannot graph it until we substitute 
for ‘c’. This fact alone makes clear that ‘c* is not a constant. On the 
contrary, ‘c’ is a x-ariable for which we substitute a name for any real 
number. When we do substitute vre get a straight line which is a geo- 
metric picture of the set of pairs (x, y) that satisfy the equation. For 
e-xample; x + y = 2 is satisfied by (1, I), (2, 0), (0, 2), • - • . Ah of the 
solutions make up a set of pairs whose graph is a straight fine. For 
each value of the parameter V we get a set of number pairs whose 
graph is a line, Coirespondiog to the set of all choices for ‘c' we have 
a family (set) of straight lines; so again, ‘c’ plaj^s the role of a variable 
in a special way and is distinguished by the name ‘parameter’, 

RELATIONS 

Many times in life you must use sets of number pairs or even sets 
of number triples, or quadruples. In fact, the number of times a day 
that one needs sin^e numbers b not great. When the situation in\’t)lves 
notlung more than counting, then a sii^le number b sufficient to report 
or record the result. The number of in a basket and the number of 
dollars in your purse are examples of such situations. Even here more 
than one number may be involved if the time or place of counting must 
be recorded. 

In contrast, consider the items you buy at a grocerj’ store. Here, 
number triples are usually involved. You know the price per item and 
the number of items. This pair of numbers enables you to find a third 
number which j’ou interpret as the cost of the purchase. In reality you 
use a number triple. Thb situation prevaib in the illustration used at 
the beginning of the chapter. The cost per ticket was not recorded 
because it was $.35. You could almost ignore it and pay attention to 
only such number pairs as (3, 1.05). So it b not too surprising to be 
told that the study of number pairs, triples, and so on, is veiy useful 
as a means of recording or studying events in the world. 

Look again at the table the fifth grade class made to help ticket 
sellers at their benefit show (Tabic I). 

You have already noted that two sets of numbers were iavoWed and 
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that the numbers in each of these two sets were put in one-to-one cor- 
respondence by the way their names were WTitten in the table. This 
one-to-one correspondence was also ^ven by means of the rule y ~ .35r. 
It was important to note too the range of the \'ariable ‘i’ and the range 
of the variable 'y\ *x’ ranges over the set D = jO, 1, 2, 3, 4, 5, 0, 7, 8j 
and ‘y' ranges over the setR = {.35, .70, 1.05, 1.40, 1.75, 2.10, 2.45, 
2.801. 

There is still another idea buried in this set of number pairs which 
needs to be brought out in any study of elementary algebra. Before 
identifying this idea precisely let us take a look at several instances 
in which sets of number pairs have been plotted. 

The set of number pairs F = |(l, .35), (2, .70), (3, 1.05), (4, 1.40), 
(5, 1.75), (0, 2.10), (7, 2.45), (8, 2.80)) used by the fifth grade at their 
benefit show is graphed as in Figure 2. 



12 3 4 5 6 7 8 


Number of Tickets (n) 
Fio. 2 
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The set of number pairs {{k, to)} obtained by measuring the height, 
h, (nearest inch) and weight, uf, (nearest pound) of the members of a 
high school class is plotted in Figure 3. 

Figure 4 displays the set of pmrs {(», j 4)} representing the amount, 
A, of money Afr, Brown has in his checking account ($100) after n 
years, assuming he forgot about his account entirely and received no 
interest during a five year period. 


J 200t- 
I 150 
•5 100 

I 

I 


_ l 1 - A l_ 

1 2 3 <1 

Number of Years (n) 


Fio. 4 


5 


The set of number pairs (ar, y) given by the formuh 'x + ii = 6' 
(ivhere the range of ‘x' and Y ia the set of aB rea! numbers) is graphed 
in Figure 5. 

Figure 6 shows the set of number pairs {(n, c)) which would be 
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obtained if postage were 3^ for a letter weighing an ounce or less, 
for a letter weighing more than one ounce but less than two, etc- The 
dot at the right end of each s^ment indicates that the right end point 
of each one (but not the left end point) is on the graph. (See page 108.) 



The shaded area in Figure 7 represents the set of number pairs { (x, y) 
such that z + y > 6} (Koie that the boundary line is not includ^l) 
y 
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Via. 8 


while the shaded area in Figure 8 represents the set of pairs {(z, y) 
such that I* + y* < 16} (Note that the circular boundary is not in- 
cluded!). The graph of |(x, y) such that y = i*} is shown in Figure 9. 
The graph of {(i, y) such that y* = x} is shown in Figure 10. 



Fio. 9 
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Now let US examine these graphs and note some outstanding charac- 
teristics and outstanding differences. 

1. In each case we have a set of number pairs whose graph is a set 
of points in the plane. 

2. In each case there are tw’o sets of numbers, the set of first com- 
ponents and the set of second components of the number pairs. The 
numbers in these sets are paired in a manner defined by the rule and 
visualized in the graph. 

3. In some cases a member of the first set is paired with only one 
member of the second set {in Figs. 5 and 9, for example). In other 
cases several members of the second set are paired with the same first 
member (in Figs. 7 and 10, for example). It might be interesting for 
you to check all the e.xamples and assign them to one of the above 
categories. 

Relation Defined. The important thing for the secondary school 
student is to become familiar uath the various ways to define rebtions 
— pairs, formulas, tables, graphs, and verbal descriptions. This is pos- 
sible without defining in general what a relation is. However, the ques- 
tion “What is a relation?” is a natural one. It calls upon \is to point to 
something and say, “That b the relation.” Clearly the formula b not 
satbfactory, since many different formulas jneld the same relation. 
On the other hand, the set of pairs itself seems a satbfactory choice, 
since if we know thb set wc know everything about the relation, and 
conversely- Accordingly, we say that a relation b a set of ordered pairs. 
Hence, any set of ordered pairs b a relation. If we are given a set of 
ordered pairs, we may describe it graphically or by means of a formula, 
a rule, a sentence, or a table. But the relation b not the linguistic or 
pictorial devices used to talk about it. The relation b the set of ordered 
pairs. 

In the example of tickets for the benefit show pictured in Figure 1 
on page 69 the relation b given by F = ((1, .35), (2, .70), •••, (8,2.80)) 
= ( (x, y) such that x * D and y = .35ij . Here ‘y *= .35i’ is a formula 

defining the relation. The set of first components b D = {1,2, •*•,8). 

We call the set of first elements of a relation its domain. Hence, D is 
the domain of F. The set of second components of F b 7? = { .35, .70, 
• • •, 2.80). We call the set of second elements of a relation its range. 
Hence, 72 b the range of F. 

One of the advantages of thb point of ^iew b that in elementary in- 
struction we can identify the graph as the picture of the relation (that 
b, the picture ol the set of ordered pairs), and thb conforms to familiar 
waj-3 of talking, thinking, and ■risualbing. The formula b then tr^ted 
as a powerful computational device for talking about the graph and/or 
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the set of pairs. In each of the samples given in this chapter it is easj’ 
to identify the relation itself, its domain, its range, its graph, and one 
or more formulas that define it. For example for the verj’ first relation 
mentioned (see page 68), the domain J} is the set of hoiir]y readings 
from 8 a.m. to 4 p.m. inclusive, the range is a set of temperaturi, 
the graph is easily sketched, and the relation F may be defined by 
= {(i, y) such that X tD and y = the temperature at the time x). 
In the second example (see page 66), the domain is a set of five states, 
the range a set of populations, and a defining rule is ‘y is the population 
of x\ 

To repeat, a relation F is a set of ordered pairs, with a domain, D, 
consisting of the first components, a range, R, consisting of the second 
components, and a rule (formula, sentence, condition), say 'rC*, yY, 
by means of which we can define the relation by F = { (x, y) such that 
X € D, y f R, and r(x, y)|. For example, in Figure 7, page 76, the rule 
is ‘x + y > 6’. 

■When defining a relation the words ‘such that’ are abbremted in 
some way, the most common being the stroke* ) Then the relation of 
Figure 9 is { (®, y) j i is a real number and y * i*} . 

Important Properties of Relations. In the preceding paragraph 
we have defined a relation as a set of ordered number pairs. In what 
follows we use the letter "R’ to designate a relation. Thus, F » {(x, y) ( 2 
is a real number and y ® 2*1 is a relation. 

It is common to write ‘xFy’ for ( 2 , y) < R. This notation is coni-enient 
at times. Daily language often prefers the ‘xFy’ designation rather than 
the set designation as pven above. For example, ‘2 is the father of y’ 
can be u^ritten as ‘xRy’ where R designates ‘is the father of’. Note that 
‘is the father of’ also defines a set of pairs. Thus, the series Mr. Smith 
R John; Mr. Snuth R Susan; Mr. Smith R Fanny; Mr. Smith R Joe, 
where R deagnates 'is the father of’ is more corn'eniently designated by 
R ~ {(Mr. S, John), (Mr. S, Susan), (Mr. S, Fanny), (Mr. S, Joe)). 

^lany relations can be expressed lia the ‘xRy* sjTnboIism. Here are 
only a few. (I) Let ‘F’ mean ‘is greater than^ then ‘xFy' means x > y. 
(2) Let ‘F’ mean ‘is taller than’, then ‘rFy* means ‘z is taller than y’. 
You can supply many others. In each case it is instructive to set up 
the relation as a set of ordered pairs, and also in the ‘iFy* way where 
the domain of ‘i’ and the range of ‘y* arc specified. 

Now some relations have three cspedally important properties. The 
most common of such relations is that de^gnated by ‘'=’. 

Property 1 . If xRx for all dements of the domain of F, then R is said 
to he reflexive. 

Not all relations are reflexive. Obviously, 2 > z is not true for any 
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numerical replacement of *i’, but x — x is true for all such replacements- 
Such relations as ‘is the sister of’ arc not reflexive but ‘as hca%y as’ U 
a reflexive relation. 

Propehty 2. If xliy then yRx for all x in the domain of R and all y i« 
Ihe range of R, then U^e relation i# taid to be rjmmelrie. 

Equals is a symmetric relation, for if x = y flicn y = x. On the 
other liand ‘is the brother of’ is not symmetric. 

Property 3. // xRy and yRz, then xRz. In this ease R is said to be a 
transitive relation. 

Equals IS a transitive relation, for if x « y and y — z, then x z. I* 
the brother of is not tranrilivc; neiUicr w the relation likes transitive 
but is greater than is transitive. 

Relations wluch arc symmetric, transitive, and reflexive occur fre- 
quently in mathematics. They also occur in nonmathcmatical situations. 
Consider the relation goes to the same school as, and let’s apply it to all 
children who are ten years old in a ©Yen city at a pven time. Designate 
this relation by ‘R'. Now xRy, where ‘x* and ‘y’ arc placeholders for the 
names of children in the city, partitions all the children who are ten 
years old into groups (assume all the children go to a school), each 
group going to a particular school. This happens b^usc R is an cqui\’a' 
lence relation, that is, it is symmetric, reflexive and transitive. A little 
thought will show that such nooequivalcncc relations as ts fees than 
and is the sister of ivill not partition a set into mutually exclush'c groups- 

Some Uses of Equivalence Relations. "Wc have already seen that 
equals ia an eqtuvaleocc relaUon in. the set of integere. TC we defme two 
fractions a/b and c/d to be equal provided ad ^ be (a/6 = e/d if and 
only if od = 6c), then = is an e<iuivalcnce relation over the set of frac- 
tions. Let us convince ourselves that this is so. Since = ^3 the equal’ 
relation is reflexive. U H - H, then so =» is symmetric. If 

^ ~ % and % = 5 ^ 2 , then % *= ^ 2 * fo = is transitive. 

An equivalence relation partitions the set ox'er which it is applied into 
disjoint subsets. Let us apply this principle to the fractions of arithmetic- 
We will select a few fractions and see what other names we can find for 
them. All names for the same fraction will bo put into one set. 

Start unth "What other names can we find for it? Obviously, 
'Mz*’ and so on. Now form the set 


/2 4 6 OT 2« \ * 

\3’6’9’12’30’ ■" 3n 


The rational number 2/3 can now be defined as the set of all pairs a/b such 
that 2/3 = a/b. See Edmund Landau: Foundalions of Analyiii (tr. by F. Stein- 
hardt). New York: Chelsea Fublislung Co., 1931. 
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In the same way form the set 

(1 ? 3 4 
I2’4’6’8’ 2n 


B -- 


and the set 


5n 

6' 12’ 18’ 6ft 


r. _ J6 25 15 

^ 19’ 1« 




If this process were to be cootimed ai infin.lu,. you 
no symbol occurs in two different sets. In other words ft® ^ 
tie Jean be partitioned into mntnaUy excusn-e ^y m«”S of the 
equivalence relation =. This is not tme of such a rclafon as >. Ton 

““HoJtrrtJsTideas SrarittotW The pupd is faced with the 

jTf :/din. M and ^-^As ^ 0 ^" 

he selects another member of B (./$! nnnther 

He knows as a result of P-ious "on fta^ H 

name for ^ so it nan be u^d ^ of^M «e^^ ^ 

see is that any number j” ^ of C. In other words, the 

resuta in a “““ber pan winch ^ 

^nf^ b?ll Ivor go wrung if he suhsWutes the names from 

one equivalence class for a name m that same class. 

functions 

• 1 f rtf rpKtion as described on the preceding 

The mathematical concept j ^ outside mathematics, 

pages is fairly close .‘bjr -den of ^ 

In contrast, the meamng o expressions as 

dependent of the “'^^Yrt'^To cUISlte t bo blood." However, the 
"The function of the heart (^j^^tion is linked naturally to the 

modern mathematical concept ^thematicians and scientists, 

historic use of 

Historically, 'funcrion has b«n 

one thing deterimnes that if we know the time we 

that distant is a function of t relations considered in this 

can find the distance. Now m some the rein ^ ^ 

chapter, a knowWge of Ac ™st be. This wl. 

known relation tells us w „rtr«ilation for example, since each 

true in the case of the state ^ta relations 'functions’, 
state has a unique POP"’"'?'""- ^ „hich each clement of the dm 

Wo say th.at a function is “ ^,^ 3 ^ ^^(.h first clement m 

main belongs to only one pair. This m 
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paired with only one second element. It means also that a rule defining 
the relation must be such that if a \Tilue of 'i’ is giN-en in the^ domain, 
there is only one corresponding value for ‘y*. Thus the relation in Figure 
7 (page 76) is not a function dnce for a given value of ‘x\x + y > ^ 
tifia many solutions. 

The graph of a function reflects in a very simple way the fact that a 
unique second component corresponds to each first component. Any 
line drawn parallel to the y-axis crosses the graph of a function only 
once. Figure 9 (page 77) illustrates this verj’ clearly. In Figure 10, a 
vertical line, two units to the right of tlie ori^n, intersects the graph of 
j/* = s twice. Hence, the relation |(x, i/) J y* = x) is not a function. But 
the relation {(x, y)\y — i*) shown in Figure 9 is a function, since any 
line parallel to the y-axis intersects the graph, if at all, only once. Aou 
may be interested in appljnng the abo\*e criteria for determining which 
of the relations in Figures 2 to 8 are also functions. 

You should see from the definitions pven for funcrion and relation 
that a set of pairs is always a relation but that it may be a special kind 
of relation; namely, one in which a unique second element is paired with 
each of its first elements. Hence, a function is a relation but a relation 
is not necessarily a function. 


CARTESIAN PRODUCTS 

■When we graph a set of pairs (x, y) that satisfy a sentence such as 
y - X*, we are selecting a subset of all the points of tbe plane to picture 
the relation. In other words, the universe in which we are setting up 
the locus of points such that y = x* is the set of all psurs whose com- 
ponents are real numbere. Let ‘L’ be the name for the set of all real 
numbers; the set of all points in the plane from which we select our 
graph is { (x, y) I X e L and y < L) . It is convenient to have a short name 
for this set winch is the entire plane. We call it the Cartesian product 
(after Ren4 Descartes) of L and L and symbolize it by ‘L X L’. 

More generally, if A and B are any two sets whatsoe\’er, A X B is 
the set of all pairs that can be formed by selecting a first component 
from A and a second from B. 

Suppose we are ^scussing A = U, 2, 3). Then A X A is the set of 
all those number pairs whose components are chosen from A. In s 3 m- 
bols, A X A = i(i,y)li, A andy* A) = |(1, 1 ), (1,2), (1,3), (2, 1), 
(2, 2), (2, 3), (3, 1), (3, (3, 3)|. The graph of the set A X A on a 

rectangular coordinate is shown in Figure 11. 

Let A =» {1, 2| and B — {3, 4, 5j. Then the Cartesian product 
A X B = {{x, y) lx e A and y * B1 ^ {(l, 3), (I, 4), (I, 5), (2, 3). 
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To fix the idea you may be interested in forming and graphing other 
Cartesian products. Let L be the set of all real numbers, R the set of all 
rational numbers, N the set of all positive and negative integers, P 
the set of all positive integers. On rectangular axes plot some members 
of the following sets: (1) P X P; (2) iV X P; (3) £. X P: (4) L X L\ 
(5) NXR\ and (6) RxU. 



Tiq. 13 
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paired with only one second clement. It means also that a rule defining 
the relation must be such that if a Auluc of ‘x’ is jpven in the domain, 
there is only one corresponding A'aluc for ‘y\ Thus the relation in Figure 
7 (page 7G) is not a function since for a given value of ‘x’,x + y > 0 
ha.s many solutions. 

The graph of a function rcflccta in a vciy simple way the fact tliat a 
unique second component corresponds to cacli first component. Any 
line drawTi parallel to the y-axis crosses the graph of a function only 
once. Figure 9 (page 77) illustrates this verj' clearly. In Figure 10, a 
vertical line, two units to the right of the origin, intersects the graph of 
y* = X tnnee. Hence, the relation |(i, y) 1 y* » x| i.s not a function. But 
the rebtion {(x, y) [ y = x*} shown in Figure 9 is n function, since any 
line parallel to the y-axia intersects the graph, if at all, only once. You 
may be interested in applying the above criteria for determining which 
of the relations in Figures 2 to 8 arc also functions. 

"iou should see from the definitions gi\’cn for function and relation 
that a set of pairs is alwaj's a relation but that it may be a special kind 
of relation; namely, one in which a unique second element b paired with 
each of its first elements. Hence, a function is a relation but a relation 
is not necessarily a function. 


CARTESUN PRODUCTS 


When we graph a set of pairs (i, y) that satisfy a sentence such as 
y ■= X*, we are selecting a subset of all the points of the plane to picture 
the relation. In other words, tlic universe in whicli wo are setting up 
the locus of points such that y =* i* is the set of all pairs whose com- 
ponents are real numbers. Ut ‘L' be the name for the set of all real 
num ers, the set of all points in the plane from which we select our 
^ y) 1 ® « I» and y < L) . It is convenient to have a short name 
for this set which is the entire plane. We call it the Cartesian product 
Hescar^) of L and L and symbolize it by ‘L X L’. 

More generally, if .d and B are any two sets whatsoever, A X Bis 
e se 0 a pairs that can be formed by selecting a first component 
irom A and a second from B. 


Suppose we are discussing A = |1, 2, 3}. Then A X A is the set of 
au those nmnber pairs whose components are chosen from A. In 83111- 

(2Vr2 n = ((1.1), (1,2), (1.3), (2. 1), 

rJ-iA ’ 1 ’ ’ -j- ^ graph of the set A X A on a 

rectangular coordinate is shown in Figure 11. 

A •J' ^ ^ ~ (^, 5). Then the Cartesian product 

(2?) = ^^"'3). (1.4). (1,5). (2.3), 

'*)> U. S;j. Ihe graph is shown in Figure 12, 
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To fix the idea you may be interested m forming and graphing other 
Cartesian products. Let h be the set of all real numbers, R the set of all 
rational numbers, N the set of all positive and negative integers, P 
the set of all positive integers. On rectangular axes plot some members 
of the foUowing sets: (I) P X P; (?) N X P; (3) L X P: (4) L X L; 
(5) N X R] and (6) R X R. 
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Now let’s think q{ N X N oa the universe in which we arc working. 
Figure 13 shows the graph ol N X N for a portion of tlie phinc. 

If we msh to consider the set of points for which y — in this uni- 
verse, the next step consists of selecting a sub'll ol N X according to 
the rule ‘y = i*’. This subset is jS *» W) 1 3^ * ■‘V, y < iV, and y = I’J. 
A few of the elements of S are (1, 1), (—1, 1), {2, 4), (—2, 4), (3, 0), 
and (—3, 9). Figure 14 shows part of iS as a subset of ^ X Compare 
this with Figure 9. It shows the graph of the same rchition in Z/ X Z/* 
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If the universe in which we are worldog is L X L then f&e graph 
L X Lis the whole plane. A subset ofLxL may be selected according 
to the rule ‘y = a:’. This subset is = {(x,y) [x tL,y eL,&xidy *= a:}. 
If we plot the elements of K there appears the familiar straight line as 
in Figure 15. 

On the other hand, if the universe in which we are working isN X N 
then the subset K' = { (a?, y) 1 x e W, y c JV, and y = x} gives rise to the 
graph in Figure 16. 



Fic. 16 

The basic idea of graphing is very simple. One sets up a one-to-one 
correspondence between the totality of points in a universe and the to- 
tality of number pairs. This totality of pairs is a Cartesian product. 
Then a subset of the universe is identified by a condition that selects 
certain pairs. The result is called a graph of the given set and also the 
graph of the condition. 

We can now give a better definition of relation and function. 

Definition: A relation over a $et A is a subset of A X A. If *R' de- 
notes the relation and (a, 6) < R, then at limes we write oRb. 

Definition: A relation which has only one second element paired wdh 
earh first clement of the number pairs is called a 'function'. 

POINTS OF VIEW PERTAINING TO 
RELATIONS AND FUNCTIONS 

The definitions of a relation as a set of ordered pairs and of a function 
as a special kind of relation arc enli^tenlng and useful in many waj's. 
But it is evident tluat a great deal can be done with particular relations 
and functions before the student reaches the stage at which this point 
of view is necessary. Indeed, he must become fanuliar with many specific 
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cases before he is ready to grasp the general idea. Functions and rebtions 
appear in niany quite different situations, in many disguises, and under 
many different names. Hence, they can be treated from many points of 
view, each of which makes a contribution to a full understanding. 

Often a relation is described as a correspondence. We think of the set 
of pairs as a set of corresponding numbers or objects. We think of the 
rule as dehning the correspondence. We say that the rule defines the 
correspondence by telling whicli things correspond. If the relation is a 
function, then just one object in the range corresponds to each object 
in the domain. If F is a function, we may UTite ‘F(i)’ as a name for 
the object corresponding to 'x'. Then the rule may be \rritten in the form 
‘y = F(i)'. For example, in the bencht ticket situation, F(x) = .35i. 

Thb familiar functional notation has pven rise to much misimdcr- 
standmg. The practice of reading ‘y = F(i)’ as y is a funclion ofxis 
very confusing since y is not a function at all. This way of talking is 
relat^ to such statements as cost is a function of price, which means that 
00 ^ depends on price. But in such expressions ‘function’ is not belag 
used m the mathematical sense. It b better to read ‘y « Fix)' as 'y 
eqi^b F at x' or ‘y = the object that corresponds to x', 

• j common way of speaking that sometimes causes confusion 
IS to describe ‘/(x)’ as the value of the function corresponding to x. This 
arises from confusing tho formula with the function itself. In the func* 

M ^ 7 “y y » <■ /“"rf''”" ^ 

and Identify y and ‘/(i)’ with tho function itself, then it is natural to 
^ "“/unrfion. But the symbol ‘/(a)' has the ad- 

rantage tta it mvolues V explicitly. This makes it comenient for in- 
dicating the y mp<mdmg to u purffeukr x. For example, /(2) is the 
value eorrespondmg to 2. This me of the functional notation is fauuliar 
and has lost none of its importance. 

notation wn be used to imte a more compact expres- 
Sf’ fnr ^ ^ pairs that b a function. Since there is just one value of 
thf filler */(*)’ to repr&sent thb y and define 

(X r^chtha, ■ O)- For example, 

Ui,y)^ch that X is a real number and y = = l(x i*) 1 a; b real). 

letter'™ 

mao of a ff. ^ ^ x, arises from considering maps. In a 

Sk Let ' r "“P “rresponds to a point of the 

map Similar r t”'’" f ^°™d, the second point on a 

ta’Tta&ct LT “PP P'^P- »' Pi'to™! representa- 

tion. The fact that maps arc iustimees of functions ^ves a way of intro- 
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ducing the ideas of sets, pairings, and relations in terms familiar to very 
young pupils. 

But the above observation has much greater application. Ev'ery rela- 
tion may be considered as a pairing of objects \rith their maps. As sug- 
gested in Figure 17, -n-e may think of the domam D of the relation as a 
set that is mapped onto the range R. Note that in Figure 17 the point 
flj is mapped into two differentpoints bjand b: . Hence, this mopping does 
not yield a function. When we speak of relations as mappings we speak 
of the objects in the range as the images of the objects In the domain. 
We also speak of object in the domain being carried into corresponding 
objects in the range. This terminology is often suggestive and gi\'es a 
way to visualise a relation that is quite different from the familiar 
graphs. Obviously, it may be used in cases where a graph might not be 
helpful. For example, the son-parent relation deSned by 'z is a son of y’ 
may be visualized by thinking of the domain D consisting of all sons 
and the range T consisting of all parents. Clearly every son has two 
parents, so there are two y-values corresponding to each i-value. In 
Figure 17 we may think of bj and bj as the father and mother of at . 
Even where a graph is convenient, the mapping point of view may be 
informativ’e. For example, the function defined by y » z* maps all 
real numbers into nonnegative real numbers, an important fact for 
the student to realize and one that con be easily visualized by thinking 
of the sets of real numbers and the set of nonnegative reals. 

We have presented several different points of view from which func- 
tions (and relations) may be considered. We may describe them ns sets 
of pairs, sets of points, tables, correspondences, or as mappings. We may 
emphasize the rule or we may concentrate attention on the set. In the 
liistorical dev'elopment of mathematics these different aspects have been 
stressed to a vTirying degree at different times. The modem point of 
view is not contradictorj* to any of them, but unifies them all and 
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makes clear that they are all dtfTcrcnt ways of talking about the same 
thing — sets of ordered pairs. 

One can almost hear the argument, “dial’s been good enough for 
mathematicians for over 100 years ouglit to be good enough for the next 
100 years. Why change?” The reason lies, of course, “deep in the heart of 
mathematics.” 

For more than half a century mathematicians have been working on 
the foundations of their subject. Tlicy have asked questions about the 
key ideas of mathematics in their c^ort to get these ideas arranged in a 
logical sequence. They have been structtmng mathematics. In the proc- 
ess, mathematicians ha^ found that the idea of set is very basic, in fact, 
it is an idea on which much of mathcoutics can be built. This means 
that they are talking a set ianguage more now than they did fifty, or 
even ten years ago. It further means that the definitions of fundamental 
mathematical ideas are stated in terms of sets or in terms which are 
readily reducible to sets. 


This drive to reduce mathematics to its simplest and clearest terms is 
reflected in the definition of function and \'aTiable. The language is so 
chosen and the concept so organized that all ideas lead back to certain 
very elementary ideas about sets and elements of sets. 

To illustrate the advantages of using $rt language let us try to formu- 
late a definition of function in terms of the concept of correspondence. 
We may say that a function is a correspondence in which a unique object 
ewespon^^ to wch one of certain objects. But what is a correspondence? 
The definition is not very enlightening until we know wliat a corre- 
^ndence is. It does not seem that 'correspondence* should be undefined 
in mathematics, yet it does not seem possible to define it except in 
terms of sets of pairs. And if wc do this, we may as well define a relation 
m ter^ of sets of pairs and consider 'correspondence* as another term 
for talking about relations. By using the concept of a set as basic, we 
remove the mystery from our subject and define important concepts in 
simple terms more understandable to everyone. 

It 13 not possible here to discuss all the different terminology used to 
telk about relations and functions. However, if the concept U understood 
It 13 to mtei^t properly most discussions found in mathematical 
and scientific writing. For example, one often finds a function defined as 
a correspondence in which to every value of one x-ariable there corre- 
sponds one or more values of another variable. If just one value cor- 
re^nds, the function is called single-valued, otherwise multiple-valued. 
\\nters who use this terminology (and their number is decreasing) 
are calling factions 'smgle-valued functions' and other relations ‘mul- 
tiple-valued functions’. 
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FUNCTION AND RULE 

In much of the work with functions, attention is concentrated on the 
rule that defines the set of pairs. Three typical situations arise. 

Situation I occurs when a set of number pairs is given and we wish to 
find, if possible, a formula that enables us to pair the elements in the two 
sets. This kind of problem occurs frequently in statistics, where the given 
number pairs are the result of approximate observations. It occurs in 
such simple problems as finding the equation of a straight line on which 
we are given two points or a point and the slope. In such cases the func- 
tion is defined without explicitly pving a formula, and the problem is 
to find the formula. 

Situation II occurs when a formula is known, so that we have the func- 
tion defined by the forms 1 y — /(x)}’ and we wish 

to calculate the second element in a pair whose first element is given. 
This is a matter of substitution in the formula. It is among the first 
algebraic manipulations that the pupil encounters. 

Situation III occurs when a formula is given and we T^h to calculate 
first elements corresponding to a second element. We say elements, 
since there may be more than one. For example, the function defined 
by ‘y X® * in the domain of real numbers b 1 a; is real and y = i*}. 
We may ask, “How can we fill the blank in (_, 9) so that this number 
pair belongs to the function?" The answer is that either 3 or —3 will 
do. The problem from an algebraic point of view is that of solving 
y ** I* for X when y is given. Thus the whole problem of the solution of 
equations may be viewed as an aspect of the study of functions and re- 
lations. 

All three of these situations occur in the practical (and theoretical) 
applications of mathematics. Hence, it is important in the study of al- 
gebra that students learn to work with functions and relations in these 
three different situations. In common terminology, Situation I is usually 
called curve fitting or finding the equation of a locua Situation II is 
usually called substitution and evaluation; it is introduced in all be- 
ginning algebra courses at an early date. Situation III is classified 
as equation solving. 

INVERSE FUNCTIONS AND RELATIONS 

In the study of sets of number pairs, it sometimes becomes convenient, 
or even necessary, to study the set of number pairs obtained by inter- 
changing tlie first and second elements of each pair in the set. Thus, 
rather than study the set (function)/ — {(t, x*)|, it becomes convenient 
to study the relation r = {(i*,x)J. The relation obtained by interchang- 
ing first and second elements in the pairs of a given relation is called 
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makes clear that they are all different waj’s of talking about the same 
thing — sets of ordered pairs. 

One can almost hear the argument, “Wliat's been good enough for 
mathematicians for over 100 years ought to be good enough for the next 
100 years. Why change?" The reason lies, of course, "deep in the heart of 
mathematics.” 


For more than half a century mathematicians liave been working on 
the foundations of their subject. They have asked questions about the 
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logical sequence. They have been structuring mathematics. In the proc- 
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it is an idea on which much of mathematics can be built. This means 
that they are talking a tel language more now than they did fifty, or 
even ten years ago. It further means that the definitions of fundamental 
mathematical ideas arc stated in terms of sets or in terms which are 
readily reducible to sets. 

This drive to reduce mathematics to its simplest and dearest terms is 
reflected in the definition of function and variable. The language is so 
chosen and the concept so organized that all ideas lead back to certain 


very elementary ideas about sets and elements of sets. 

To illustrate the advantages of using tel language let us try to formu- 
late a definition of function in terms of the concept of correspondence. 
Wc may say that a function Is a correspondence in which a unique object 
correspond to each one of certain objects. But what is a correspondence? 
The defimtion is not very enlightening until we know what a corre- 
spondence is. It docs not seem that ‘correspondence’ should be undefined 
m mathematics, yet it docs not seem possible to define it except in 
terms of sets of pairs. And if wc do this, we may as well define a relation 
m ter^ of sets of palra and coarider ‘correspondence’ as another term 
for talkii^ about relations. By using the concept of a set as basic, we 
remove t e mystery from our subject and define important concepts in 
simple terms more understandable to everj-one. 

It is not possible here to discuss aU the different terminology used to 
^ about relations and functions. However, if the concept is understood 
It is cMy to mt^ret properly most discussions found in mathematical 
and scientific writing. For example, one- often finds a function defined as 
^o^espondence m wlucb to every value of one variable there corns- 
^ds one or more ralues of another triable. If jost one value cor- 
^ndj, the function ij called tingle-rained, othcniiso multiple-valued. 
nntOT who use this terminology (and their number U decreasing) 

ti^Whli "“O” 
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FUNCTIOiX AND RULE 

In much of the vrork with functions, attention is concentrated on the 
rule that defines the set of pzdrs. Three typical situations arise. 

Situation I occurs when a set of number pairs is giv’en and we wish to 
find, if possible, a formula that enables us to pair the elements in the two 
sets. This kind of problem occurs frequently in statistics, where the given 
number pairs are the result of approrimate observations. It occurs in 
such simple problems as finding the equation of a straight line on which 
we are given two points or a point and the slope. In such cases the func- 
tion is defined without explicitly giving a formula, and the problem is 
to find the formula. 

Situation II occurs when a formula is known, so that we have the func- 
tion defined by the forms *{(x, /(*))!' or [ y = /(a:)|'and we wish 

to calculate the second element in a pair whose first element is given. 
This is a matter of substitution in the formula. It is among the first 
algebraic manipulations that the pupU encounters. 

Situation III occurs when a formula is given and we wish to calculate 
first elements corresponding to a second clement. We say elements, 
since there may be more than one. For example, the function defined 
by » a:* ' in the domain of real numbers is { (ar, y) j ar is real and y “ . 

We may ask, “How can we fill the blank in ( , 9) so that this number 

pair belongs to the function?” The answer is that either 3 or —3 will 
do. The problem from an algebraic point of view is that of sohing 
y ** I* for z when y is given. Thus the whole problem of the solution of 
equations may be viewed as an aspect of the study of functions and re- 
lations. 

All three of these situations occur in the practical (and theoretical) 
applications of mathematics. Hence, it is important in the study of al- 
gebra that students learn to work with functions and relations in these 
three different situations. In common terminology, Situation I is usually 
called cur\'e fitting or finding the equation of a locus. Situation II is 
usually called substitution and mnluation; it is introduced in all be- 
ginning algebra courses at an early date. Situation III is classified 
as equation solving. 

in\t:rse functions and relations 

In the study of sets of number pwrs, it sometimes becomes convenient, 
or even necessary, to study the set of number pairs obtained by inter- 
changing the first and second elements of each pair in the set. Thus, 
rather than study the set (function) / = I (x, x*) 1 , it becomes convenient 
to study the relation r =* {(i*, x)|. The relation obtained by interchang- 
ing first and second elements in the pairs of a given relation is called 



• 5-4 -3-2-1-! 


1 2 3 4 5 


- 5-4 -3 - 2-3 


Fio. 18a. Function k. 


Fig. 185. Relation r. 


the inverse of the ^ven relation. Let’s see how this idea works by first 
studying a finite set (it’s simpler) to get across the idea. 

The function fc = {(0, 0), (1, 1), (~l, i), (2, 4), (-2, 4)} has as its 
invert r « {(0, 0), (I, 1), (1, -i), (4, 2), (4, -2)}. Note that the in- 
verse of the function k is the relation r (r is not a function). The graphs 
shown in Figures ISo and 186 will help clarify this point. 

In Figure 186 you can see that the condition that just one |/-value 
corresponds to each x value is not fulfilled since (1, 1) and (1, -1) 
are elements of r. 

Condder a second example. Letf be the function { (1, 4), (2, 1), (3, 5), 
(4, 6)). The inverse of/' is K - |(4, 1), (1, 2), (5, 3), (6, 4)}. / is a rela- 
tion but It IS also a function since it does not contain two pairs with 
identical first elements. 

GraplucaUy it is readily apparent that the point (6, o) is a reflection 
0 t e ^int (a, 6) in the bisector of the 90* angle in the first quadrant, 
bince (6, o) belongs to the inverse relation if and only if (a, 6) belongs 
te the onginal relation, graphing an inverse Ls simply a matter of re- 
Oecting the onginal graph in the line defined by ‘y = x’. For example, 
from Fi^ 1^ to Figure 186 (-2, 4) is reflected into (4, -2), (2, 4) 
into (4, 2), and so on. v . \ « 

It u often of interest to inquire as to whether the inverse of a given 

unction 13 also a function. A condition is quite readily written. The in- 
verse of a function is also a function provided no two different pairs 

f ^ function and its inverse to be functions, each first 

each second element once 
“"y horizontal line must cross the graph of 
the onginal function at most once. For example, the function of F^ 
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19 and its inverse are evidently both functions. On the other hand, the 
inverse of the function graphed in Figure 9 (page 77) is not a function, 
as is evident from the graph of this inverse in Figure 10 (page 77). 



The concept of inverse is closely related to situations of type III dis- 
cussed above; namely, those in which we are given the formula deSning 
a function and wish to find the first comiwnent (or components) cor- 
responding to a given second component. 

Since the inverse relation is obtained by interchanging components 
in the pairs, the formula defining the inverse is obtained by interchanging 
variables. If a function is defined by ‘y = /(x)', we are most often con- 
cerned wth problems of type II, that is, given z to find- y. If n-e are con- 
cerned with a problem of type HI, that is, if y =* f(x), and we are given y 
to find X, we may view the problem as of type II by interchanging vxiri- 
ables to get z = /(y), that is, to get a formula defining the in^-crse func- 
tion. Another way of describing this is to say that whether or not ire 
consider a function or its inverse is just a matter of which set of objects 
«'e ^vish to consider as first components. Going from a function to its 
in\'erse interchanges the elements in each pair. But it is simply a differ- 
ent iray of looking at the same situation. 

In terms of the mapping idea, the inverse of a relation is the mapping 
that poes the other iroy, that maps the old range (now the domain of the 
inverse) into the old domain (now the range of the inverse). It is the 
reverse mapping. 
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Id order to find the rule for the inverse one simply interchanges vari- 
ables and solves for the other variable. If the solution is unique, we have 
a formula that defines the inverse function. For example: the inverse of 
the function defined by ‘y = 2r — 6’ is obtained by solving x = 2y ~ 0 
to get y = (x + G)/2. The graphs of the two functions are shonm in 
Figure 20. 



Here it is readily observed that the one line is a refiection of the other 
line in the bisector of the 90* angle in Quadrants I and HI. 

In this example the inverse of a function is a function. By vray of 
contrast consider the function defined by 'y = i* *. The inverse is de- 
fied hy ‘x = y ’- Solving we get y = or y = - Vx. For each value 
of I we get two y-values in the inverse Vx and ~ y/x, as illustrated 
in Figure 10. (Note that 'Vx’ stands for just one number, the non- 
negative number whose square is z.) 

It is possible to define one-to-one correspondence very simply iu 
ten^ of the fimction and inverse concepts. If the inverse of a function 
13 al^ a function we call it a one-to-one correspondence. This gives a 
precise characterization of the familiar proces.s of establishing one-to-one 
correspondence by pairing olT members of sets. Sometimes functions 
^ functions are called many-one correspondence®, 

and their inverses are called one-many correspondences. 

UNIONS AND INTERSECTIONS OF RELATIONS 
Since relations are sets, we can apply to them the techniques of set 
operations. First we recall the meaning of union and intersection. Con- 
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szdertbeset^ = (1,2} and the set 5 « {5,6, 7, 8j. The union of ^ and 
B is A U B = |1, 2, 5, 6, 7, 8}. The union of the two sets is simply the 
two sets thrown in together to make one set. This is the simplest of ideas, 
and is understood by even young children. 

By the intersection of two sets S and T, we mean the set of elements 
which are common to both of the sets S and T. Thus the intersection of 
S = {0, 1,2, 3,4, 5} and T = (4, 5, 6, 7, 8} isthesetSfl T = {4,5}. 
The intersection of the sets A and B of the pre\ious paragraph has no 
members. We call a set with no members the null set, and we write 
{1, 2} n {5, G, 7, 8} =0. Sets whose intersection is the null set are 
called disjoint sets. Young children are used to forming the union of 
disjoint sets. Indeed, the number of members in the union of two dis- 
joint sets is the sum of the number of members in the individual sets. 
However, we can still form the union of two sets that are not disjoint. 
For example, 

SU T = 10, 1,2, 3,4, 5} U (4,5,6,7,81 = [0, 1,2,3,4,5,6,7,81. 

In previous sections we have clasdfied the set of number pairs 
{(®» y) 1 y* = «} as a relation wtucb is not a function. You will readily 
recall the graph of this set. It is shown in Figure 21. Let us call this 
relation ‘r*. 

Now consider the two functions / “ {(i, y)ly = \/x\ and F 
{(x, y) I y — V^l* The graphs of the function / and the function F 
are shown in Figures 22 and 23. 

The figures (21, 22, and 23) indicate very clearly that the rebtion 
r 8 {(x, y) 1 y’ * is just the union of the function / and F, since if 

y 



Fia.21 
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we join the two graphs in Figurea22 and 23, we get the graph mFigure21. 
In symbols, r = / U F. 



Fta. 22. FuDctton /. 



Fio. 23. F\2Dctioa F, 

The reader can easily verify for himself that the relation 
= ((*»»)!** + y* = 10] 


is the umon of the two functions p {/) I V = \/l6 — z*) 

^ ~ y) 1 y = — ViO — **) . Indeed, the graph of C is a circle of 
rains 4 with center at the origin. The graph of p is the upper half of 
tins circle, and the graph G b the lower half. E\ddently C = g U G. 

Any relation can, in a similar way, be viewed as a union of functions. 
Of course, this can usually be done in several different ways, and more 
than two functions may be reqnired. 

A few more illustrations of how the union and intersection of two sets 
mght occur in high school algebra may be helpful. Consider the set 
* {(i, y)li + y > 6] and the set r = {{r, y) I s - w < 4j. The 

graphs of S and T are shown in Figure 24, 
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Fiq. 

The graph of the union of 5 and T (S U T) is the Bet of all points in 
any shaded region of the plane. The intersection of S and T, (S H T), 
is the set of all points in the doubly shaded region of the plane. 

You non* have a pictureof^ U T* |(a^, y)|a^ + j/>6<7rz — ^<4/ 
(all the shaded area) and 5 0 T = {(*, y) | x + y > 6 and s — y < 4} 
(the doubly shaded area). Notice that for the union the disjunction 'or' 
was used between the two conditions z + y > 6 and i — y < 4. In 
other words, the number pair (z, y) must be in -S or in T or in both 
S and T if it is an element of S U T. For the intersection the conjunction 
‘and’ was used. In this case the number pair (x, y) must be in both S 
and T if it is to be an element of 5 fl 3". 

Of course, you are familiar with the usual solution of two conditions 
such as X + y = 10 and x — y = —8. The solution is x = 1 and y = 9. 
How would this fanuliar problem look in terms of the set terminology? 

The sentences i 4- y = 10 and x — y = —8 are conditions that define 
relations. The condition x + y = 10 ^ves rise to the set 

K = /(r,y)|x-t-y =. 10/, 
and the condition x — y = — 8 gives rise to the eet 
Q = l(^,y) U - y = -8). 

The graphs of K and Q are the lines shown in Figure 25. 

In other words, we have pictured all the number pairs that belong to 
K and the pairs that belong to Q, or we ha^-e graphed K V Q. K U Q 
is the set of all number pairs which ynjpA into points on cither of the two 
lines. Now what is A' 0 0? H is the number pair associated with the 
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intersection of the two lines in the graph, D 0 “ {(1,9)}. This num- 
ber pair corresponds to the intersection of the two lines. 

Pedagogical Implications. Why use set terminology and sjmbolism 
when solving simultaneous equations? You have no doubt experienced 
pupils solving two equations such as ar + 2y * 6 and x — 2i/ * 4 by 
writing: 

X + 2J/-0 6-i-2y=C 

X - 2y = 4 y ^ \ 

2i =10 

X =5 

Subsequent questioning showed that the pupil did not think of using 
5 and ^ to form a pair, (5, This is an essential part of the solution. 

Observe the difference if we ask: Find the set {(x, t/) { x -f 2 y = 6 
and X — 2y = 4}. In this case the question asks explicitly for a set of 
pairs. Of course, if taught properly, the usual language also asks for 
pairs. But the set language helps the pupil understand what he is doing 
and how his algebra is related to the graph. Moreo%’er, the set ideas 
may be used to solve simultaneous equations by graphical means or to 
find intersections before the pupil is facile with the mechanics of algebra. 

By using the concepts of union and intersection, the teacher can show 
students how to write conditions defining quite elaborate sets of points 
m the plane. Experience shmva that students find it thrilling to be able 
to define a set such a.s the Interior of a square as the intersection of two 
sets. The student can easily verify that 

f(x, y) i 0 < X < 1} n ((x, y) 1 0 < y < 1 } 

is just the interior of the unit square resting on the positive x-axis with 
ower e t comer at the oripn. By graphing other examples and con- 
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structing examples of his ovm, the student will learn a great deal about 
equations and inequalities. 

Generally, in high school work the univeree of discourse is taken for 
granted. It is L X L, although most points that students plot are in 
R X R, that is, the points that have rational coordinates- But should 
the student always be working mLXiR Should he not at times work 
in P X P or in still smaller Carle^n products? For e.xample, candy 
bars cost 5 cents each. Assuming that no more than 12 bars will e\’er 
be purchased, use this information to construct a graph. From the 
physical situation one sees that two sets are involved. 

C = {0, 5, 10, 15, • - • , 60} 

and B = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12}. The universe in which 
we are working is B X C and we select a subset 

{{x,y)\x ( B,y tC and i/ =* 5x) . 

The resulting graph imbedded in its universe is shown in Figure 26. 
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This same graph if drawn by an dgbth or ninth grader should look like 
that shown in Figure 27. 

Too much of the graphin g in junior hi^ school is done without due 
consideration of the range of the variables involved. In the example 
above the range of the variable *x* is B and the range of the variable 
‘y' is C. The physical situation tells us that in each case only a subset 
of the positive integers is under consideration. Hence, the graph is shown 
as a series of dots only. It is not a line graph. It is a dot graph. 

In junior hi gh school mathematics we fail to mention the Cartesian 
product of the domain and range of the relation (or function), and, m 
doing so, we fail to impress the pupil with the idea that he is selecting a 
subset of the Carteaan product to define a relation (function). In most 
cases the Cartesian product consists of all the points in the plane. There 
are instances encountered in elementary work, however, in which the 
Cartesian product conrists of all possible pairs of integers, or the Car- 
tesian product of the set of integers and the set obtained by multiplying 
each integer by five. The latter Cartesian product would be encountered 
if we Were to graph C — 5n wherdn n may be replaced by any positi^'B 
integer. There Is real reason to believe that graphing should be intro- 
duced with exercises in which the pupils are required to graph both the 
Cartesian product and the subset defining the relation. An example is: 
Graph all possible number pairs (c, 6) which can be obtained from the 
seta A = jl, 2, 3, 4, 5j and B = {5, 10, 15, 20, 25}; then find the subset 
for which 6 — 5a. 

These examples and several pven at the be ginnin g of the chapter 
indicate the naturalness of using finite sets, finite Cartesian products, 
and graphs containing only a finite number of points in begmning 
algebra. Such sets are most appropriate for young children. Situations 
involving finite sets arise very often when we are dealing with objects 
that are not numbers. An example is the set of states and their popula- 
tions ©ven early in the chapter. There is no reason why we should not 
range the states along the x-axls and indicate their population by a 
graph. The Carterian product idea enables us to broaden the graphing 
concept and to make it rirtually independent of the pupils’ algebraic 
skill. 

EIXMENTARY FUNCTIONS IN SECONDARY SCHOOLS 
fuRclions most commonly considered in the secondary schools 
(linear, quadratic, polynomial, trigonometric, exponential, and loga- 
rithmic) are widely used in sdence. The student should be thoroughly 
familiar with these funcliomi. In this section we intend to suggest how 
the Idea.-? of this chapter can be used to make learning more efficient 
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and give the student a deeper understanding of functions and rela- 
tions through the study of these special functions. 

Just as you study other things by looking at special situations — 
taking cross sections, so to speak — ^we study functions and learn about 
their special properties by pladng restrictions on the set of number 
pairs (or on the first or second dements of the pairs). A simple example 
vnl\ illustrate how such restrictions may be helpful in the study of func- 
tions. 

Consider the function defined by the ruie ‘if = 2x V (z e L). Since 
X € L, we know from all our properties of numbers that y t L. So, our 
rule enables us to find number pairs in Z« X I»; that is, a set of real 
number pairs (x, y). 

Suppose we select from this set those number pairs whose first ele- 
ment is zero; that is, the pairs (0, y). To do this you mite y =» 2-0 + I; 
y = 1. This shows that the pair (0, 1) is the only element in the function 
whose first member is 0. Graphically, we have found the number pair 
associated with the point at which the line crossed the y-axis. The y 
intercept is 1. 

On the other hand, we may wish to select a subset of the domam, say 
D = {1, 2, 3, 4, 5, • • • } and study the corresponding subset R, of the 
range. Our rule tells us that to D there corresponds, element for element, 
f? “ (3, 6, 7, 0, 11, " • }• From this you get the /eel that if you substitute 
for ‘x’ in ‘y “ 2x 4* 1’ (in succesrion) two numbers which differ by one, 
then the corresponding y-values will differ by two. Graphically, this is 
interpreted to mean that the slope of the line is 2. TTua slope is charac- 
teristic of the graph of ‘y “ 2r + 1’. By suitable generalization we can 

bring the student to see that ^ 1 — — being constant is a property of any 

Xi - Xt 

linear function. 

The Linear Function. Consider the two-parameter family of func- 
tions defined by ‘y = fnx -1- b’, where x, w, and 6 are elements of L, 
and consequently y t L. From this family select those pairs for which 
the first eknieat is zero, that is, Bod aV pairs (!\ p). fyOTpIesuhstitutions 
show that (0, h) defines the pairs sought. In words, if we substitute ‘0’ 
for ‘x’, we must substitute ‘6’ for ‘y’ to get a true statement. We call 
h the y intercept. 

Next think of (xi , yi) and (x, , y^ as two number pairs which satisfy 
y = jnx -i- b. Study the expression ^ ^ 

yi “ y* „ (mxi -f b) — (mxt -t- h) _ mfxi — xt) ^ ^ 

Xl — Xt Xi — Xt (^i ~ Xt) 
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That is, the ratio ~ — — is always equal to m, regardless of the choice of 

ii — arj 

7 yi) and (xj , j/i). Wc say ^^ — ^ is constant for any linear function. 

Since this ratio is called the slope of the line, we have shown that the 
slope of the line associated with y = mx + b is m and that the line 
crosses the y-axis at (0, b). 

The Quadratic Function. A quadratic function is defined by 
y = di* + bi + c where a, b, and c arc elements of L and a 7 ^ 0. Or, 
we may say it b the set of number pairs } (x, ox* + bi c) ) . 

Which elements of the function have second members zero? Vou can 
answer thb question by writing 0 = ox* + br + c. From thb you see that 

(rl±v2Zii,o) and 

are the nxunber pairs sought pro\-ided b- — 4ac > 0. Thb work may be 
vie^red in terma of inverses as su^ested on pages 89 to 92, (0, c) is 
the only element satbfying the condition y = or* + bz + c with first 
member 0. (Here c is the y intercept.) 


Recall the role played by - 


^ in the study of the linear function. 


Using a similar attack on the quadratic function reveab that 


Vi — yi _ g(xt — zi) 4- b(xi — Ti) 

— Xi Xi — Xt 


a(xi + X*) + b 


From Figure 28 you see that ^ b the slope of a secant through 

Xj — Zi 

Fi(x, , y,) and Pt(rj , y^. Hence, from « o(xj + Xj) + b we 
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have a formula for finding the slope of a secant through any two points 
of the parabola. 

By taking the limit of ^ ^ as Zt approaches x\ we find the slope 

Xi Zt 

of the tangent at Pi(xi , t/i), that is. 


lim ^ = lim Io(arj -f- x,) + b] — 2axi + b. 

Xi Xi 

Hence, the slope of the tangent to a parabola at Pi(xi , yi) is 2ari + b. 

Setting 2oa;i + 6 = 0, we find xi ~ —b(2a. Since this is the value of 
'x' where the tangent line has 2 ero slope and is therefore horizontal, it is 
the x-coordinate of the maximum or minimum point of the parabola. 

The Polynomial Functions. The general polynomial function is 
defined by 0 ^ 1 " + -{- • • • a,j* + oo = y where n is a positive 

integer and the a. are rational. Of course, the linear function and the 
quadratic function, previously discussed, are special cases of the general 
polynomial function. 

The general polynomial Is too complicated to study in a manner 
similar to the linear function and the quadratic function. However, a 
few special cases should be studied. Among these are: 

(1) y = ax"; n an even positive integer and c > 0. These curves 
have the general shape sho\vn in Figure 29. 



Fio. 29 
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If c < 0 these cun'cs open downward with the vertex still at the 
ori^yn. 

(2) y = or*; n an odd positive integer and a > 0. Tliis one para- 
meter family of cuiwes lias the general shape shown in Figure 30. 



If o < 0. lhf«r cun'rH are rotated about the ar-axLi through 180*. 

Ii> thf MVfUjdarj* K-honU the rimplirtetl pfdynomnl functions defineil 
by y •* or*, ah'^rr n rtwy lir replaced by any integer, arc encountered 
under the lieading of ilirrct and mverw xari-ition. 

If nurji!-rrBarcp.iirrdRcronJinRtotheru!c y - ar'forn > 0 , then we 
f--»y thnl y tnn^t d\t<eii'j cr and, in particular, if y cur, then y re*'* 
lei fiirffi’.y tti I (>f ctrtirv, thU form may l»e pmerallred as illu'trate*! 
r» tl.*- f'-r/ii«ir.R- (I) y* •< or. In this in'tanre, y* s-arir^ clinTtly ns i, (2) 
V - ns* Hrrr >-nric-s clirr«-tly m z\ and (3) y - fc - a(T -f- ()■ 
H'tr y - 6 dinTily a* r + c. 

Til'- ruV- y •' a'x ’ to the ferjiiitjobf^- y rofiV* intmfhj at s* • 
It »s alaays jo»tnvtJ>e to Iiase l•r^r(nlng cLa^.v-s fnrm sets of nufnl<r 
purt \iA t«<» ral<~« ni'h a« ‘y •. r»T* aas! ‘y « x -f i’ ami ex.arntr.e tJrf 
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difference both graphically and UMewi$e. The one set of numbers leads 
to the direct variation terminology and the other does not. Graphing 
the two sets of pairs makes this difference very clear. 

The Trigonometric Functions. While it is frequently the case 
that the trigonometric functions are introduced for the purpose of en- 
abhng the pupil to solve right triangles, you should keep in mind that 
the triangle solving property of trigonometric functions is relatively un- 
important. It is vastly more important for the high school student to 
know that these functions are periodic. Their periodicity lies at the heart 
of the most important uses of these functions. Furthermore, they are 
the only functions studied in high school which are periodic. 

Rather than discuss all rix trigonometric functions we will use the sine 
function as an illustration of some of the important things to know about 
all trigonometric functions. We assume that the function defined by 
‘y — sin s’, {x tL and y « L) is familiar. 

If we write ‘y = a sin bx\ we see that it defines a two-parameter 
family. In high school it is desirable to plot successive members of this 
family by assigning a value to '6’ and then assigning successive values 
to ‘o’. You then obtain a family of curves as in Figure 31. 



This shows the student that parometer ‘o’ is an amplitude factor. 

Parameter ‘6’ is a frequency factor. If you plot y « sin y = sin 2x; 
y - sin 3i; on the same axis you obtain the result illustrated in Figure 32. 

The period of sin x is 2t. That is, sin x » sinfx -f 2ir) = 6in(x -f 
2nir) (n an integer). The periodicity is easily obseiwcd if you look 
at the graphs in Figure 32. The student who plots a \-ariety of trigono- 
metric functions such ns those defined by y *= cos 2x, y = sin(i + t/2), 
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y = 2 Bin a; + 3 sin 2a:, 

and y = 3 sin I 4- 2 cos s, will learn a great deal that will be very useful 
to him later in mathematics, in engineering, and in science. Students 
enjoy making these graphs, and the teacher can use such exercises to 
give practice in the use of tables, numerical computations, and trigono- 
metric identities. 

The solution of y — sin * for is not possible if we r&strict ourselves 
to the simple operations of addition, subtraction, multiplication, division, 
extraction of roots, and raising to powers. So, wo create n new symbolism 
and a new function. We say that *s — sin y’ defines a new relation called 
the ‘arc sine*. It is, of course, the inverse of the sine function, but it is 
not a function as is clear from Figure 33. 



Fta. 33 


For each value of ‘z’ in the range of this inverse relation (that is, 
^ ^ I), there is an infiinte number of corresponding y-values. 

But we can consider this relation as the union of functions. In Figure 34 
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we show one of these. It is called the principal value of the arc sine and 
is designated by writing the name of the inverse with a capital letter. 
Hence y *= Arc sin x defines a function that is part of the inverse of the 
sine function. AH other values of y that satisfy x * sin y are given by 
y =» Arc sin x ± 2kT or y ± 2kv — Arc sin x, where k is any positive 
integer. We see from the graph that — ir/2 < Arc sinx < t/2. Special 
names are not adopted for other branches of the inverse sine. 

Sometimes, y *=» arc sin x is written in place of x » sin y. However, 
‘arc sin x’ is an ambiguous expression. T^t is, for any given ^’alue of 
‘x\ it might represent any one of the infinite number of values of y that 
satisfy x « sin y. It is for this reason that it is better to use the princi- 
pal value and get other solutions by the formulas given above. 

The Exponential and Logarithmic Functions. The importance 
of the exponential and logarithmic functions transcends their uses in 
calculation. For this reason it is very important that the serious student 
of mathematics become familiar with their properties. In studjdng the 
exponential function defined by y *= a* (a > 1), thede\ice of consider- 
ing only a subset of the domain will be found useful. Simple bases such 
as a « 2, and special values of ‘x’ such as I, 0, 2, —2, —10, suffice to 
get a very good idea of the function. By considering the ordered pairs, (I, 
2), (2, 4), (3, 8), (4, IC), and so on, the pupil may be led to disco^'cr for 
himseffthat muftipfying the second components may be accomplished 
by adding the first. Thus if we take the first two number pairs (1, 2) and 
(2, 4), we can add the two first elements (1 + 2) ; look among the other 
pairs for a pair having 3 as a first element. This pair is (3, 8). The second 
element of (3, 8) is 2 X 4. Hence by adding the first elements of two 
pairs we have found the product of the second elements of these pairs 

Such experiments lead naturally to considering the inverse defined 
_ qV ^ jjj fjjQ case of the ano function, tlie elementary opera- 
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y = 2 an I + 3 sin 2r, 

and y = 3 sini + 2 cos z, will leom a great deal that will be very useful 
to him later in mathematics, in engineering, and in science. Students 
enjoy making these graphs, and the teacher can use such exercises to 
pve practice in the ase of tables, numerical computations, and trigono- 
metric identities. 

The solution of y — sin z for ‘x’ is not possible if we restrict ourselves 
to the simple operations of addition, subtraction, multiplication, dhision, 
extraction of roots, and raising to powers. So, we create a new symboUsni 
and a new function. We say that 'z = sin y’ defines a new relation called 
the ‘arc sine’. It is, of course, the inverse of the sine function, but it is 
not a function os is clear from Figure 33. 
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For each ralue of ‘z* in the range of this inverse relation (that is, 
^ ^ l)r there is an infimte number of corresponding y-\'alues. 
But we can consider thU relation as the union of functions. In Figure 34 
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lions do not suffice to solve for V* inverse is a function, as 

indicated in Figure 35. Hence, we adopt a symbol ‘y ~ log z’ for the 
solution of z = o*'. The inverse of y c' is defined by y = logaZ or bj 


z “ o’. 

By uang simple bases and restricted domains these two functions 
could be studied by very young pupUs. After sucli rich experiences, they 
would find the table of logarithnvs most natural. For after all, a table of 
common logarithms U merely a more detailed listing of certain pairs of 
numbers whose second members are the logarithms of the first members; 
i.e., (z, log z). The first components are listed in the margins and the 
second components in the body of the table. By reversing the point of 
view and considering the first components to be in the body of the 
table, we have a table of powers of 10. This point of view could do much 
to remove the mystery' from characteristics and mantissas and to produce 
students able to use logarithms in accordance with common sense. 

Other Imjtortant Functions. The elementary’ functions discussed 
above have a time-honored and well-justified position in the secondary 
curriculum. But there are many other inleresting functions with worth- 
while applications that are suitable for treatment in the elementary 
and secondary schools. We have pven some examples in earlier parts 
of the chapter by using finite domains, and the reader can construct any 
number of examples. 

Too often students get the idea that a function is always defined by a 
simple formula giving ‘y’ in terms of an elementary formula mvoBTi^ 
'i’. This is not so as we have seen in numerous examples in this chapter. 
Any set of ordered pairs is a relation. There are always many rules de- 
fining the relation, and it may be that there is no rule involving only 
elementary functions. The function concept should be presented, and 
used, in its complete generality in the high school. We mention here 
a few examples of important functions that will help widen the student's 
horizon. 
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In Figure 36 is shown the graph of y - 1 1- For i > 0, the Eraph 
ooincideT^th the graph of y - a:. For . < 0 , the 
the graph of y = -X. FainiUarity mlb this l^ph (and with many othera 
that can be drawn once it is understood; for example, y J ^ + 
and\ = 1 1 1 + x) tvill help the student master the important concept 

of absolute value. ordering pairs should bo the same 

tion. This graph is as shown m Figure 37. 



tionr0<"4.tu"^^^^^ 

ogy and other sciences. q tor I = 0; and y = -1 

forttS:;rj^Sh^o=:hisfu„^n|s-^^^^^^ 
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The function graphed in Figure 6 (page 7C) is called a step function. 
Many step functions can be defined in terms of the notation, '(x]’, which 
means the greatest integer less than or equal to x. The function of Fig' 
ure 6 is pven by C «= 3tu>l + 3, tp I, 2, 3, or C «* Sir, 
w = 1,2,3, •••. 

An enormous variety of functions can be defined by using the above 
functions or any rule suggested by sdentlfic data and the level of the 
student. Such functions may be utilized to give drill in algebra, graph- 
ing, and trigonometry in contexts that intrigue the student. For example! 
after graphing y ** sin x, try t/ = sgfsin x). 

SOME GENERAU2^TIONS OF TIIE 
DEFINITION OF FUNCTION 

Binary Operations. In the last few ^tions of this chapter, we have 
been considering important classes of functions which should be studied 
in a high school program. There are other classes of functions which 
should be mentioned briefly even though they play little or no part in 
the present day secondary program. 

In mathematics the term ‘binary operation’ occurs frequently. Ele- 
mentary school pupils are familiar with binary operations although they 
do not know the term. The base addition facts describe the binary 
opeiaticm -V on the set oi xirt.egers.The operation is binary because only 
two integers are involved. 

Now it is possible to show that binary operations are special instances 
of the function idea; i,e., they can be defined in terms of sets of ordered 
pairs where the first element of the pair is itself a pair of numbers. An 
example will help to clarify this idea. Let I represent the set of positive 
integers. Form the set A = fKx.y),*] | x «/, y e 7,z < 7, andx + y = s)- 
Some elements of this set are: ((1, 1), 2), [(I, 2), 3], [(4, 6), 10). Stated 
in the old familiar symbolism we have: 1 + 1=2, 1+2 = 3, and 
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4 + 6 “ 10. So, we see that it is possible to view A as a function with 
pairs of numbers as first elements and single numbers as second ele- 
ments. A is the collection of all the addition facts in arithmetic. 

With this illustration it will be easier to comprehend the more precise 
definition; namely, a binary operation on a set iiT is a function whose 
domain is X K and whose range is ^ or a subset of K. We usually 
speak of a binary operation from K X K to K. To show how this defi- 
nition works, take K as the set of all integers and zero. Hence, K X K 
is the set of all pairs of inters (zero included in the pairings). Now as- 
sociate each of these pairs {x, y) with an element of K(z) according to 
the rule x + y z. We now have a set {[(x, y), z]} which defines the 
binary operation + from K X K to K. Note that for each first element 
(r, y) there is one, and only one, second element z. Hence, the binary 
operation is a function. It is easy to construct sets {[( x, y), z]] accord- 
ing to the rule ay => z or x -{- 2jr — z. These sets are functions. On the 
other hand the set {((i, y), z\\ constructed according to the rule 
'z* = a: + y' is a nonfunctional relation— a ternary relation, 

It is easy to generalize these ideas on binary relations, ternary rela- 
tions, binary functions, and so on, to ordered n-tuples but this will be 
left as an exercise (or further reading) for those who are interested. 

Set Functions. In many instances it is derirablc to assign numbers 
to sets. Thus, if .A = j 1, 3, 10, lOOJ wc can assign the number 4 to A; 
i.e., the number of elements in A. Let us wwite 1 A J** 4. Of course there 
are many rules we can use to assign numbers to sets. The average grade 
in a class; the height of the tallest boy in a class; the largest bank in a 
state; and many other rules that easily occur to anyone can be used to 
assign a number to a set of things. 

Consider A = {0, 1, 2, Sf. Let us write all the possible subsets of A. 
They are: Ai = {01, A, = {!), A, = |21. A, =* {3}, At » {0, IJ, 
At = {0. 2), At =* {0, 31, At - }1, 21, A, = |1, 31, A„ « [2, 3), 
An = {0, 1, 21, Ati = {0, 1, 3}, A„ = {0, 2, 3), A„ « {1, 2, 3), 

= A = {0, 1,2,3{ 

and A 18 = { } . Note that there arc 2* subsets of A and that wc call A 
a subset of A as well as Aie , the null set. This arrangement provides a 
universe of discourse, {A»j, and if wc assign to each subset of A the 
number corresponding to the number of elements in the subset we then 
have a relation — a set relation. It is \iAt, NO I A. C A and I A/| = N/}. 

A few elements of this relation (function) arc (Aj , 1), (Aj , 1), (Aj , 2), 
(Aw , 0). In words, a set function is a set of ordered pairs whose first 
elements are subsets of a given set A and whose second elements are 
unique and asagned to these subsets according to some rule. 
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Possibly the widest use of set funcUoos occurs in the study of proba- 
bility. Ckinsider a collection of four balls in a bag. Also, assume there is 
just one ball of each of these colors: wMte, green, blue, and yellow. Desig- 
nate this collection by A « {tp, g, b, g]. Let us draw balls from the bag 
and call each such possible subset of A an event. Thus drawing the subset 
{ui, g} will be an event. There arc axteen possible events in this instance. 
Also, assume that it is equally likely that each ball will be drawn and 
that after each draw the ball is replaced and the bag shaken. The proba- 
bility of the event {wj occurring is obviously We will write 

(the probability of drawing either a white or a 

green ball); P|m>, g, 6 , y] = 1; and P| } = 0. 

So we see that for each subset of A wc have assigned a number p 
such that 0 < p < 1 and we call this set of pairs (subsets of A and prob- 
abilities) a set function and in particular, a probability measure. It is 
easy to set up other set functions. This you may wish to do. 

SUMMAHY 

Webster’s New International Diclionaryie&ne^ ‘function’ in this way: 
“A magnitude so related to another magnitude that to values of the latter 
there correspond values of the former.” The words 'magnitude* and 
‘correspond’ are key words in this definition. What do they mean? 
Whatever the answer to this question, the notion is vague. This being so, 
the definition cannot be used by a mathematician. It docs not satisfy the 
requirements for precise statements demanded by the mathematical 
world. Neither does such a statement satisfy the requirements of good 
teaclung. Vague statements do not facilitate communication between 
pupil and teacher. 

In contrast, the definition based on set considerations is precise and 
clear. A function or a relation is a set of ordered pairs. This is a definite 
entity, one you can almost put your hands on. This being the case, it 
would seem logical that it be considered as the basis for instruction in 
elementary mathematics. Those teachers with venturesome spirits may 
wish to introduce the set definitions for relation and function in one 
or more of their classes. The msuUs may be rewarding. 

See Chapter 11 for bibliographies and suggestions for the further study 
and use of the materials in this chapter. 
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SOME COMMON USES OF THE TERM PROOF 

P KOOF of the superior quality of moroo gasolinel Three billion miles 
have been driven on Oshkosh's new moron gasoline,” Do three billion 
miles of driving prove the superior quality of the gasoline as proclaimed 
by this advertisement? Or, how about this one. “Proof positive. Out of 
three hundred people tested, 4 out of 5 preferred Llama cigarettes for 
mildness, coolness, and plain good smoking.” Just what constitutes 
proof anyway? 

One boy says to another, “m prove which one is the best fighter. 
Come on out in the alley. I’ll show ya!” He does win the fisticuffs. Is 
this proof? 

Or, let us change the scene to that of a courtroom. For days the 
prosecuting attorney sends witness after witness to the stand to fix the 
finger of guilt on the defendant charged with murder. The defense 
attorney cross-examines the witnesses and sends his own parade of 
defense witnesses to the stand to try to establish the innocence of his 
client. The jury listens to all of the evidence presented, and then at the 
end of the trial retires to another room to decide upon a verdict. Will 
the jurors likely be dealing with proof or with probability? 

How do these illustrations compare with that of the second grade 
youngster who is in an argument over the answer to the subtraction 
problem “27 — 12”? 

“See, John, I’m right, because fifteen plus twelve equals twenty- 
seven.” 

This child is using a definition of subtraction (intuitively, of course) 
to establish the validity of his answer. /Vssuming no mistakes in his 
addition, docs his argument represent proof or simply probability? 

Proof is a common word in our vocabularies nith various shades of 
meaning in its daily usage, hut it lias a ^'eO’ special and precise meaning 
in mathematics. As a mature concept, proof in mathematics is a sequence 
of related statements directed toward establishing the ^'alidity of a 
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Possibly the widest use of set functions occurs in the study of proba- 
bility. Consider a collection of four bdls in a bag. Also, assume there is 
just one ball of each of these colors: white, green, blue, and yellow. Desig- 
nate this collection by A =» {u>, g, 6 , y\. Let us draw balls from the bag 
and call each such possible subset of A an event. Thus drawing the subset 
[«’, g) will be an event. There are sixteen possible events in this instance. 
Also, assume that it is equally likely that each ball will be drawn and 
that after each draw the ball is repbeed and the bag shaken. The proba- 
bility of the event {tu} occurring is obviously K- 

P{u)) = (the probability of drawing either a white or a 

green ball); P{«J, g, b, y\ = 1; and P| ) = 0. 

So we see that for each subset of A we have assigned a number p 
such that 0 < p < 1 and we call this set of pairs (subsets of A and prob- 
abilities) a set function and in particular, a probability measure. It is 
easy to set up other set functions. This you may wish to do. 

SUMMARY 

Webster’s New Inlernalicnal Didionaryde^^ 'function’ in this way: 
“A magnitude so related to another magnitude that to values of the latter 
there correspond values of the former.” The words ‘magnitude’ and 
'correspond' are key words in this definition. What do they mean? 
Whatever the answer to this question, the notion is vogue. This being so, 
the definition cannot be used by a mathematician. It does not satisfy the 
requirements for precise statements demanded by the mathematical 
world. Neither does such a statement satisfy the requirements of good 
teaclnng. Vague statements do not facilitate communication between 
pupil and teacher. 

In contrast, the definition based on set considerations is precise and 
clear. A function or a relation is a set of ordered pairs. This is a definite 
entity; one you can almost put your hands on. This being the case, it 
would seem logical that it be considered as the basis for instruction in 
elementary mathematics. Those teachers with venturesome spirits may 
wish to introduce the set definitions for relation and function In one 
or more of their classes. The results may be rewarding. 

See Chapter 1 1 for bibliographies and suggestions for the further study 
and use of the materials in this duipter. 
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SOME COMMON USES OF THE TERM PROOF 

P ROOF of the superior quality of moron gasoline! Three billion miles 
have been driven on Oshkosh’s new moron gasoline.” Do three billion 
miles of driwig prove the superior quality of the gasoline as proclaimed 
by this advertisement? Or, how about this one. “Proof positive. Out of 
three hundred people tested, 4 out of 5 preferred Llama cigarettes for 
mildness, coolness, and plain good smoking.” Just what constitutes 
proof anyway? 

One boy says to another, “I’ll prove which one is the best fighter. 
Come on out in the aUey, I’ll show ya!” He does win the fisticuffs. Is 
this proof? 

Or, let us change the scene to that of a courtroom. For days the 
prosecuting attorney sends witness after witness to the stand to fix the 
finger of guilt on the defendant charged with murder. The defense 
attorney cross-examines the witnesses and sends lus own parade of 
defense witnesses to the stand to try to establish the innocence of his 
client. The jury listens to all of the evidence presented, and then at the 
end of the trial retires to another room to decide upon a verdict. Will 
the jurors likely be dealing with proof or with probability? 

How do these illustrations compare wth that of the second grade 
youngster who is in an argument over the answer to the subtraction 
problem “27 — 12”? 

“See, John, I’m right, because fifteen plus twelve equals twenty- 
seven.” 

This child is using a definition of subtraction (intuith’ely, of course) 
to establish the xnlidity of his answer. Assuming no mistakes in his 
addition, docs his argument represent proof or simply probability? 

Proof is a common word in our vocabularies with v’arious shade.? of 
meaning in its daily usage, but it has a very special and precise meaning 
in mathematics. As a mature concept, proof in mathematic.? is a sequence 
of related statements directed toward establishing the validit}' of a 
ni 
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conclusion. Each conclusion is (or can Ixj) justified by reference to rec- 
ognized and accepted assumptions (including the assumptions of logic), 
definitions, undefined terms, pre\’iously proved propositions (including 
those of logic), or a combination of these reasons. None of the above 
illustrations is an example of proof in the mathematical sense except the 
situation involving the second grader. The little boy’s conclusion rests 
on a definition of subtraction; i.e., in general a — h = c if and only if 
a = l» + c. Since the condition a = 6 + c (27 = 12 4* 15) is satisfied, 
the answer has been proved to be correct. Thus wc have a very simple 
case of proof as the mathematician vicw.s it. The conclusion in each of 
the other instances is dependent upon what is commonly called induction. 
In each of these latter cases there is a necessity to collect empirical 
data concerning the situation, and the ultimate decision in each case 
rests upon the accumulated evidence. Mathematical proof, on the other 
hand, is independent of observation and experimentation except as these 
processes may suggest assumptions which are accepted by the mathe- 
matician as unproved propositions, and as they suggest conjectures to 
be proved. 

Proof, broadly conceived in the teaching of elementary and secondary 
school mathematics, is an ever-expanding concept growing from the 
immature preschool and elementary school stage of lhal which convincei 
to the mature concept of proof as defined above which Keyser so aptly 
calls if‘ihen or poelulational thinking} As ^Vhitehead states in his stimu- 
lating lectures on The Function of Reason, “We all start by being empiri- 
cists.’’* The genesis of the mature concept of proof lies deep in the 
empiricism, that is, in experimentation and observation of early child- 
hood. 

In the ensuing discussion the proc^ses of Induction and deduction 
occupy the spotlight. The importance of thorough teaching of these 
concepts was emphasized in the Final Report of the Joint Commission 
in the following impresrive manner.* 

^ In ^ondary instruction there should be conscious experience with both 
inductive and deductive reasoning. The character and requisites of these two 
procedures Aould be so clearly grasped that appropriate behavior on the part 
of the pupil is brought about in the direction both of understanding and of mak- 
ing applications. In solving problems the pupil should develop the habit of ask- 
ing whether he is starting from general premises and is seeking consequences, 
or, by examining particular instances, is aiming at universal conclusions. He 
should seek to discover and remove ambiguity in the use of terms. He should 
understai^ the relation between assumptions and conclusions, and he should 
grow m the ability to Judge the validity of reasoning which purports to estab- 
lish proof. Proper attention must be pvea to generalizing these behaviors and 
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understandings. We may then hope that pupils will apply them to situations 
ansing in many different fields of thought. 

The rest of this chapter will be devoted to an analysis of the nature 
of probable inference (induction) and necessary inference (deduction), 
a presentation of some techniques used in each, and the relationships 
and differences between the two types of inference. Illustrations have 
been selected to demonstrate that mathematics can be taught in ways 
that will help children learn to test the implications of ideas, develop 
accepted criteria for the adequacy of a proposed proof, and to gain some 
facility in proving relationships themselves. 

In general, the first part of each of two major sections of this chapter, 
Probable Inference and Netxssary Inference, is devoted to ideas that 
may be taught in the elementary grades. The material in each section 
becomes progressively more advanced in terms of grade level and in 
terms of the concept of proof. The reader who reaches the limit of 
his interest in the first part of the chapter should turn to page 140 where 
the discussion of elementary ideas of necessary inference begins. 

PROBADLE OR INDUCTIVE INFERENCE 

Before examining probable or inductive inference in some detail, let 
us note a few generalizations and raise some questions about the nature 
of probable inference. The premises for conclusions reached by probable 
inference are factual data or evidence which are collected through the 
five senses. 

You no doubt recognize that Induction is at the very heart of the 
scientific method, and hence toils procedures must go much of the credit 
for the tremendous advance made by civilization in this scientific age. 
However, one needs only to look briefly at the history of science to realize 
that many generalizations arising out of the organization and analysis 
of sense data are only tentative. They must be dated; that is, they 
represent our conclusions as of some given time, say Januar>’ 1, 1959. 
New evidence or new insights may result in a changed conclusion. 

li this is so, how can one W sore ttiat a gfveri pit/poaVitm 
through induction is true? How can one be certain that predictions based 
on the proposition will agree with the obser^-ed facts? This is one of the 
very difficult questions of probable inferCTice; it is the problem of the 
verification of a conjecture, guess, or hjrpothcsis (as the word is used in 
science). We shall have more to say about verification later in this 
chapter. 

With tWs brief introduction we shall plunge directly into a discu.'^sion 
of some elementary ideas of probable inference. The topic of probability 
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conclusion. Each conclusion is (or can be) justified by reference to rec- 
ognized and accepted assumptions Oncluding the assumptions of logic), 
definitions, undefined terms, previoudy proved propositions (including 
those of logic), or a combination of these reasons. None of the above 
illustrations is an example of proof in the mathematical sense except the 
situation involving the second grader. The little boy’s conclusion rests 
on a definition of subtraction; i.e., in general a — b = c if and only if 
o = b -b c. Since the condition a = b -f- c (27 = 12 + 15) is satisfied, 
the answer has been proved to be correct. Thus we have a very simple 
case of proof as the mathematician views it. The conclusion in each of 
the other instances is dependent upon what is commonly called induction. 
In each of these latter cases there is a necessity to collect empirical 
data concerning the situation, and the ultimate decision in each case 
rests upon the accumulated evidence. Mathematical proof, on the other 
hand, is independent of observation and experimentation except as these 
processes may suggest assumptions which are accepted by the mathe- 
matician as unproved propositions, and as they suggest conjectures to 
be proved. 

Proof, broadly conceived in the teaching of elementary and secondary 
school mathematics, is an ever-expanding concept growing from the 
immature preschool and elementary school stage of that which convinces 
to the mature concept of proof as defined above which Keyser so aptly 
calls if-then or poslulalional thinking} As Whitehead states in liis stimu- 
lating lectures on The Function of Reason, “We all start by being empiri- 
cists.’’* The genesis of the mature concept of proof lies deep in the 
empiricism, that b, in experimentation and obser\'ation of early child- 
hood. 

In the ensuing dbcusslon the processes of induction and deduction 
occupy the spotlight. The importance of thorough teaching of these 
concepts was emphasized in the Final Report of the Joint Commission 
in the folloiving impressive manner.* 

• ^ondaiy instruction there should be conscious experience with both 
inductive and deductive reasoning. The character and requbites of these two 
pwedures should be so clearly grasped that appropriate behavior on the part 
of the pupil IS brought about m the direcUon both of understanding and of mak- 
ing apphrations. In solmg problems the pupil should develop the habit of ask- 
ing whether he b starting from general premises and b seeking consequences, 
ij particular instances, b aiming at universal conclusions. He 

should seek to dbwvcr and remove ambiguity in the use of terms. He should 
understand the relation between assumptions and conclusions, and he should 
grow m toe ability to judge the validity of reasonbg which purports to estab- 
prooi. Proper attention must be gjven to generalizing these beha%'iors and 
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understandiogs. We may then hope that pupils will apply them to situations 
ansing in many different fields of thought. 

The rest of this chapter will be devoted to an analysis of the nature 
of probable inference (induction) and necessary inference (deduction), 
a presentation of some techniques used in each, and the relationships 
and differences between the two types of inference. Illustrations have 
been selected to demonstrate that mathematics can be taught in ways 
that will help children learn to test the implications of ideas, develop 
accepted criteria for the adequacy of a proposed proof, and to gain some 
facility in proving relationships themselves. 

In general, the first part of each of two major sections of tliis chapter, 
Probable Inference and Necessary Inference, is devoted to ideas that 
may be taught in the elementary grades. The material in each section 
becomes progressively more advanced in terms of grade le\'el and in 
terms of the concept of proof. The reader who reaches the limit of 
his interest in the first part of the chapter should turn to page 140 \There 
the discussion of elementary ideas of necessary inference begins. 

PROBADLE OR INDUCTn'E EVrTRENCE 

Before examining probable or inductive inference in some detail, let 
us note a few generalizations and raise some questions about the nature 
of probable inference. The premises for conclusions reached by probable 
inference are factual data or e\’idence which are collected though the 
five senses. 

You no doubt recognize that induction b at the very heart of the 
scientific method, and hence to its procedures must go much of the credit 
for the tremendous advance made by civilization in this scientific age. 
However, one needs only to look briefly at the history of science to realize 
that many generalizations arising out of the organization and analysis 
of sense data are only tentative. They must be dated; that is, they 
represent our conclusions as of some given time, say January I, 1959. 
New evidence or new insights may result in a changed conclusion. 

If this is so, kow can one he sure that a given proposition reached 
through induction is true? How can one be certain that predictions based 
on the proposition will agree with the observed facts? This is one of the 
very difficult questions of probable inference; it b the problem of the 
verification of a conjecture, guess, or bjimthesis (as the word b used in 
science). We shall have more to say about verification later in thb 
chapter. 

With this brief introduction wc shall plunge directly into a discussion 
of some elementary ideas of probable inference. The topic of probability 
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as it is treated numerically and with logical rigor in mathematics is a 
tricky and difficult one. In the past \'erj’ little of this has been taught in 
secondary schools. 

Modem developments in mathematics and its uses are leading many 
people to believe that more should be taught, but exactly what should 
be included and how it should be presented is still quite uncertain. 
Chapter 6, on probability, contains extensive suggestions for the teach- 
ing of^ this topic at elementary and secondary school levels. In the 
inductive reasoning or probable inference part of this chapter the 
empha.sis wall be placed on developing an intuitive sense or feeling for the 
distinction between that which is probably true and that which has been 
proven. This may provide students with both a foundation for a later 
more numerical and precise treatment of probabiHty and a better 
understanding of the nature of proof. This may also suggest to teachers 
devices for leading students to discover facts and relationship. Deductive 
1 erence or proof is then the device which con%'erts such discoveries 
Imm conjectures which are probably true to established theorems. 

e importance of Induction to mathematicians as a source of fruitful 
conjectines is often obscured by their emphasU on logic. There are 
several typical sources of probable inferences. 


Recognition of Authority 

At school, cMdreo often closo, or nltompt to close, an argument trith 
the statement, “My Dad (Mother) says so, that's tvhyl” At home, the 
tables are frequently turned, for the child considers it sufficient in argu- 
ing a imint ivith a playmate or his parents to counter with, "I know it U 
true, bcc.ausc my teacher said so.” 'Diesc statements reveal one of the 
moLriiT'A e'-idence to a child-the recognition of 

nrluU. t' ^°“''sstcr js also likely to recognize as authorities any 
1-Z "“y '■'= Pensonalilics whom he 

aZ hcT , “ P""""”' -‘t'lieittance,), and, 

^ t S-ta' r‘ tad Ilg point out that 

f T difficulty diirerenlialing 

mmu^ re “w “ “'*> by the fact that they 

Imrlro , ^ ’™» "■"'t™'' “f '“"ttS' and 

youngsters must make among 
authorities' to n, ** begins to recognize conflicts among 

or reads and anf''!" "''ihgently the generalizalioas which he hc-are 
“SC independent critical thinking 
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It should be noted, however, that it is much easier to criticize the 
statements of others than it is to be critical and objective about one's 
own statements. The child at this level still does not generalize from his 
own experience on the same level with which he can criticize the judg- 
ments of others. In the elementary school, particularly, children need 
considerable direction and assistance in projects and experiments in 
organizmg data, recognizmg the relationships involved, and expressing 
these relations in language that they can clearly imderstand. Without 
this guidance, these children have little chance to think for themselves 
and must remain on a low level of blind dependence upon authority as 
the sole source of convincing eiridence. 

The most important authorities to a child who is learning mathematics 
are his teacher of arithmetic la the elementary school, his teachers of 
mathematics in the secondary school, and the authors of textbooks used 
by the pupil. In some cases the parents play important roles in this 
respect as they help their offspring with homework and to capitalize 
upon out-of-school experiences which promote the learning of quantita- 
tive and spatial concepts. But the cWld himself as he grows to maturity 
must become competent in judging the validity of information and 
inferences, for in our highly mathematized culture we are continuously 
beset with statistics, statistical generalizations, and subjective judg- 
ments in support of propositions that we are pressed to accept. 

Seeing Is Believing 

Children are firm adherents to the old adage that seeing is believing. 
“Well, I saw it with my own eyes, I ought to know," is a favorite justifi- 
cation of children for the validity of evidence. The things they see may 
range from ghosts to space ships, but they always seem to speak nith 
conviction. The use of visual evidence is an important stage of develop- 
ment, for it is through this medium of seeing and handling objects 
that the child first learns his arithmetic. He knows that three plus 
four equals seven because when he combines a group of three objects 
with a group of four objects, by actual count there are seven objects in 
the new group. He can see this. In working with common fractions he 
can learn by visual means using commercial, teacher-made, or pupil- 
made devices that one fourth added to one fourth is equal to one half. 
He can see that three fourths minus one twelfth is two thirds. These 
visual aids can be used to verify the results of using the common 
algorithms concerning operations with fractions. Better yet, they can 
be used to help children establish the algoritlims for themselves. Piaget 
emphasized the importance of such experiences when he observed tliat 
“From 7-8 to 8-12 years ‘concrete operations’ are organized, i.G., opera- 
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tioD^l groupings of thought concerning objects that can be manipulated 
or known through the senses.”* He goes further to emphasize the impor- 
tance of visual schemas in children’s thought as a step toward more 
abstract thought that U independent of visual schemas of concrete ob- 
jects. 

A variation of the seeing is helieving approach may depend on a rear- 
rangement of materials or ingenuity in adding the right lines to a figure. 
That this may be true on varying levels of maturity is illustrated by 
the following problems from informal geometry. A pupil wishes to find 
the area of a rectangle, the dimensions of which are expressed in an 
integral number of inches. He might place an inch-square on the rec- 
tangle in a systematic fashion until he had determined, by keeping a 
tally, how many inch-squares could have been placed on the rectangle. 
Thus he would haw determined its area. (This plan involves measure- 
ment and counting concepts also.) Or he might have used the more effi- 
cient system of drawing a family of lines one inch apart and parallel to 
one dde and another family of lines one inch apart and paralld to one 
of the sides perpendicular to the fiirst one. This would have divided the 
rectangle into inch-squares. Again he could count these inch-squares to 
determine the number of square inches in the rectangle. By measuring 
the lengths and widths of a few rectangles, dividing them into inch- 
squares (or fractions thereof if the lengths of the sides invoh’e fractional 
parts of the units used) and counting to determine the total number of 
square units in each rectangle, any sixth or seventh grader can derive 
the fa milia r relationship that the number of units of square measure in 
the area of a rectangle is equal to the product of the numbers of linear 
units in its length and its width. (For the sake of brevity this statement 
is often shortened to The area of a recUmgle is equal to the product of the 
length and the vidth of the rectangle^ The pupils feel secure in their process 
of reasoning and have no doubt of the truth of their generalization which 
rests upon the empirical data that they themselves have collected. 

It is common practice to assume the formula for the area of a rec- 
tangle in demonstrative geometrj' because a proof invoU-es the theory 
of limits. This assumption is then used as a basis for proving the formulas 
for finding the areas of the other rectilinear figures. If this is done, the 
students’ attention should be called to the nature and importance of 
this unproved assumption and to the fact that their earlier experimenta- 
tion was not a proof but a verification that such a formula would be an 
appropriate one. 

To illustrate how a rearrangement of materials may lead to further 
generalizations, consider now the problem of the pupil who was tr3’ing to 



PROOF 


117 


get a formula for the area of a parallelogram. Attempts to divide the 
parallelogram into inch-squares met with little success because the sides 
of the original figure were not perpendicular and there were too many 
three- and five-sided figures formed by the sides of the parallelogram 
which required estimation to determine what fraction of a square inch 
they were. He then reasoned: “I know how to find the area of a rectangle. 
Could there be a relation between the area of the parallelogram and the 
area of a rectangle?” After some thought and experimentation, it sud- 
denly dawned upon him that he could cut a right triangle off one end of 
the parallelogram, put it on the other end, and it appears to form a rec- 
tangle (Fig. 1). He noted that the length of the newly formed rectangle 
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was equal to that of the base of the parallelogram, but its width was 
the perpendicular distance between the base of the paraDelogram and 
the side parallel to it, not the length of a side at all! He then proudly 
pronounced, “The area of a parallelogram is equal to the product of the 
lengths of its base and its width.” This width, of course, is what we would 
call the height or altitude of the parallelogram. (A more precise and 
correct statement of the conclusion might be os follows: “The number of 
units of square measure in the area of a parallelogram is equal to the 
product of the numbers of units of linear measure in its base and in its 
altitude.”) A similar procedure can be used to develop the formulas for 
the areas of the triangle, trapezoid, and circle. It will be shovi-n later that 
regardless of how convincing these demonstrations may have been to the 
child, this process of reaching a generalization still docs not constitute 
proof in the mathematical sense of the word. At this maturity level, 
gjjjned means is sufiicient to permit the 

child to generalize the formulas for finding the areas of common rectili- 
near figures and to con>nnce him of the truth of these formulas. Further, 
he was using if-then reasoning in order to extend his empirically derived 
formula to additional figures. 

In demonstrative geometrj’, fruitful conjectures may be suggested to 
students by appropriate drawings. In a triangle, accurate constructions 
suggest the conjectures that: (I) the angle bisectors are concurrent, (2) 
the medians are concurrent, (3) the altitudes are concurrent, and (4) the 
perpendicular bisectors of the sides are concurrent. There are also 
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many occasions tvlien a carefully constructed diagram may be suffi- 
cient to discredit a conjecture "wlntb. happens to be false. For examplSi 
geometry students often think that the bisector of an angle of £my 
triangle will also bisect the side oppoate the bisected angle. Bisecting 
the obtuse angle of a scalene obtuse triangle with one small acute angle 
and one comparatively large acute angle will be suffident to convince 
the most ardent exponent of the conjecture that any attempts to prove 
his ori^nal statement would be a waste of time. The xmderstanding that 
a single counter example is enough to disprove a conjecture is an important 
part of an imderstanding of the nature of proof. 

Measurement 

Measurement provides another avenue for children to arrive at truth. 
This procedure also involves the element of teeing is believing discussed 
above. For example, one elementarj' school class determined the relation- 
ship among pints, quarts, and gallons by using standard measures of 
these sizes and pouring water from one to the other. Data could readily 
be obtained at a more adv'anced level for finding the approximate 
relationships between metric units and their corresponding English 
units of measure. Rather than being told the conversion factors for chflog" 
ing one unit of measure into another, pupils are given the opportunity 
to discover the approximate relationships and to generalize them for 
themselves. Such processes are pcdago^cahy desirable because using 
concrete materials and having pupils discover relatiooslups increases 
their understanding and retention of the ideas. However, a careful 
discussion of the nature of units as established by arbitrary definitions 
is also important and makes this process a place where one can alao 
begin to build an understanding of the nature and role of definitions m 
a lo^cal sj-stem. 

At a somewhat higher lo’el and in a conceptually different situation, 
this method suffices for determining the formula for the volume of a 
pyramid when the formula for finding the volume of a prism is known- 
The student obtains or makes two containers, one a prism and the other 
a pjTamid. The prism and the pyranud should have equal heights and 
ba.‘!es of equal area. (It is more obvious to the experimenter if the bases 
are congruent.) The problem of finding how many times the volume of 
the pjTamid is contained in the ^^olume of the prism can then be solved 
by u«ing some appropriate substance, such as water, salt, or sawdust, 
which can be poured from one container to the other. Children who do 
not already know the rclatioitship will seldom guess that it will take 
three full pjTamids to fill the corresponding prism. Such experimentation 
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with the consequent surprise ending makes a lasting impression upon 
children. This same method can be used to find the relationship between 
the volumes of a cone and a cylinder. 

Many teachers of geometrj' use exercises which involve measurement 
of angles or of line segments to suggest conjectures for formal proofs. 
For example, homemade devices or commercially-made teaching aids 
may be used to suggest the conjectures relating an inscribed angle to 
its intercepted arc, or the angle between two secants to the same circle 
and the difference of the two arcs of a circle intercepted between the two 
secants. Tables of data are made of readings taken from the devices, and 
conjectures which then seem reasonable to the student are subjected to 
the strict test of rigorous proof. 

Again it should be emphasized that r^ardless of the volume of sup- 
porting evidence collected by measurement, this does not p^o^•e the 
conjecture in the mature mathematical sense of the word prove. 

The Pragmatic Method 

A fourth grade youngster was making a turtle trap. Eight or ten holes 
had been bored along each side of a square wooden frame. When this 
job was finished the child discovered that the dowel rods which he had 
selected would not go through the holes be had made for them. 

“I can’t understand. I thought they would fit. I measured,” the boy 
exclaimed. 

When asked how he measured the boy replied, “By my ej'e. I n-as 
sure they were the same size.” 

In order to move ahead on the project the child selected a larger bit, 
bored one hole, then checked to see if one of the dowel rods would fit. 
Since it (fid, he proceeded to finish his project. 

This anecdote illustrates what might be called a pragmatic or docs it 
work type of reasoning so common in children’s thinking. The algebra 
student who is using the gness and check method in his initial work in 
sohdng the equation, 3x — 4 = x + 6, is using this pragmatic method. 
For example, he may guess that the x equals sLx. Substituting six for x 
in the original equation does not result in a true statement; therefore 
he knows his first guess is wrong. Repeating this procedure with a second 
hjpothesis that x equals Jire, results in a true statement; the boy con- 
cludes then that x equals /fc is a solution to the equation. 

Counting 

“In its simplest form, induction may be illustrated by the simple 
process of counting, and the proposations announcing the result would 
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be merely descriptive."* Not only is it the eimplest, but counting is 
the most frequently used of all inductive methods. A number of the 
illustrations already cited in this section also involve counting. The 
answer to the numerous qu^tions involving “How many.. .?” or “How 
much . . . ?” are directly or indirectly dependent upon counting or meas- 
uring. For example, the answer to the question, “How many pupils are 
present in oim class today?” may be foimd by counting. 

Such statements as “There are thirty-six pupils here today,” have 
little or no predictive ^*alue, however. As was indicated by Searles*, this 
statement is merely a summary or descriptive statement. Nevertheless, 
such summary statements if collected over an extended period of time 
may pro\ide the particular premises for an inductiv'e proposition. For 
example, at one school the lunchroom supervisor had the job of ordering 
an adequate supply of milk to serve the pupils of a school with an en- 
rollment of 391 pupils. She wanted as much milk as the youngsters 
would drink, but she did not want to order too much for it would spoil 
ii kept too long. At first she ordered milk by guessing how much she 
thought the children would drink. She then kept a record of the number 
of bottles of milk consumed dally for two weeks. As a result of her study 
of the data collected, this lunchroom supervisor now has a standard 
order with the milk company for 408 half -pints of milk each school day. 

TUs illustration can easily be extended to the problem which the 
milk company has in regulating its supply of milk to meet the needs of 
its multitude of customers. One of the important basic problems of 
business and industry, of course, is this problem of supply and demand, 
hlilhom of dollars arc gained or lost in business and industry by predic- 
tions based on countable evidence gathered in past j'cars. Ob^ously, 
only probable inferences are po&sible in these situations for unknown 
factors such as unexpected economic prosperity or depression, war, new 
inventions or products, and the like may alter the actual use or consump- 
tion of products. 

Another familiar example involves the prediction of population trend.?. 
Before World War II, statisticians who dealt with population trends 
were predicting on the baris of cen.'iis data of previous decades that the 
population of the United States was approaching a plateau, an expected 
limit. HowcTCr, the so-called vxtr babitt that have been bom since 1944 
and other factors have sent the population soaring to over 170 milh'on 
and the predicted plateau has been by passed. 

Five ideas have been illustrated in this section as bases for probable 
inference. The suggestive subtitles were (1) Recognition of Authority, 
(2) Seeing Is Bcliering, (3) Measurement, (4) The Pragmatic Jfethod, 
and (5) Counting. These methods are not distinct. In practical decision 
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making these methods may be intert^ed and interconnected in such 
a way that it might be difficult to distinguish them one from the other 
as they are used by any given individual. Nor is their use limited to 
elementary and secondary school pupils. Adults, too, are dependent upon 
the senses of seeing, hearing, feeling, tasting, and smelling for informa- 
tion that may lead or help to lead to the solution of problems that con- 
front them. 

We shall now proceed to more refined and mature methods of probable 
inference. 

TYPES OF PROBABLE INFERENCE USEFUL IN THE JUNIOR 
AND SENIOR inCII SCHOOL 

Even though generalizations reached through an examination of par- 
ticular instances cannot be classified as certainties (the statistician would 
say that they cannot be assigned probalnlilp me), it has been pointed 
out that people in the workaday world depend heavily upon probable 
inference. In this section we shall continue our discussion of methods 
that lead to convincing men of the rightness of their generalizations. 
Five methods ^vill be discussed; (1) The Method of Simple Enumeration, 
(2) The Method of Analogy, (3) Extending a Pattern of Thought, 
(4) Hunches and Their Relation to Proof, and (5) Testing the Hunches. 

Tbe Method of Simple Enumeration 

Many of our beliefs have their roots in simple observations we have 
made over a period of time. For example, an elementary school youngster 
states that all snow is white. This is not only a summary of this pupil's 
past experience, but also represents a prediction that any snow which 
falls to the earth in the future will also be white. 

This is a method used by budding youi^ scientists in their general 
science classes as they heat ethyl alcohol in an open container to find the 
temperature at which it will boil. It ^ras just through such a procedure 
that scientists arrived at such an accepted truth as "In an open container 
at sea level, sulfer boils at 445‘’C.” Unfortunately, the students in our 
secondary school classes too often know the expected outcome of their 
experiments before they begin — they attempt to confirm something 
the}' already know. Furthermore, too fwjuently they perform one ex- 
periment and generalize from this insufficient data. 

A tele\'ision commercial might proclaim the results of a scientific test 
in the following manner; 

Four hundred New York women in a recent test prated that Smith’s lotion 
can prevent detergent bum. These four hundred New York women saikcd their 
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for SO each day for two weeks in water containing a well known 

detergent. Their left hands on which th^ had used no Smith’s lotion beeme 
rough, red, and sore. Their right hands, protected by nibbing on Smth s lotion, 
were soft and smooth and lovely. Buy Bnulh’a lotion today and avoid detergent 
bum. 

What is there in the fact that Smith’s lotion has prevented detergent 
bum on the right hands of 400 New York women tliat would interest 
other ladies who saw and heard this advertisement? If we assume that 
the statements in the commercial arc accurate, docs this represent proof 
in the sense of a necessary inference or a probable inference? Such judg- 
ments must be made daily by every reader, radio listener, and television 
viewer as they are bombarded by propaganda not only from advertise- 
ments but also from political speeches and other arguraent5 designed to 
influence public opinion. 

Sebaaf describes bow the members of a class in ninth grade algebra 
studied their sjTnbolic solutions of story problems involving signed num- 
bers and then developed their own rules for the addition of positive and 
negativ’e numbers. (They had used a number scale to find their initial 
answers.) He also reports that in formulating such a rule, there is ample 
opportunity for the students to realize the necessity of considering sam- 
ples of all possible types of addition problems, how one contradictory 
case can destroy a universal conclu.«ion, and the dangers of hasty generali- 
zation.^ This method could easily be extended to determining a rule for 
the subtraction of signed numbers. 

Generalizations based on simple enumeration are assertions made 
from a number of observed instances which are assumed to be represent- 
ative but not assumed to be all of the instances of a given class. They 
are also assumed to have predictive power; that is to say, if you 
were to boil water in an open container tomorrow someplace along the 
seashore, you could reasonably expect the water to boil at 212^. Cer- 
tainly this experiment, if you perform it, could not possibly have been 
included as one of the instances on which the scientific generalization 
or proposition was based. Obviously, universal propositions, that is, propo- 
sitions which begin “All ..." or “No. can be destroyed by one 
contradictory case. 

The hand lotion commercial is interesting because the viewer-listener 
is led to make the general concluaon that all human hands are protected 
from detergent bum by Smith’s UOion. This then becomes the major 
premise for a syllogism. (Syho^sms vrill be discussed in the section on 
deduction or necessary inference.) 

All human hands are protected from detergent bum by rubbing on 
Smith’s lotion. (Major premise.) 
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My hands are human. (Minor premise.) 

My hands are (can be) protected from detergent burn by nibbing on 
Smith’s lotion. (Conclusion.) 

This conclusion represents a necessary inference; however, nothing is 
ever implied in a conclusion that is not already implied in the premises 
on which it is based. The major premise in this case is n probable infer- 
ence for it is based on the empirical ewdence supplied by ob'ening the 
400 New York women. ^\'hat effect then does this have on our conclu- 
sion? It simply means that we must recognize that the conclusion has 
only probability in its favor despite the fact that it was reached through 
necessary inference. 

You will recognize the following generalizations that have been made 
and verified by simple enumeration: (1) water at sea level pressure 
freezes at 0®C. or 32'’F., (2) all ravens are black, and (3) iron filings will 
cling to all magnets. Other generalizations that hav'e been established 
as false becaixse contradictory instances have been found include: (1) 
all swans are white, (2) all redheads have bad tempers, and (3) matter 
can neither bo created nor destroyed. 

Euclid must have been connneed of the validity of his conjecture 
that there is an infinite number of prime numbers by the never-ending 
string of them that he found by testing larger and larger ntimbers to 
determine whether or not they were prime. Euclid’s proof in his Elements 
that the number oj prime ntmbers is infinite is still admired for its sim- 
plicity and beauty. 

As a mathematical recreation, one junior high school teacher asked 
his class if they could find a relationship between the e^'cn numbers 
greater than 4 and the sums of two odd prime numbers. Here are some 
of the relations that these pupils discovered: 

6 = 34-3 10 = 34- 13 = 54- 11 

8 = 34-5 IS = 54- 13 = 74- a 

10 = 3 + 7 = 54-5 20 = 3 + 17=7+ 13 


12 = 5 + 7 

14 = 3 + II = 7 + 7 30 = 7 + 23 = 11 + 19 = 13 + 17 

After working a while on this problem, one youngster e-Tclaimed, “Tliis 
could go on forever. There is no end to it.” Is there an end? Is there an 
even number greater than 4 whose sum cannot be cxprcsml as the sum 
of two odd primes? About 200 yeara ago a mathematician by the name 
of Goldbach proposed a proposition that may be stated in this way: 
Any fi’CTi number greater than 4 w the eum of tiro odd primes. It ha.s i)c\cr 
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been proved. Prove this proposition and j'ou vdU write your name in- 
delibly into the history of mathematics. 

Many of our beliefs have come into being as a result of using this 
method of simple enumeration. Its techniques are inraluable to the scien- 
tist whether he be a social scientist, biolo^cal scientist, or physical 
scientist. The method as exemplified by the illustrations in the pre\'ious 
paragraphs also serves the mathemaUcian as a source of promising con- 
jectures. 

The Method of Analogy 

“Analogj* seems to haTC a share in all discoveries, but in some it has 
the Uon’s share.”* The teacher of demonstrative geometry is familiar 
with the many similarities that exist between plane geometrj' and solid 
geometrj-. For example, the proportions related to parallel lines in plane 
geometry have their counterparts in solid geometry in the nest of propo- 
sitions that concern two parallel planes intersected by a transv'eraal 
pbne. Analopes between the two subjects facilitate learning, pronde a 
hierarchy of relationships that are more easily remembered, and suggest 
many conjectures that may later be proved or disproved. 

In plane geometry there b an infin ite number of regular polygons 
(i.e., polygons that have equal angles and equal sides). Using the method 
of analogy pupils readily generalize, therefore, that there must be an 
infinite number of regular convex polyhedrons {i.e., geometric solids 
with equal polyhedral angles aod faces that are all congruent regular 
polygons). Further investigation of tins conjecture re^’eab a surprising 
result. There are five and only five regular polyhedrons — the tetrahedron, 
the hexahedron, the octahedron, the dodecahedron, and the icosahedron. 
Analo^es may be useful, but they do not substitute for proof. They 
proride only additional conjectures to be in\'estigated. 

In plane geometry pupils learn that the sum of the interior angles of 
a polygon increases as the number of sides increases. Suppose that the 
sides are extended successively to form exterior angles as shown in 
Figure 2. How does the sum of these exterior angles change as the 
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number of sides of the polygon is increased? The youth who uses the 
method of analogy is going to be misled, for in any convex polygon, the 
sum of the exterior angles fonned by extending the sides successively is 
a constant. The sum is SGO® regardless of the number of sides. 

In algebra, students learn to factor such expressions as x* + 5r + 6, 
X® + 6x + 5, and i* + 6x + 9. If the expressions are of the form + 
bx + c they readily learn the princijdes that c is the product of the sec- 
ond terms of the binomial factors and that b is equal to the sum of the 
factors of c. By analogy the pupils can apply these ideas to factoring 
a* -j- 5a -f- 0, + Gffi d- 5, and + dtf 9. It is relatively easy to 

factor this second group of examples if one knows how to factor the 
first set, because there are likenesses in essential details. By analogy, 
the same principles hold for examples such as x* — 8x + 12, p* — 2p — 
24, + 6 - 12, and - 16. 

Some of the most influential hypotheses of this scientific age have 
their origins in mau’s ability to use analogous reasoning. Niels Bohr 
proposed that the atom was similar to our solar system. Physics teachers 
may explain some of the intricacies of electrical theory by using the 
analogy of running water. The wave theory of light may be related to 
the rippling waves emanating from the spot where a stone is dropped 
into an othei^vise placid pond of water. Polya describes* how reasoning 
by analogy led Euler to the solution of the problem of finding the sum 
of the infinite series of the reciprocals of the squares. 

1 + K -f + He + Hs + He + ■ - ■ 

It is interesting to note that Euler’s solution of the problem violated 
the accepted procedures held by him and his contemporaries for finding 
the sums of the finite series ivith which they had worked. Sometimes it 
takes bold, unorthodox methods to solve problems that resist attacks 
by standard methods. 

Extendinga Pattern of Thought 

Great baseball players have become olm<»t legendarj’ figures in the 
history of the New York Yankee professional team. In the spring of 1951 
a promising young rookie whose name wms Slickey Mantle ivas taken 
to the spring training camp. It was hoped that Mantle would continue 
a succession of Yankee greaU that included Babe Ruth, Lou Gehrig, and 
Joe DiMaggio. One rabid fan made the followjngobservation: 

Babe Ruth, a great Yankee baseball player, wore the number 5 on his uniform. 

Lou Gehrig, a great Yankee baseball player, wore the number 4 on his uniform. 
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Joe DiMaggio, a great Yankee baseball player, wore tlie number 5 on his 
uniform. 

Mickey Mantle should wear the numbcrffonliis uniform. {He does wear 7.) 


The obvious predictioa made by this hopeful fan from the data presented 
above was that Michey Mantle icould become a great baseball “player. A 
more general statement is implied by this prediction, namely', New Yorh 
Yankee baseball players are great if the numbers on their uniferrms are 
consecutive with past great New York Yankee baseball players. This fan’s 
prediction lias come true, for Mickey Mantle has liecome a great ba«e- 
baU player. Does this then represent a verification or a disproof of the 
generalization concerning Yankee players? \Vlio will xvear Yankee uni- 
form number 6? Is he destined to be great by virtue of the number of 
ms uniform? 

It seems that man possesses an innate capacity to see relationslups 
and order in the events which he obsen'es. In the illustration above, a 
basebaU fan observed a certain continuity of form. Few if any of us 
wodd pMt t^t the n^bers of the uniforms worn by baseball play’ers 
greatness, yet thU example docs iUustrate 
miffht iswery that often results in fruitful conjectures. One 

^ of analog*. 

when he oredWt^ Edmund Halley, the English astronomer, 

HaSrv appearance of the comet wluch now bears his 

studied the paths 

could find appiirat ^ k represented all the comets for which he 
'^^^^''ty.one of the comets appeared 
Three of the com f ^ h^reas of their obser\-era by different paths. 

“bit. Could these 

the earth? he aski hiSlfVTh ^ v revisiting 

also seemed reasonable to ’ It “’“t be an ellipse. It 

body', then it should r,.*, « ^ t^ds were the same celestial 

approximately the same timei * '^biUty of obseivers on the earth at 
comets had been nearest th Reports indicated that the three 

(an intervalTyerytmV W " 1“^' 0<=t‘>ber 10, 1607 

years). Hence, Halley concIu^^tSTth interval of 74.9 

revolution in its orbit ako,.* comet would complete one 

the tasi. of lU, evidence he MyTee“‘£ IS 

cemmg the comet which now kJ” of hb theory con- 

x-arietyofinductiveDroceduroa* name reveals that he used a 

procedures to amx-e at his generaUzation. He noted, 
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for instance, that the comets of 1631, 1607, and 1682 had similar orbits 
as they flew across the heavens in their majestic ways. This is reasoning 
by analogy. On the bads of these three analogous cases that he had 
enumerated he made the prediction that the comet would return in 1758 
or 1759. Several years after his death, the comet actually did return, in 
March 1759! The comet also reappeared in 1835 and 1910. Its next 
appearance is predicted for 1985 or 1986. 

The dominating feature of Halley's discovery is not the analogy but 
the striking feature is his extrapolation, the act of going beyond the 
data to predict the return of the comet. It is tus logical extension of the 
pattern in which he found the instances that makes this illustration 
different from those cited in connection with the methods of simple 
enumeration or analogy. 

Three English astronomers have traced the reports of Halley’s comet 
as far back as 240 B.C. These men found records of what are assumed 
to be twenty-nine appearances of the comet. The intervals between its 
successive appearances have varied from 74.5 to 79 years. This variation 
is due to the disturbing actions of the gravitational attractions of the 
planets of our solar system as the comet moves about in its elliptical 
orbit.“ 

In elementary arithmetic children generalize on the basis of their 
experiences that the subtrahend in subtraction can never exceed the 
minuend. From this generalization it follows logically that the difference 
in a subtraction example can never be greater than the minuend. The 
mathematician is continuously seeking to relax such rules to gain more 
generality. 'Why can’t the subtrahend be greater than the minuend? 
Let us suppose that it can. What then is the answer to the question, 

7 — 8 = ? No natural number will answer it; a new number, the nega- 
tive number, must be invented. Mathematicians have chosen the sym- 
bol —1 to express the answer to this question. With this invention they 
have opened up a whole new domain of numbers that are similar to the 
positive numbers already familiar to the child, for the negative number 
makes subtraction possible even wbait the suhtrshend is larger lixan the 
minuend. The use of inductive sequences to lead students to discover 
for themselves the rules for operating with signed numbers was dis- 
cussed on pages 47 to 49 of Chapter 2. It was also explained there 
that whereas the definition (-2)(-3) « +6 n-as in a sense completely 
arbitrary, it was, on the other hand, a nccessarj’ definition if wc nished 
the distributive law to hold for ncgati\'e os well as positive numbers. 
This principle oj permanence of form when so used is a type of analogj’. 

This same principle pro-vides the reason for defining fractional negative 
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and zero exponents as we do. Explanations of this rationale help stu- 
dents to understand better both the definitions themselves and the role 
of definition in a mathematical system. It should be noted however that 
none of these developments by analogy or definitions embodying exten- 
sions of form constitutes proof. 

It is difficult and probably impos^ble to separate completely probable 
inference and necessary inference in many situations. For example, let 
us consider the geometric figures in Figure 3. There are sev'cral observa- 
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tions that we can make about the relationships among the point, line 
segment, square, and cube. One of the most obvious U that here are 
geometric figures with zero, one, two, and three dimensions, respectively. 
The line segment, the one-dimcnsional figure (it has only length), starts 
mth a point and ends with a point. Wc may then consider that the line 
segment is bounded by two points. Observe then that the one-dimen- 
sional ^me is bounded by zcio-dimensionai figures. 

The square, a two-dimensional figure, b bounded by four line segments. 
Hence, the two-dimensional figure b bounded by one-dimensional fig- 
ures. Similarly, we observe that the cube which b a three-dimensional 
figure b bounded by sb square faces. Hence, we arrive at the generaUza- 
tion that each of these geometric figures b bounded by the figure with 
one less dimension. What would thb mean if wc were to extend our 
thinking to the fourth dimension? Does it not seem reasonable to assume 
that the corresponding fourth-dimea^onal figure would be bounded by 
cubes? Bj' going back, analyzing the process by which a point might be 
regarded as generating the line segment; the line segment, the square; 
and the square, the cube; one can find a simple process and derive an 
algebraic formula for prefficting the number of elements, (i>oints, lines, 
planes) in each newly formed configuration. From the three-dimensional 
cube, we can extend the process by analogy to find the points, lines, 
planes, volumes (cubes), and eontenl of the four-dimensional tesseract 
and even on to higher dimcnriooal configurations. We liaven’t the space 
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to do this here, but there are several sources which make the process 
clear enough to be used with hi^ school algebra and geometry students.** 

The point is that mathematicians, ewn before the physicists had need 
for the concept, pioneered the conception of a fourth dimension, and 
that this pioneering owed much to the use of the idea of permanence of 
form and the extension and modification of old concepts as a source of 
fruitful conjectures and assumptions on which to base their deducti^’e 
proof in the extended geometry. 

The illustrations wWch have been cited in this section up to now have 
dealt with what is commonly called extrapolation. Extrapolation implies 
the extension of ideas beyond the known or observed instances. 

Wertheimer in describing a discovery by Galileo indicates how he 
used the method of extension of form to fill in a gap in his theory of 
motion. Galileo had been trying to determine whether or not free falling 
bodies obey some general law that could be easily understood by man. 
The instruments •vrith which he had to work were rather crude, and he 
was having difficulty conducting his e-xperiments. Finally he hit upon 
the idea of using an inclined plane and considering a vertical descent 
as merely a special case of the inclined plane, the case of falling at an 
incline of 90". In the course of his experiments Galileo noted that as 
spheres rolled d<ncn an inclined plane, their velocities became greater 
and greater (positive acceleration). As spheres were rolled up an inclined 
plane, their velocities became Jess and less (negatii-e acceleration). But 
what about motion on a horizontal plane? Galileo concluded that the 
motion of a sphere must have an acceleration of zero on a horizontal 
plane, A modern physicist might express the concept in this way: “If a 
body moves horizontally in a pven direction, it will continue to move 
at a constant velocity for all eternity, if no external force changes its 
state of motion.”** The key factor in making this generalization is the 
extension of form, This time it is a gap filling process; it is interpolation. 

It should be noted that the process of extension of form is merely a 
logical extension of known and accepted relationsliips. It approaches the 
formality of deductive inference, but it does not carry the authority, 
the necessity of the implication, that characterizes deduction, 

llunclics and Tlicir Relation to Proof 

Iljliotheses, theories, and laws based on experiential data are the core 
of the sciences. They are generalizations fundamentally dependent upon 
probable inference from observable evidence. In mathematics the 
generalizations that constitute the core of the discipline arc the results 
of rigorous proof. The test of these deduced theorems in mathematics 
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does not reside necessarily in its correspondence with man’s interpreto- 
tion of his experience although, as we shaU see, experience iMy help him 
in rationalizing certain elementary principles of mathematics. The test 
of Euclidean geometry, for example, is in its lopeal consistency; that 
is, the noncontradictory nature of the theorems within the system. If 
contradictory theorems are ^’alidly deduced in a logical system such as 
Euclidean geometry, then the Ic^cal foundations of the system must 
be examined for inconsistent assumptions. 

One might reason then that conjectures and inductive reasoning have 
no relation to the deductive science of mathematics. But Polya points 
out that although, "We secure our mathematical knowledge by demon- 
strative reasoning, ... we support our conjectures by plausible reason- 
ing.’’” For example, consider the elementary school child who was 
struggling with the addition of and The youngster insisted that 
the answer was % (an all too common answer). The teacher was a pa- 
tient and understanding woman who suggested, "Let’s check your answer 
using our fractional parts.” (These were circles cut into various frac- 
tional parts.) The child apparently had little conception of what a frac- 
tion mis, for he seemed surprised that two fifths was less than one half. 
After a short period of experimentation with the circles cut into frac- 
tional parts, the child decided that the answer should have been fi\’e 
rixths. The process of chanpng the two fraction.? to sixths was also 
made meaningful using the fractional parts. This boy had attempted 
to support Ws conjecture by plausible reasoning. When it failed to 
support his answer he had to find a new conjecture. Ultimately he got 
a solution using the well-known algorithm. 

An intermediate algebra cla-ss was studjing the quadratic function 
which is detenmned by /(i) = at* -h bi -f c. They first studied the 
effects on the graph of the function as changes were made in each one 
of the parameters a, 6, and c while the other two were held constant. 
The cla.s3 wa.s also asked to find graphically the real roots, xi and Xt t 
where they exist when the function is equal to zero. A table of data 
was then made from the results of different students’ graphs (Table 1), 

In a discus.rion following the organization of the first five columns, 
these four questions were posed: 

1. Wliat is the xtiIuc of Xj • x* ? Record your answer in the table of 
data. 

2. Is there any relation between the product of the roots of ox* -h 
bi -f c = 0 and the arbitrary constants a, b, and c? 

3. \\'hat Is the value of xj -j- xj ? Record your answer in the table. 

4. Is there any relation between the sum of the roots of or* + bx + 
c = 0 and the \-aIues of a, b, and c? 
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TABLE 1 



2 

3 

4 

5 

6 
7 


9 


-7 

5 

1 
4 

2 

6 


7 

0 


12 4 

5 -3.4 

4 -2 

-5 -5 

-5 2 

-3 .50 

8 .9 

6 -1 

-1 .5 


3 12 7 

-1.2 4.1 -4.6 

-2 4 -4 

1 -5 -4 

.5 1 2.S 

-6.5 -3.3 -6 

-3 -2.7 -2.1 

-6 6 -r 

-.5 -.25 0 


Alter a brief look at the table of data one boy ventured this guess, 
“The product of the roots is equal to c.” This was called the “Garrett 
Conjecture,” naming it after the boy who had made the guess. 

“That seems to be true at least approximately, for 1, 2, 3, 4, 6, and 
8, but look at 5, 7, and 9,” one of the girls suggested. 

The “Garrett Conjecture” was discarded after consideration of this 
young lady’s statement, and the students were encouraged by the teacher 
to look for likenesses and differences among the two distinct groups of 
equations stated above. After two other false starts the “Liwngston 
Conjecture” that “xi • xt = c/a” was proposed. This gained considerable 
support, although not 100 per cent, apparently because of E.'camples 
6 and 7. 

A similar procedure was used to reach the conjecture that = 

^ b/a. The discussion follou-ed a pattern that was analogous to the 
one related to the product of the roots. 

“Can we prove these relations?” someone asked. 

The problem of proving the relations was assigned as o part of the 
homework Avith the caution: “We may not know enough yet to answer 
this question. If we don't, then suggest what further information you 
think is needed.” During class discussion the ne.tt day se^rral members 
of the class indicated that they were sure that if the general equation 
ax^ + })X + c 0 could be solved for x, then the conjecture concerning 
the relations of the roots could be pro\'ed or disproved. Some of the 
students had attempted to solve the general equation by guessing, then 
checking by substitution and by factoring, but they had failed to find 
a solution. The students were then taught how to solve quadratic equa- 
tions by completing the square. Tliis method, after it was mastered, en- 
abled the group to find the solution for the general quadratic function 
above and hence to proceed to prove their conjecture.s about the product 
and sum of the roots. 
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some negative numbers. For ^plicity you could start at n =» —1, —2 
and so on. Here you n^ill find additional support for the conjecture that 
n* — n -1- 41 will always produce a prime number. If you think you hav’e 
enough evidence, you are doomed to disappointment for when n = 41, 
a little simple factoring will indicate to you that 41* — 41 -f- 41 is divis- 
ible by 41 for 41* - 41 + 41 = 41 (41 - I -fl) =: 41 • 41. It should 
now be evident that no expresaon of the form ax^ + bi + c will always 
yield a prime number, for when x = c (c 0), the number is divisible 
by c, hence, it is not prime. 

On the basis of empirical evidence alone we can never be sure whether 
or not we have made a hasty generalization. The statement that all 
svxins are while was verified time and again before explorers had reached 
Australia. However, on this continent in the Pacific, black swans were 
found. This discovery, of course, falsified the generalization. Similarly 
vre saw in the above illustration that n* n 41 yields a prime number 
for 80 consecutive integral values of n, yet for the eighty-first value the 
expression is not a prime! 

The illustrations cited above indicate an important point often over- 
looked by the elementary and secondary teachers of mathematics, 
namely, that we need to consider not only the v’crification but also the 
falsification of any given proposition. Consider this proposition: “If the 
difference between the sum of the odd-numbcrcd digits and the sum of 
the even-numbered digits of an integer is divisible by 1 1 , then the integer 
is divisible by 11.” One member of an algebra class studjing proofs for 
various tests of divisibility liad selected the number C05,379 to test the 

generalization. Since — ^ ix ^ ^ 

vision he found that 065,379 was in fact divisible by 11, tliis youngster 
added his datum to the mounting evidence collected by the class veri- 
fying the original proposition. In an attempt to extend this generaliza- 
tion, he also proclaimed that by replacing 11 by 13 in the proposition 
he had a new conjecture which appeared to be true. This propositio/i 
was quickly falsified however with evidence presented by several mem- 
bers of the class. It is worthy to note tn-o things nbout this illustration. 
First, regardless of the mass of evidence gathered to support the first 
proposition, it is not proved by accumulation of such data. It still re- 
mains to be proved deductively. In the case of the second proposition, 
only one contradictory ca.«c was needed to dhprovc it. This method of 
disproof is by counterexample wliich is discitssed wore thoroughly in 
the section of this chapter de-almg with nccesrarj* inference. 

There are propositions also where evidence may be collected to verify 
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them completely or to falsify them as the case may be. For example, 
let us consider the conjecture that tix U a perfect numb^. (A perfect 
number is a natural number which is the sum of all its dhisors, except 
itself, which are natural numbers.) Since the only natural numbers 
which are divisors of six (excluding itscU) are 1, 2, and 3 and 1 + 2 -f* 
3 = 6, then sue is a perfect number. Suppose it is proposed that eight is 
a perfect number. The divisors of eight to be considered are 1, 2, and 4. 
Since I + 2 + 4 8, then eight is not a perfect number and the propo- 

sition is false. Note in particular that the propositions concerning per- 
fect numbers could be labeled true or false on the basis of collected data 
because they dealt with a finite universe, whereas the proposition con- 
cerning the divisibility by 11 encompasses an infmite set, the set of all 
integers. Although the proposition concerning divisibility by 11 can 
never be completely verified by the coUecUon of confirmatory instances, 
it can be proved by the mathematician and even by high school students. 
Hus again demonstrates the power of mathematical techniques. 

Many times we are confronted with a conjecture of what a mathe- 
matician would characterize as an existence theorem. For example, some- 
one mi^t propose “There are black roses” or “There is a real number 
X such that 1 je j + 3 *■ 2.” If a bush ha^’iDg black roses is found, then 
the first statement is verified. However, if one has not been found up 
to tlus time, this fact is no assurance one will not be found within the 
next hour or within the next day. As for the other proportion, the 
search for a solution by trial and error might continue for a long time 
because it can be proved that there is no real number which when sub- 
stituted for X will make the sentence j i J -f 3 = 2 a true statement. 
Hence, we say that the solution set for this equation is a null or empty 
set. 

Extending the illustration concerning perfect numbers, some mathe- 
maticians have proposed that “There are no odd perfect numbers.” 
One way for you to become famous, among mathematicians at least, is 
to find a perfect number that is an odd number. This Ls a rather interest- 
ing proposition, because the caunterera.m.p,le, i£ found, disproving the 
proposition would also establish an existence theorem; that is, that 
there exists an odd perfect number. 

One adolescent, as he looked at several prime numbers including U, 
13, 17, 19, and 23 among others, exclaimed, “All prime numbers are odd 
numbers.” Is this a true statement? Obviously it is false, for, as one of 
his classmates quickly pointed out, 2 is an eien prime number. This 
and several of the other illustrations point out that propositions using 
the quantifiers dll or no are falafiable (by counterexample) but may 
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not be verifiable. Even though thousands of white swans had been seen 
adding credence to the proposition that oil swans are white, one black 
swan seen in Australia was sufficient to destroy the generalization. 

In elementarj' and junior high school mathematics we sometimes ex- 
perience some difficulties using an inductive approach to develop a 
mathematical concept if measurement is involved. For example, members 
of a junior high school mathematics class were measuring the interior 
angles of various sizes and shapes of triangles to find the sum of the 
angles of each type. Their teacher had placed three boxes on her desk 
labeled: “1. Triangles — sum of angles less than ISO®,” ‘‘2. Triangles — 
sum of angles greater than ISO®,” and “3. Triangles— sum of angles 
equab 180®.” The pupils were industriously measuring angles and sort- 
ing their triangles. After a short while each box had some triangles in 
it. At the end of this exercise could these and girls draw any %‘alid 
conclusion from the data which they had collected? They could if they 
understood the approximate nature of measurement and if they used 
an av’erage (the mean) of the sums of the interior angles. All of the sum.^, 
after the measurements of the angles had been rechecked, fell within 
the range from 178® to 183® inclusive. The mean, to the nearest degree, 
was 180®, and the class readily accepted the conclusion that the sum of 
the interior angles of any triangle is ISO"*. Variations from this mean were 
attributed to small errors in measurement resulting from poor estimates 
in reading protractors, from inaccuracies in the protractors themselves, 
from the careless construction of the triangles, and from the approxi- 
mate nature of measurement. 

The leap from particular cases, sometimes called inductiTO premises, 
to a universal conclusion is not a deductive process. However, the reverse 
step of applying the generalization to particular situations b deductive, 
for example, a primary school cluld may, through a scries of experiences, 
note that three apples and two apples are five apples, that three cookies 
and two cookies are five cookies, that three children and two children 
are five children, and conclude tliat three of any class of objects and 
two more of the same things are five of the elements being considered. 
From this universal conclusion it follows that a group of three balls 
combined with a group of two b-alb will fomi a new group of five balls. 
The child can readily verify thb deduetba; conclusion by counting. 
Note that the inductive premises on which the child based his generali- 
zation that 3 + 2-5 now become deduciblc by ncccssar>’ inference 
from the general statement. 

Now it seems true tliat the inductive prembes on which a generalized 
statement is based necessarily follow from the generalization. In a case 



ORO\\'TH OF SlATIXEiUTICAI. IDE.^8 


i3G 


as simple as the one above, indeed it is obvious. Although it may seem 
strange to you, we may not always know all of the premises on which a 
given scientific theory or law is based. This is especially true of complex 
theories such as Einstein’s Theory of Relativity. A theory may well be 
just an educated guess made from scanty evidence as compared to the 
wide range of phenomena subsumed by the theory or law. Not long ago 
an accepted theory in physics implied the existence of a particle called 
an antiproton. No one had ever seen such a particle but on the strength 
of the prediction from accepted theory, researchers set about the task 
of discovering the antiproton by experiment. 

One might suppose that the only way to discover a particle should be by experi 
ment, but tUs is not so, although of course experiment is the judge of last re- 
sort. Sometimes theoretical physicists, from equations and calculations with 
pencil and paper, have predicted the existence of particles that have never been 
seen. These predictions, however strange some of them may seem, arise from a 
necessity to preserve basic principles which form the foundation of our present 
understanding of the phj^ical universe. When necessary, phj'sicists have been 
willing to entertain the existence of something never seen rather than imperil 
these firmly established foundations.'* 


The antiprotOQ was not known or considered when the theory which 
implied it was devised. The verification of its existence, however, was 
essential to the verification of the theory. 

Note that these authors consider experimentation, hence observational 
or empirical data, as judge of Iasi resort in the physical sciences. (This 
is not true of necessary inference.) The experimental verification of the 
existence of the antiproton falls into place as one of the empirical premises 
for the general theory. Its discovery no doubt provides some measure 
of reassxirance to physicists supporting the original theory. It should 
be noted, however, that although verification of deductive generaliza- 
tions from a complex theory or law justifies the law’s introduction, it 
provides no guarantee that it will hold in the future. It should be clear 
tlmt if a deduced hypothesis is found to be fake, then the logical bases 
of the theory or law must be re-examined. 

Historically many of the rules of mathematics w'ere made on the bask 
0 empincal evidence. For example, the ancient Egyptians, as they sur- 
vey^ the Nile Valley for the purpose of taxation after the annual flood 
^ used the rule that the area of any triangle k equal to 
one half the product of its base and one of its sides. They did not specify 
angle WM to be included between these sides.'* This same rule is 
often proposed^ junior high school young.sters in their study of infor- 
mal geometry. This method for finding the area of a triangle works fine 



PROOF 


137 


if the angle between the base and the ade used is a right angle. It yields 
approximately correct results /or the area of any triangle whose altitude 
and the side used, other than the base, are approximately equal. How- 
ever, the critical examination of the area of an isosceles obtuse triangle 
whose base is the side opposite the obtuse angle will readily reveal the 
need for revising the rule of the Egyptians. 

There are times when observations lead us to believe that a certain 
relation is true. However, we may be imcertain as to how tbb new rela- 
tion fits into the general scheme of knowledge already accepted. The 
empirical rule of the Egyptians mentioned above is such a relation. The 
junior high school student is more convinced of the correctness of his 
guess that the area of a triangle is equal to one half the base times the 
altitude when he sees that two congruent triangles may be fitted together 
to form what appears to be a paraUclogram with a base and altitude 
equal, respectively, to the base and altitude of the triangle. The area of 
one of the triangles then is seen to equal one half the area of the parallelo- 
gram. Thus, his conjecture appears to follow as a logical consequence 
of something he has already accepted. 

Anytime that inductive generalizations may be interconnected in 
such a way that some of the conclusions may be deductively derived 
from the others, the whole structure becomes more con\'incing. There 
is little doubt that the psycholo^cal importance of such an interre- 
latedness of our beliefs is considerable; nevertheless, we need constantly 
to be reminded that this does not constitute proof in the sense of neces- 
sary inference. 

It should be exident from the foregoing discussion that there is no 
such thing os absolute verification of an inducth'e generalization. Veri- 
fication is only relative. Inductive generalizations are tentative judg- 
ments based on experiential ondcncc and are to be held until further 
notice. That is to say, if new and unfavorable cridence is accepted then 
the conjecture will be abandoned or modified to include the new eri* 
dence. 

COMMON ERRORS IN THE USE OF TRORADLE I.NFERENCE 

Before leaving the topic of probable inference or induction something 
should be said about the faulty use of the method. The entire range of 
human errors defies complete categorization, for the minds of men can 
err in what appears to be an infinite number of u-aj's. Wc lia\-e referred 
to many of these errors incidentally already. The following statements 
represent a summaiy of some of the more common induclh'c f.a!Licirs. 
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Individual Prejudices and Preconceived Notions 

All of us are inllueiiced by personal factors in our attempts to collect 
data for the solution of a problem. This is especially true as it pertains 
to the collection and analysis of information on social issues and even 
on educational theory. We tend to accept evidence that supports our 
prejudices and forget the evidence against them. Although we often do 
not realize it, we see only what we want to see. Mathematics has a defi- 
nite role to play in the impersonal collection and analysis of statistical 
data. 

Strangely enough, individual prejudices and preconceived notions 
sometimes interfere in the learning of mathematics. Perhaps you have 
had pupils who were extremely reluctant to generalize rules or to accept 
rules for operations with negative numbers, the definitions of zero, frac- 
tional or negative exponents, or the trigonometric functions of general 
numbers. “Well it just doesn’t seem right, and I don’t think it should 
be that way. How can you take a number (the base) as a factor a nega- 
tive number of times?” one boy remarked as he struggled with the 
meaning of 5“*. The answer to his question is that you cannot take 6 
ns a factor negative four times. For negative numbers the phrase M- 
■ponenl of the power must be redefined. Do we teach some concepts in 
such a way that they must be unlearned when a pupil extends the idea? 
If so, can this be avoided? 

Hasty Generalization — Jumping to Conclusions 

What amount of positive evidence is necessary to reach a imiversal 
conclusion? This is a difficult question to answer. Eighty consecutive 
integers from —39 to -{-40 inclu.sive indicate that when n in the expres- 
sion is an integer, n* — n + 41 will always be a prime number. This is 
considerable evidence. Yet when 41 is substituted for n, the resulting 
number is not prime! 

The mathematician would say that no amount of obser\'ed evidence 
will establish a universal proposition (with probability 1), There is 
strong evidence that Goldbacli was correct when he presented his con- 
jecture that any even number greater than four can be expressed as the 
sum of two odd prime numbers. This conjecture will not be included 
among the accepted theorem-s of number theory, however, until it is 
proved deductively. 

Nevertheless, we must not lose sight of the fact that in practical 
nmttcrs of everj-day liNing, decisions must often be made on the basis 
of inconclu5i%'c evadence, at least on e%'idence that would not provide 
positive as-surance (probability 1 ). These data may be a random sample 
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of the total e\’idence relerant to a problem as in the case of the statisti- 
cal study of the polio vaccine. On the other hand it may be the marshall- 
ing in a court of law of all the evidence available, although known to be 
incomplete, in an attempt to con^ct a suspect of some crime. Someone 
has said that seldom do we have proof in the deductive sense in a case 
of lawj most people are convicted on the basis of a high probability that 
they are guilty. 

In the past we have talked so much about the dangers of hast}' gen- 
eralization that we may have overlooked the fact that one of the signs 
of genius is the ability to generalize correctly on one or a few cases. Per- 
haps we should be teaching children to generalize as soon as possible 
but to check the predictive lalue of their generalizations thoroughly 
before they accept them as anything more than tentative. ^Mien possible 
they should prove their conjectures and remove all doubt. 

Begging the Question 

The story is told of a check fo^r who walked up to a new and naive 
cashier to cash a personal check. When asked for identification, the 
forger pulled out his wallet and showed the cashier a picture of himself. 
“Yes sir, that’s you all right,” said the teller. “Here is your thirty-five 
dollars. Next.” This is a clever and subtle way of arguing in a circle. 

Those of you who teach demonstrative gcometiy will recognize circu- 
lar reasoning as one of the pitfalls in proving originals. Perhaps for one 
or two arguments or statements the pupil will inadvertently assume 
what he is really trj'ing to prove. The rest of his arguments may be all 
right; however, the proof is fallacious because the pupil lias reasoned 
in a circle in a part of lus proof. 

False Analogy 

In the section on the Method of Analogij we pointed out how pupib 
in gcometrj' m.ay reason falLacioudy that there b an infinite number 
of regular polyhedra because there is an infinite numlxjr of regular poly- 
gons. It b nl«o a fal«c analogy to a-ssumc tliat, fxxaiiee .\far}' antf nilf 
both have plca.«ing pei>onalitics and abo%-c arerage intelligence, Bill will 
be a con'cicntioui mathematics student Ijccau'c Mary is such a student. 

PnOBABLE INFERENCE IN MATIIE.MATICS AND TUi: 

TEACHING OF MATIIEM.VTICS 

The point has been made prertoudy tliat induction is not proof in 
the mature rna(hem.atic.i! sense of the term proof. N'everlhele^®, probable 
inference docs play a role in mathematics and in the teaching of mathe- 
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matics. Its role in mathematics is in the creation of new ideas such as 
(1) the statements of reasonable and fruitful postulates, (2) the dis- 
covery of conjectures recjuiring proof, (3) the discovery of proofs, and 
(4) the use of analogous reasoning in the study and development of new 
mathematics. 

The role of probable inference in teaching is (1) to help students under- 
stand and appreciate the process of creation in mathematics (i.e., » 
student should have experience not only in proving conjectures of 
others but also in proving his own conjectures), and (2) to help teach 
for meaning and understanding. Inductive, informal, intuitive reasoning 
characterizes an early stage of the process of growth and maturation 
which culminates in a mature understanding of both probable inference 
and necessary inference, their interdependence, and their likenesses and 
differences. 


NECESSARY INFERENCE 

We now turn our attention to necessary inference— described by some 
authors as the mathematical method or the mathematical mode of thought- 
Two questions usually arise when a person passes from one or more 
sentences, called reasons or evidence, to another sentence, called a con- 
clusion. One of these is whether or not the sentences are true. The na- 
ture of the reasoning involved in answering this question for certain 
kinds of sentences has been discussed in the first part of tb»g chapter. A 
second question is whether or not the conclusion follows necessarily 
from the sentences advanced as reasons (evidence) for it. 

There are occasions when a person presents some reasons for a sentence 
being true but does not claim that the reasons are conclusive. He will 
admit that the conclusion does not necessarily follow from these reasons. 
The first part of this chapter has discussed this kind of reasoning. There 
are other occasions when be feels that the reasons he offers are conclusive 
and that the conclusion necessarily follows from them. We shall now 
turn our attention to this kind of reasoning and to the knowledge wiucb 
can be taught to help pupils decide whether or not in an argument which 
purports to be conclusive the conclusion necessarily follows from the 
reasons offered. 


THE CONCEPT OF LNFERENCE 
A pupil says, “We will need two more bottles of milk because two 
pupds don t have any.” In this lat of reasoning the pupil is seeking to 
cstabli^ the tmth of the sentence, ‘We will need two more bottles of 
milk , by offering a reason, ‘two pupils don’t have any’. By accepting 
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the reason, one tends to accept the conclusion Tvhich is associated with 
the reason by the logical connector ‘because’. 

This instance of reasoning is an inference. An inference, sometimes 
called an argument, is a set of sentences some of which are regarded as 
providing evidence for the truth of another. We ordinarily speak of the 
latter as the conclusion and the sentences offered in support of the con- 
clusion as reasons or evidence. A technical term used to denote a reason 
or evidence is premise. 

Analyzing an inference — particularly an involved inference — requires 
that one be able to distinguish between reasons and conclusions. In 
doing this we are aided by certain logical connectors which often are 
used to introduce reasons. Among these are the folloTving: 
because since 

for for the reason that 

given assuming 

in as much as in \dew of the fact that 

may be deduced from forcjcamplc 

may be inferred from as shown by 

on the hypothesis that as indicated by. 

Similarly, each of the following often serx-es to introduce a conclusion: 
therefore indicates that 

hence proves that 

gQ impL'es that 

then I conclude that 

consequently you can see that 

we can deduce that ollows us to infer that 

leads me to believe that suggests that 

it is obrtous that it follows that. 

Consider the folIoi>’ing involved inference and notice the use of lin- 
guistic cues which identify reasons and conclusions: 

Suppose vre want to add H and H and write a Bimple name for the sum. 
We know the sum is not - g bccatae « ia stnallcc than K- The sum of 

H and H must be larger than H- ndd numerators and denomi- 

nators just as they are. ^^Tiat we do is find a common denominator. In tliis case 
4 13 a common denominator n'nee it is euctfy divisible both by 4 and by 2. W'e 
ne\t divide the common denominator, 4, by 2 obtaining 2. We then multiply the 
number named by the numerator and the one named by the denominator of the 
fraction ‘W by 2. The result is which, we know, is another name /or 
Therefore « Jf We can therefore substitute for ‘Ji’ in the name ‘H + 

and get + H'- A simpler name than + H' 'H' «> our answer U 

^^^ule this inference illustrates the u.«e of Fign.ils for rc-osons and con- 
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elusions, it also shows that not every reason or conclusion is so identi- 
fied. For example, the third sentence in the first paragraph is a reason, 
yet it is not introduced by any identifying expression. When identifying 
expresdons are not used, one must decide from the context which sen- 
tences are reasons and which are conclusions. 

The inference quoted above also serves to illustrate a point which iS 
well known. Apart from logical connectors, e.g., ‘becau^’, ‘hence , 
‘since’, and ‘therefore’, u«ed to signal a reason or a conclusion, there is 
no property in the form of a sentence which serves to identify it as a 
reason or a conclusion. In fact, the same sentence can function both as 
a reason and as a conclu.«don. An example of this double function is the 
sentence, “K = This sentence selves as a conclusion supported 
by the reason “ . . . ... is another name for Once it has been 

established, it then serves as a reason supporting the conclusion, “We 
can . . . substitute (or in + H’*” The terms 'conclusion* and 
'reason’ are comparable to the terms ‘teacher’ and 'pupil' in that a given 
person may in one situation (context) be a teacher and in another situa- 
tion be a pupil. 


TEACHING ABOUT INFERENCES 
Piaget and his collaborators*^' '• have studied the language of children 
in an attempt to identify and analyze their reasoning. This research is 
helpful to a primary teacher in deciding what she can do in laying a basis 
for the concept of proof. 

Piaget identifies an argument with verbal persuasion. The use of 
argument by cluldren begins when they abandon pbi-sical force, threats, 
tearing, or name-calling to attain their ends. At first, argumentation is 
only a sequence of sentences, c.g., ‘T want a drink. Give me a drinh.’’ 
These may be related in the child’s mind by something other than tem- 
poral order, but Piaget is not sure. The test he employed to identify the 
presence of logical relation was the use by the child of certain subordi- 
nate conjunctions. The first to appear was 'parce jue’, our ‘because’ and 
subsequently ‘puisque’, our ‘rince*. These were used to introduce a 
reason. He also found that these words were often used incorrectly* For 
example, a child might say, "The faucet is turned off because the water 
won’t nm” or “I had a bath becau.% I am clean.’’ He believed this 
inversion of caase and effect and hence rea'^n and conclusion was caused 
by the juxtaposition of the two ideas in the chUd’s mind with the ‘be- 
cause’ functioning like ‘and’. 

Piaget found what is so apparent to parents and primary teachers — 
chUdren’s persistent asking tchy. What he realized, that some parents 
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and teachers do not Tea]i 2 e, was that some *whys’ reflect only disap- 
pointment or frustration. The child really does not e.xpcct a reason; 
perhaps only consolation. If he is proffered a reason, he rejects it even 
if it is a good reason, perhaps by repeating, “But why?” or “But you 
haven’t told me why.” In the contact of the present chapter, we are 
interested in the *whys’ that request explanation — the ginng of reasons. 

The child gradually learns even before he enters school that, accord- 
ing to the way we five, people justify tficir actions and beliefs and ex- 
pect others to justify theirs. Sometimes this justification (reason giving) 
is supplied along with the statement or request being justified, e.g., 
“hlay I leave early because mother wants to take me doumtoivn?” 
Sometimes it is supplied in responses to the question “IVhy?” or “How 
do you know?” Since such linguistic behavior occurs so frequently and 
naturally and is basically reasoning, here is where the primary teacher 
can tie in. She can tie in not only in teaching arithmetic but in all teach- 
ing, informal as well as formal. Through repeated uses of this kind of 
language, pupils can gradually be led to sharpen their concepts of a 
reason and a conclusion and the correct use of 'because', 'since', and 'if' 
to indicate reasons and ‘then’ and ‘so’ to indicate conclusions. Learning 
will be by imitation rather than by formulating and applying a verbal 
principle^ The word ‘conclusion’ and its derivatives need not be taught. 
Teachers know expressions, c.g., ‘What you tliink', that are better un- 
derstood and serve well enough to name this idea. 1/ ‘reason’ in “Give 
me a reason” is not understood by fust graders, ‘Tell me (us) why’ or 
simply ‘why’ will serve the same function. The teacher can correct 
errors, e.g., “You should say, ‘I am clean because I liad a bath’ not ‘I 
had a bath because I am clean’, ” but probably without announcing a 
principle. 

It is assumed that pupils will come to school with an understanding 
of the use of such words as 'all', ‘some’, 'not', ‘each’, ‘cs'erj’’, 'true’, and 
‘not true’. If their use of these words docs not indicate an understanding, 
the teacher will have to teach the correct use. This teaching mil probably 
proceed like tliat described above. But developing informally the con- 
cepts of reason and conclusion and the correct use of certain subordinat- 
ing conjunctions represent the chief contribution of the primarj’ teacher 
to the concept of proof. Bcinforccmcnt of the meaning of such words 
as those mentioned above can continue in the intermediate grades. Thw 
reinforcement will come as the terms arc U'wl in varied contexts. Addi- 
tional words such as ‘re.ason’, 'conclusion*, and ‘therefore’ can f>o added 
to the pupils’ vocabularies as they incrcaiie in intellectual maturity. 

Particularly helpful in teaching the pupil to reason Is asking “Wliy?" 
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or “How do you know?" Piaget'* believes that children arrive at answers 
to arithmetic problems which are correct or incorrect yet often do not 
know why they did what they did in obtaining the answer. An example 
he gives is the following: “\Vl»en we ask: ‘WTiy do you say 5?’ of some- 
one who has given the ans\Yer to the question: ‘It takes 20 minutes to 
walk from here to x. Bicycling is 4 times as fast. How much is that?’ 
the answer may be: 'Becauss I divided 20 by 4’. . . ” This is descrip- 

tion by the child; not explanation. The error is explainable, according 
to Piaget, in that, “The lo^cal justification of a judgment takes place 
on a different plane from the invention of the judgment.” ** This seems 
to indicate that a teacher has to teach the cliild w’hat a satLsfactoiy 
reason is for this context. This can be done perhaps by asking, “But 
why did you divide 20 by 4?" or by saying, “You told me vhai you did. 
But iriiy did you do that? Why didn’t you mvlliply 20 by 4?” Gradually, 
the child’s attention will be directed away from his action-- what he did 
in obtaming the answer— and to the language of justification or explana- 
tion. He will leam unverbalized criteria of a pood reason. Sbai^nioS 
and verbalizing these criteriamay be left for succeeding years. 

As children become older and more mature, they will come to realize 
that reasons can be arranged in a chain in presenting a more involved 
argument. This realization may come as they persist in asidng "Why?** 
An illustration of this might be the following exchange with the child 
speaking first. 

“What are you doing?" 

“I’m dusting the roses.” 

“Why?” 

Because I want to kill the aphids on them." 

"Why do you want to do that?” 

“Because the aphids spoil the flowers and we won’t have any nice 
flowers to see and smell.” 

As the child experiences many instances of reasoning like this one, 
he protably comes to see that one can &ve reasons for reasons. And this 
essentially 13 the principle that a sentence may serv’e both as a reason 
ana a conclusion. 


the concept of tvecessary inference 

inferences. Suppose a pupil reasons as follows: 
.Most multipli^tion problems in our textbook result in a product which 
is ki^er than either of the two numbers which are multiplied. Since this 
p em in our book that I am doing Lj a multiplication problem, my 
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answer (product) should be larger than either of the two numbers I 
multiplied.” Does his conclusion follow necessarily from the reasons he 
advances? Ob\’iously not, for he might have been doing one of the few 
problems in the book in which one of the two numbers multiplied was 
a fraction. It is possible for his conclusion to be fake even though both 
of his reasons (premises) are true. 

Suppose the pupil reasons, “If a number U exactly di\TSible only by 
itself and one, it is a prime number. 43 is exactly disyMe only by itself 
and one. Therefore, 43 is a prime number.” Does his conclusion follow 
necessarily from the reasons he gives? The ansti'er is ‘yes’, a^ummg the 
rules of reasoning we ordinarily use. And if the pupi a sm , is a 
prime number because it is exactly divisible only by itself and one, 
many people would say his conclusion, namely 43, is a prune number, 
necessarily Mows from the reason ho ga\-e. At least, they would say 
that this is sound reasoning. 

It was easy to decide in these instances whether or not tberoncl^tOM 
necessarily followed. But what of this bit of reasomug; 0 = . 
ment of equality because it contains an equals si^ to the left and nght 
of which are names of numbers. Does the conetemn, » “ ' 
ment of equality, necessarily Mow from the reason ^pphed? This m- 
ference h:^ the Lme form as the abbrermted one m 

enmn nf samc pcoplc who said the conclusion of the 
^riou^Werenee follows necessarily would say that the conclusion ol 

. . j _f HAfinint? this term, let US define the term, 
1— "we ea/stlpulatc 

^ 't conclusion follows ™^from to remrons 

otfered. It can also be defined as an ’^„TSi in 

laws of dcducUvc logic. A definition winch r, , 

tcachmg is that “ to"conclusion tabe. This is the 
possible for the y , ^ ,l,c other two statements about 

one we shall uro. Later we -ha ^ 

a necessarj’ inference and point o J nccc.ssar>* and tho-«c 

students dUcriminate between mferenew ^hich "re rj 

which arc not. iviJirf in/mriw. An inference which 

Asj-nonj’mfornccessarytn/o^ neccs^rily follow-is 

is not neccssar3'— whose conclusion 
called an inrali’d inference. 
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VALIDITY AND TRUTH 

It needs to be kept in mind that \'alidity Is a property of an inference, 
but is not a property of a statement. Trutli ts a property of a statement, 
but is not a property of an inference. That is, we can correctly speak of 
an inference being valid or invalid and of a statement being true or false 
(but not both true and falee). liut wc cannot correctly speak of an in- 
ference being true or false or a statement beitig valid or invalid. At 
this point someone may take an exception to what lia.s just been said. 
He may point out that in responding to the inference, “Either an integer 
is an odd number or it is an ewn numl>er. Since the integer 10 U not an 
odd number, I know tliat it Is an even number,” he is inclined to say, 
true. But the ‘true’ can be interpreted to be cither a judgment concern- 
ing the truth of the conclusion, ‘It (10) is an even number’, or synony- 
mous with, 'I agree that you have made a xmlid inference’. With such 
an interpretation — which seenv? reasonable if one ponders the matter 
a bit — the original statements about the relations among truth, 
statements, inferences, and \mlidity still bold true. 

There is one qualiiication which has to be made, however. The word 
‘inference’ is used ambiguously. It is sometimes used to designate the 
set of reasons and conclusion. And it is sometimes used to designate 
only the conclusion. In the latter sense, one can speak of a Inn inference 
and thereby refer to the eonclusion. Similarly, one can speak of a valid 
conauMon as a convenient way of referring to the validity of the infer- 
ence of which the conclusion is a part. 

To ascertain the relations between the validity of an inference and 
the truth of the sentences composing the inference, consider the following 
imerences. A.S you read the statements in each inference, make a deci- 
sion about their truth. Then decide whether or not the inference is 
valid. 


1. If the a whole number ends in 'O’, the number U eMClIy 

<h™hIo by W- ends in 'O', therefore, lOOO is divisible by 10. 
divi'rfw h cniis in 'O', the number is exaclly 

Hmre' ^ divisible by 3, it is esnctly divisible by 5. 

It H “ es^etWi “ ^ >’5' 

number is divisible by 5. Hence, if a 

4 Iftwoane/ ti«""miber is exactly divisible by 5. 

areconmient S 1 ° congruent, two sides of the triangle 

t^S o al ? ““ **”516 are congruent. Therefore, 

two angles of an isosceles triangle are congruent 
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5. If a geometric figure is a square, it is a circle. If a geometric figure 
is a triangle, it is a circle. TbemfOTe, if a geometric figure is a square, it 
is a triangle. 

6. The diagonal of square A divides the square into two congruent 
triangles. This is also true of the 100 other squares of ^■arious sizes I 
tested. Therefore, the diagonal of eveo' square dirides the square into 
two congruent triangles. 

Let us now analyze these six inferences according to the truth of each 
reason and conclusion and according to the ^■aIidity of the inference 
(Table 2). 


TABLE 2 


lofercnce 

rlnt tleuoa 

Sccm4 RcMon 

Inference 

Cmlssloa 

1 

True 

True 

Valid 

True 

2 

False 

False 

Valid 

True 

3 


False 

Valid 

False 

4 


True 

Invalid 

True 

6 

False 

False 

Invalid 

False 

6 

True 

True 

Invalid 

True 


As can be seen from the table, an inference and its conclusion can be 
respectively: valid and true (I and 2), \-alid and false (3), invalid and 
true (4 and 6), and invalid and fal«c (5). 

Inference 6 is the familiar probable inference. The inference could 
be rated as good reasoning or sound reasoning since lhc’=c grading labels 
are more general and arc used to rate probable and neces-'arj' inferences 
alike. But since it is logically possible for the reasons to be true and 
the conclusion false, the inference is in\'alid. 

These examples show that a knonJedge only of the truth of a conclu- 
sion is not helpful in determining the ralidityof the inference. A knowl- 
edge of the validity of an inference is by iL‘=elf not helpful in determining 
the truth of the conclusion. Kor is a knowledge of the truth of reasons 
olTorcd for a conclusion ncccssarib' an indication that the conclu-rion i.s 
true. It is only when wc know that the rcasofw are true and the inference 
is valid that we can know with certainty that the conclusion i? true. 

JVDGiyC LYTUITJVELY TIJE VAFJDITT 
OF AX IXFEUF-NCE 

To bo sure, pupils— and adults too— make judgments about the 
^■alidity of inferences rvon though they knon no patterns of valid 
inference. Tliesc judgments are made by intuition. Tills intuition tends 
to be ba^ on the definition of a s-alid inference. If it is pos.rihIe for 
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the conclusion to be false when the reasons are true, the inference is 
inATilid- One kind of intuitive testing of the validity of an inference, 
then, consists of trying to find an instance in which the reasons are 
true and yet the conclusion is false. Suppose a pupil has alwaj's been 
successful in checking his addition problems by casting out nines. He 
might be inclined to say that if the problem checks by casting out 
nines, the sum is correct. Another pupil mi^t point out the following 
problem which ckecl:i but whose sum is incorrect. 

179 8 

24 6 

803 2 

65 2 

1062 0 

The reason, i.e., the problem checks, is true but the conclusion, i-C-, 
the sum is correct, is false. Hence, the inference is invalid. 

This kind of testing is sometimes spoken of as finding a aninter- 
czampU. The specific problem abox'e is an example which counters or 
contradicts the conclusion stated. If one can find a coxmtcrexainple» 
the inference is inx*alld. But if one cannot find n counterexamplCi tt® 
inference is not necessarily x-alid. It may be invalid, but the person 
does not know enough about the subject to find a counterexample* 
intuitive testing, the tendency is to accept the inference as valid if no 
counterexample can be found. But the possibility of a counterexample 
proxndes the desire to be certain that this is not possible. This can 
be regarded as the moth-ation for a study of proof. 

Related to the method of using a counterexample is the well-known 
principle of lope that to dlTirove a proposition of the form all A w B, 
one can prove its contradictory', some A « not B. To pro\-e this, one 
needs to find at lea«t one A wluch is not B. A child in responding to 
tlic statement, “All the dogs on our street are nice," may say', “No, 
Bruno is not nice. He barks at me and jumjis on me." At a more ad- 
\-anc«l level, an author** of a trigonometry textbook writes: 


We *hall cow ^idw funetroos of an angle which is the turn of two acgle- 
^ “7 if the functions of 30* and 45* are known, the 
fu-rtwns o. .5 can be obtained. For instance, b sin SO* -f sin 45“ - em 7S“? 

Obi-fao..!ytIijU(J*lrau«i+ +.7 - I-wHch^ouHinaVem 

Ukr-w, i.n a M npnl to 2 ,io ^ l«au«: .in €<)•.< 2 .to SO". 

In Ui. ranin vein, tn di-Tnove n rtatvinent of the form, no A » B, 
one tnn prove the contradictoiy: Kime (at Icart one) A ij /!. To a pupl 
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who claims that no similar triangles are congruent, the teacher can 
exhibit two triangles XVZ and ABC^ which have two angles and the 
included side of one congruent to two angles and the included side of 
the other. 

Teachers can make use of the principle of counterexample when 
encouraging a pupil to test a geoeralizaf ion he has reached by induction. 
K he says or implies that diriding one number by another results in a 
quotient that is smaller than the diridend, the teacher can pose the 
problem 6 h- Pupils will learn by imitation this method of counter- 
example to prove the falsity of certain statements. By the time they 
reach the seventh or eighth grade, they probably are mature enough to 
understand the principle involved if it is stated as: to disprove a state- 
ment that claims something is true of all members of a group, we need 
only to find one exception, in other words, a counterexample. 

Another way of demonstrating intmtively the invalidity of an infer- 
ence is by means of analogy. Suppose a pupD reasons, “If a 
polygon is equilateral and equiangular, it Is a regular pol>*gon. Polygon 
ABODE is a regular polygon. Thus, polygon ABODE is equilateral and 
equiangular.” The pupil knoo-s that all these statements arc true so ho 
claims that this is a \'alid inference. The teacher might reply, “According 
to your reasoning, the following inference is also %*alid: If a person 
is singing, he is alive. Torn is alixne. Thus, Tom is singing. This conclu- 
sion, as you can see, does not necessarily follow. Yet this inference has 
the same form as the one you made. How can one be iTilid and the other 
inv-alid?" 

This refutation by logical analogy is cffeclu-c if the analogj’ is appar- 
ent to the person making the in\-alid inference and if the refuting 
inference is in terms of sentences easily decidable as true or false. Of 
course, if nn inference is not refuted by logical analogj’, this does not 
mean that the inference is ^'alid. But as in using counterexamples, an 
inference intuitively is considered valid if a refutation by logical analogj* 
cannot readily be found. 

It is interesting to note that refutation by logical analogj* can be 
subsumed under the technique of using a counterexample. According 
to this point of riew, what is being tested is not the particular inference 
but the inference model or formula. If a particubr inference fitting this 
model can be found whose itw^ons arc true but whose conclusion is 
false, the inference model is an im-alid model. Finding such a particular 
inference con«litutc.s finding a counterexample. In the case of the 
inference above, the inference model may be regarded ast ‘If p then ?. 

7 therefore p.’ wore able to find an example of this model, tkat is. 
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a particular inference, which was invalid. This served as a counter- 
example of the model. Hence, we know that by using this model and 
true reasons we cannot be sure that the conclusion is true. But more 
about inference models later. 


MORE RIGOROUS TESTING OF THE VALIDITY 
OF INFERENCES 
Consider the following reasoning: 

In arguing that a statement is true, the statement becomes the final conclu- 
sion in the argument. Now if this conclusion goes beyond any of the reasons 
used in the argument, it is invalid. But if it does not go beyond the reasons, it 
does not reveal any new knowledge, that is, knowledge not implicit in the rea- 
sons. The fact is that the conclusion either to go beyond the reasons or not. 
Therefore, statements are either invalid or they do not reveal any new knowledge. 

Does the conclusion of this involved inference necessarily follow from 
the reasons offered? Some people will say that it does and that the 
inference is valid. Others will say that it does not and that the inference 
is invalid. How shall we decide which group is correct? Intuitive judg* 
ment is of no help, for each group is convinced they are right. It is 
obvious we must have some rules to go by. One of the values of teaching 
students what it means to prove a statement is to enable them to move 
from a concept of a proof as that which cmvincet me to the concept of a 
proof as that which satires laws of logic. To put it another v'ay, the aim 
is to teach the student when he can say ‘therefore’ and when he cannot. 
Without objective and generally accepted criteria, there is no way to 
settle a difference of opinion as to whether or not a statement has been 
proved. Instruction in the elementary and junior high grades paves the 
way for clinching the more sophisticated concept of a proof at the senior 
high and junior college levels. 

At the senior high level, probably in plane geometry, the commonly 
accepted names, ‘valid inference’ and ‘necessary inference’, may be 
introduced at the same time the precise definition of such an inference 
IS given’ namely, an inference is valid if and only if it is not possible for 
the concteion to be false when the reasons are true. This more precise 
concept of a valid inference seems to be useful before proceeding to teach 
a technique for judging the validity of inferences. We shall now turn 
to two general techniques for accompUshing this. 


EULER QRCLES 

malhemalician, Leonhard 
> used to test inferences composed of, or reducible to, 
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sentences of the fonn aU A is B, no A is B, some A is B, and some 
A is not B. It consists of using circles (actually any closed geometric 
figure will do) drawn in various rdative portions to •visualize the rela- 
tions asserted by these sentences. 

Let us diagram the statement, ‘AH he.’mgons are polygons’. Il’c shall 
use two circles, the interior ol one to represent the set of he.'ragons and 
the interior of the other, the set of polygons. By drawing, as shown in 
Figure 4, the circle, whose interior represents the set of hexagons wholly 



Fio.4 


within the one whose interior represents the set of polygons, we show 
that all hexagons are included in the set of polygons. Tlje circles also 
depict the same proposition stated as ‘A hexagon is a polygon’ or in 
if'then language as ‘for every geometric figure, if the figure is a hc.xagon, 
it is a polygon’. 

AH we know from the statement, 'all hexagons ore polygons’, is that 
the set of hexagons is included in the set of polygons. Wc do Jiot know 
whether the part of the interior of the circle representing polygons 
but not hexagons has a member or not. Hence we cannot vTiIidly infer 
from ihi$ reprcsenlalion that some polygons arc not hexagons, or not 
all polygons arc hexagons. These statements, wo know, arc true. But 
they arc so for reasons other than ‘all hexagons arc polygons’. 

If wc know' that ABCDEF is a hexagon, we can represent this state- 
ment as in Figure 5, and if we combine this statement with the previous 
one, we have (Fig- 6)* 




All bexagom are polygoos 
ABCDEF is a hexagon 
Fio. 6 


Can -we validly conclude that ABCDEF U a polygon? The diagram 
ghows that we can. It is not possible for the conclusion to be false and 
the two reasons true. 

Is the following inference valid? 

All numerals are symbols. 

*7’ is a symbol. 

7' is a numeral. 

The conclusion certainly is true, but is the inference valid? To seet 
we diagram it (Fig. 7). 



All numerala are eymbols *7’ is a symbol 

Fio. 7 


^Vhen we put these two diagrams together, we can do it in at Iea.^t 
two waj's (Fig. 8). Both dbgranw represent correctly the two reasons. 



Fto.8 
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Since there are two correct representations, there are two possible con- 
clusions. The one given in the inference, therefore, is not unavoidable. 
We can escape the conclusion via the right-hand diagram which shows 
that whereas ‘7’ is a sjTnbol it is not necessarily a numeral. 

Let us now consider the statement, ‘No triangle has two right angles’. 
To see clearly how this relation can be represented by Euler Circles, 
we change the statement to ‘No triangle is a figure liamg two right 
angles’. This appears to be equivalent to the given statement. This 
latter statement implies that the set of triangles is excluded from the 
set of figures having two right angles. We can visualize this relation 
by the diagram in Figure 9. 



Fio.9 


From this diagram we can immediately draw an inference concerning 
the truth of these statements: (1) ‘No figure having two right angles 
is a triangle, and (2) ‘All triangles have two right angles’. TTie first is 
true; the second is false. 

Is the foUowng inference valid? 

No oven number is exactly divisible by 3. 

14 is an even number. 

14 is not exactly divisible by 3. 

To decide, let us represent c.ach reason by Euler Circles, and then 
combine the circles. The two closed curves on the left in Figure 10 rep- 
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resent ‘No even number is c.xactly divisible by 3’, and the right-lKand 
di.ngram represents ‘14 is an even number’. 

Combining the closed curves to represent both re.isons, a\c have the 
diagram ns sliown in Figure 1 1. This diigrara showing th.nt the conclu- 
sion ‘14 Is not divi'ililc by 3' follo^vs ncccss.arily. TJie inference w valid 
even though the first reason is fal-e. 
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Is the following inference valid? 

No triangle is a hexagon. 

No hexagon is an octagon. 

No triangle is an octagon. 

The inference sounds plausible perhaps because all the statements 
are true and they appear to be related by transitivity. But let us see 
(Tig. 12). 



Ko triangle is a hesagoa No hexagon b an octagon 

Fio. Y2 


When we combine the Euler curves so as to presen’e these relations, 
we find we have three possibilities among others (Fig. 13). 



Fro. 13 


There are, therefore, at leart three possible conclusions: (1) no triangle 
is an octagon, (2) all fKitagons ore triangle*, and (3) all triangles arc 
octagons. Hence, the one proposed in the inference does not follow neces- 
fanly. 
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1 articular statements like 'Some a^cbmic equations have integral 
roots’ and ‘Some arithmetic problems arc not hard’ can be represented 
by Euler curves. In making the representation, we must remember 
that ‘some’ is always used in the sense of 'at least one'. 'Some equations' 
implies ‘there is at least one equation' (Fig. 14). 



Some equations have integral roots Some arithmetic problems are not Lard 
Fio. 14 


The indicates that there is at least one member in the class identi* 
fied, i.e., at least one algebraic equation hanng integral roots and at 
least one arithmetic problem which Is not hard. 

Suppose someone argues, "Since some equations have integral roots, 
some do not have integral roots.” Is this valid reasoning? It is not. The 
fact that the set consisting of things that arc both equations and have 
integral roots is not empty, that is, has at least one member, gi»’cs us 
no information about whether the set consisting of things that are 
equations and do not have integral roots Is empty or not. As a matter 
of fact, we know that there are equations which do not have integral 
roots but not for the reason given in this particular inference. 

^Vliich of the folIo^nng statements follow necessarily from 'Some 
arithmetic problems are not hard’? 

1. Some hard problems arc not arithmetic problem'*. 

2. Some hard problems are arithmetic problems. 

3. Some arithmetic problems arc hard. 

The answer is tliat none does, for the reason, by itself, provides no 
information about whether the other sets represented in the overlapping 
Euler Circle.? are empty or not. These inferences illustrate again the 
point made earlier that a conclusion can be true but not because of the 
reasonfs) gi\-en. 

It can be seen, then, that Euler CSrclcs alTord a practicable way of 
testing the ralidity of certain uninvoJved inferences. TJ)o technique is 
easy to teach, a.s wa-s found in The Project for the Improvement of 
Thinking, which was carried on for two years in E\-atiston, New Trier, 
and Niles Township high schools in Illinois. In the selected geometr}’ 
classes students were taught the technique of Euler Circles by using a 
set of exercises individimlly titled, Classr» and Clast Memlrrship, 
Class Indusion and Exclusion and Haya of illustrating These Eelaiion^ 
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ships, How To Use Euler Circles To Test the Validily of Reasoning, Repre- 
senting Other Statements (some pisg, some p is not q) by Euler Circles, 
and Drawing Valid Conclusions. The Euler Circle technique was chosen 
rather than the more elegant Venn diagram technique because it seems 
to be easier for students to \dsualjze class inclusion and exclusion rela- 
tionships. 


FORMULAS OP VALID INFERENCE 
We will now consider a topic which will enable us to understand tlie 
logic of the various Etratc^cs available to a student when he Is trjdng 
to prove a propo'iition. Some of the strategics will be described in a 
subsequent section. 

Let us suppose you are in a clothing store and hear this argument: 

If clothing material holds a press, this indicates that it Ls a sjTithetic fabric. 
And if the material wears well, this also indicates that it is a sjTjtbetic fabric. 
But worsted is not a synthetic fabric. So It won’t hold a press and it won't wear 
well. 


Is this a valid argument? Do the reasons prove the conclusion, i.e., 
worsted won’t hold a press and it won’t wear well, true? One way of 
testing the argument is to make an analogous argument using concepts 
which we may understand better than those in the preceding argument. 
Let us use geometric concepts. We shall make the following replace- 
ments: 

'Clothing material holds a press’ by ‘two triangles are equiangular’ 

It (clotlung material) is a synthetic fabric’ by ‘they (two triangles) 
are similar' 

‘The (clothing) material wears well’ by 'the two triangles are con- 
gruent’ 

‘Worsted is not a synthetic fabric’ by ‘triangles ABC and DBF are 
not Bimilar’. 

With these substitutions, the argument becomes: 


If two triangles are equiangular, this indicates that they are similar. And if 
the two tangles are congruent, this also indicates that they are similar. But 
triangles ABC and DBF arc not similar. So triangles ABC and DBF are not 
equiangular and they are not congnient. 

Intuitively, this appears to be a valid argument. The reasons, if true, 
seem to prove the conclusion to he true. So, since this argument is anal- 
ogous to the jltst argument, «■« fed justified in believing that the 
first argume nt is vahd and the conclusion proved is a true statement.* 

‘r: • here in the .e™ oI 

.ion being wbel ,he reL o^'nre ‘he 
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Our justification is based on a principle of logic that ^Tilidity depends 
only on the form of the argument and not on its subject matter. This 
means that two arguments of the same form are either both \'aHd or 
both invalid regardless of their subject matter or content. 

Now it is obvious that there are many ailments of many particular 
forms. If, then, we can identify those ailment forms wliich are valid, 
any time we can fit a particular argument to a valid form we can be 
certain that it is valid and that its conclusion is true if the reasons ^ven 
are true. Similarly, if we know certain in\'alid argument forms, we can 
be sure tliat any argument which fits one of these forms is iiiTOlid. It 
can be seen that this technique is powerful-— by far the most powerful 
technique we have considered. 

We can exhibit the form of quadratic equations like ‘2x* + 3r + 1 = 
0’ by *ai* + + c =« 0’ where ‘o’, ‘6’, and ‘c’ are parameters (variables). 

We call ‘ox’ -f- ■+• c =» 0' a formula. Just as we can exhibit the form 

of certain algebraic sentences by replacing some of the numerals involved 
by variables, so wc can exhibit the form of arguments by replacing the 
statements about a particular subject matter by variables. We shall 
TABLE 3 


Symbol Fottlblo TnosUtiou 


£tampU 


P 

? 

Not p. 

It ia not the case that p. 
p is false 

p A q p and q 

pV q p ot q* 

~(p A '^q) It ia not the case that p and not q. 


p-*q If p then?. 

p only if q- 

p is a BUfTicient condition for q. 
g is a necessary condition for p 
p «-» q If p then q and if ? then p. 
gif and only if p- 
p is equivalent to g. 
p is a aufricient and necessary 
condition for g. 


T«ro triangles are equiangular. 

The triensles are aimilar. 

It ia not the case that two triangles 
are equiangular. 

Two triangles are equiangular and 
the triangles arc similar. 

Two triangles are equiangular or 
the triangles are similar. 

It is not the cose that two triangles 
are equiangular and the triangles 
are not similar. 

If two triangles arc equiangular, 
then the triangles are similar. 


Two triangles are equiangular if 
and only if the triangles are 
■imllar. 


• The sense of 'or* is not the mutuslly exclusive sense, that is. p or g but not p 
and g, but the inclusive sense, namely, p m q and poes.bly p sod g. To remove 
ambiguity the inclusive 'or’ U sometimes wntten as ’and/or’. 
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call a sentence thus obtained a formula. The ^Tilues (substitution in- 
stances) of the variables in such a formula will be statements. The \’alues 
of the formula (as distinct from the values of the variables in the formub) 
will be arguments. 

But before we can write such formulas and u-sc them to test the validity 
of an argument, we \vill employ .^ome sjTnbols which will correspond 
to certain logical connectors in Bnglbh, e.g., ‘and’, ‘if . . . then’, ‘or’, 
and a sjTnbol to correspond to the English ‘not’. We sliall u<=c the dic- 
tionary as illustrated in Table 3 in which p and q are variable.s whose 
domain is statements. 

We now can write some formulas for valid arguments (Table 4). 


TABLE 4 


FommU 

Eiim(rle 

l(p 5) A pi 5 

If two triangles are equiangular, then they are aimilar 
and two triangles (i.e., ADC and DEF) are equi- 
angular. Therefore, they (i.e., ABC and DEF) are 
eimilar. 

l(p V g) A *^1 -• g 

Lines A and B are either parallel or lines A and B 
intersect and lines A and D are not parallel. There- 
fore, lines A and D intersect. 

(p g) (-wg _* 

If two lines are perpendicular, then they form right 
angles. Therefore, if two lines do not form right 
angles, then they ate not perpendicular. 

p 

If a number is divisible by 10, then it is not the case 
that the number is not divisible by 10 . 


It now becomes apparent that if a teacher teaches his students the 
formulas most commonly used for proving statements, they will have 
a way of testing the validity of arguments. If an argument can be made 
to fit one of these formulas, it is v’alid. Most logic textbooks, especially 
those centring a chapter on symbolic log?c, present many \'alid formu- 
la- It can be seen, after a Uttle thought, that the ^-aUd formulas are 
simply representations of laws of logic in symbols other than the words 
of ordinary language. We will see one advantage of this symbolism in 
the next section. 


TRUTH VALUES AND TRUTH TABLES 
question, how do we know that certain formulas are valid for- 
mul^ naturally arises. IVhatever answer is given must be based on 
the definition of ‘valid inference’, vuz., *a valid inference is one in which 
It 13 im^ssible for the reasons to be true and the conclusion false’. One 
answer is that for a vaUd formula we have never yet found a substitu- 
tion instance m which the reasons were false and the conclusion true. 
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But this is an unsatisfactory answer for mathematics teachers. ^Tio 
knows? Perhaps tomorrow someone may find just such an instance. A 
more satisfactory answer is that since we are concerned, according to 
the definition of ‘\'ahd argument’, only with the truth and falsity of the 
reasons and conclusion, we need consider only these two as A'alues of 
the variables in our formulas rather than an indefinite set of statements. 
Hence in testing a formula we tvill replace the ^-ariables by T' or 
which may be interpreted as ‘true’ and ‘false’ respectively. We can thus 
obtain all possible substitution instances whose reasons and conclusion 
have different truth values (i.e., true or false). 

Before proceeding further, we shall have to establish some rules for 
determining the truth and falsity of compound sentences like p A g, 
p y g, and p —* g — and even for a simple sentence like ~p— when we 
know the truth values of p and g separately. We shall do this through 
the medium of ordinary English statements. 

Let U3 take the statement, ‘Angle A is a right angle’. According to 
the way we ordinarily speak, if ‘Angle A is a right angle’ is true, then 
we say that its contradictorj', m., ‘It is not the case that /ingle A is a 
right angle’ is false. And if we know ‘Angle A is a right angle’ is false, 
then we say that its contradictory, viz., ‘It is not the case that Angle A 
i.s a right angle’ is true. In short, a statement and its contradictorj’ have 
opposite truth values. We shall therefore use this, the way wc ordinarily 
speak, to define the truth value of -^p — the symbol for a negation—when 
we know the truth values of p. Wc shall say: 

i^Tien p is is 

T F 

F T. 

An array like this which enables us to ascertain the truth \-alue of 
one statement triable when wc know the truth \-alue of another is 
called a truth talk. This table satisfies the criteria for a function (see 
Chapter 3) so it is called a truth-value function or, more simply, a truth 
frmdion. If p is considered to be the first member oi the ordcrnl p.Virs, 
the function pro\'idcs a w.^)' of calculating the truth t-alue of the second 
member, -^p. On the other hand, if '^p is taken a.s the first memlxr of 
the ordered pairs, wc can calculate the truth toIuc of the second memlfcr, 
p. The function thus obmined is the iin-erse of the first function. 

Conridcr the statement, ‘A measure of Angle A Ls DO®’ along mth the 
statement, ‘Anglo A is a right angle’. It is not possible for one to ]>c 
true and the other fal=e. Either both of these are tnic or lx)th arc fial-^. 
This is the same as s-aj-ing fh.it thej' have the same truth aulue. St.ste- 
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ments which have the same truth value arc called tquivalent slalcmenls. 
Let us symbolbso two statements having the same truth value (being 
equivalent) as ‘p *-* q\ We can use the following truth table to define 
p*-*q: 


When p is 
T 
T 
F 
F 


and q b 
T 
F 
T 
F 


p <-» 5 b 

T 

F 

F 

T. 


We make use of this truth function in some proofs when W'e make 
substitutions. In any argument we may substitute for any statement an 
equivalent one without changing the validity of the argument. Examples 
of statements which arc recognized ns cqui\'alent are the following: 


Thb statement b equivalent to 
3 + 4 « 7. 

An angle may be copied 
by using a protractor 
or ruler and compass, 
a: + 6 = 12 
Oj; « 36 

Lines m and n are paral- 
lel. 


thb statement 

4 + 3 = 7. 

An angle may be copied 
by using ruler and 
compass ora protractor. 

12 = ar + C 

X «■ 4 

Lines m and t» are not 
nonparallel. 


In addition to the statement, 'Angle Aba right angle* let us take the 
statement, 'Angle £ b an acute angle*. Each of these statements can be 
true or fake (but neither can be both true and false). We can form a 
compound statement by joining these two statements by 'and*, viz., 
‘Angle A b a right angle and Angle B b an acute angle*. We will call a 
statement like thb formed by joining two or more statements by ‘and’ 
a conjunction and each of the component statements conjuncls. 

What would we want to know about the truth of the conjunct to be 
able to say, ‘Angle A is a right angle and Angle B b an acute angle’ 
IS tme? We are willing to say thb conjunction b true if, but only if. 
^ch of Its conjuncts b true. Otherwbe. we say the conjunction b false. 
We shall now use these facts to define the truth values of p A ?-the 
symbol for a conjunction— when we know the truth values of p and q 
separately Let us do this by means of the truth table (Table 5). 

Notice that ^possible combinaUons of the truth values of p and q 
are pre^ntrf. The truth table is a calculus for arriving at the truth 
\alue of p A g given the truth values of p and g separately. 



PKOOF 


IGl 


TABLE 5 



Let us now- consider the compound statement, ^Angle A is a right 
angle or Angle B is an acute angle’. We shall call a statement like this 
a disjunction. A disjunction is a compound sentence consisting of two 
or more sentences joined by ‘ori. Each of the component sentences of 
the disjunction ;Yill be called disjuncts. 

What would we have to know about the truth of the disjuncts to be 
able to say that the dbjunction, ‘Angle .<4 is a right angle or Angle B 
is an acute angle’, is true? Unfortunately, we cannot say for sure, for 
‘or’ is ambiguous. It is sometimes used in an inclusive sense so that 
‘Angle A is a right angle or Angle B is an acute angle’ would be true if 
cither of the disjuncts is true and also if both are true. ‘Or’ is al«o used 
in an exclusive sense as in 'Figure x is a triangle or (Figure x is) a quadri- 
lateral’. This statement is true if either of the disjuncts is true, but is 
false if both arc true. \Vhich of these usas of ‘or’ shall wc accept? We 
shall take the first because the inclusive sense will take care of part of 
the sense of the exclusive ‘or’, namely, that at least one of the disjuncts 
must be true for the disjunction to be true. This sense, partial though 
it is, is common to both uses of ‘or’. Wc shall therefore the truth 
values of p V g — the sjTnbol for a disjunction — by the truth table 
(Table G). 


TADLE 6 



It c.an 1)C scon that the only ca«c in which p V 7 is faL«e is when Ixilli 
p and 7 are false. Otherwise, it is (rue. 

There remains one more kind of compound sentence to cou'idcr, 
represented by the sentence, ‘If Angle A is a right angle, then Angle B 
is an acute angle’. Wc need a name for this kind of a sentence. Ixit us 
Cixll it a conditional. A conditional is a compound sentence formed from 
two sentences by introducing one by ‘if’ and (he other by ‘then’. The 
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sentence following ‘if’ will bo called the antecedent and the one following 
‘then’ when ‘then’ is either written or implied, the consequent. 

The conditional, ‘If Angle A is a right angle, then Angle B is an 
acute angle’, docs not assert that the antecedent is true. Nor does it 
assert that the consequent is true. It asserts only that if the antecedent 
is true then the consequent is true. We would be willing to say that the 
conditional is true if both the antecedent and consequent arc true. 
And we would be willing to say it is false tf the antecedent is true and 
the consequent is false. Exprcs«!ing this last statement differently, ‘If 
Angle A is a right angle, then Angle D is an acute angle’ is false when 
‘Angle A is a right angle and Angle B b not an acute angle’ b true. 
Hence, ‘If Angle A is a right angle, then Angle B b an acute angle’ b 
true when ‘Angle A is a right angle and Angle B b not an acute angle’ 
b false. 

We shall therefore use this meaning for stipulating the truth values of 
p — ♦ q — the symbol for a conditional. Specifically, we shall define p 3 
as equivalent to ~(p A ■^5), By thb we mean that p —* q shall have 
the same truth values as — (p A i.e., when --^(p A ~3) b true 
p 5 will be true and when '*-(p A ^g) b false, p —* q will bo false. 
Wo shall now work out the truth tabic for ^{p A ~3) from the truth 
table for p h q. By definition (sec page ICO) we see the results as illus- 
trated in Table 5. 

Now the truth value of b the oppo-site of the truth value of g. 
So the truth table of p A is as illustrated in Table 7. 


TABLE 7 



In arn^g at thb truth tabic, we use the truth values of p and ~3. 
The truth value of p A is ‘true’ only when both p and ~g are true 
and 13 ‘false’ othcnvbe. 


'^e tnith table of ~(p A which is the negation or contra- 

dictory of p A '~g, will be as illustrated in Table 8. 
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Putting all these things together and remembering (hat p — » g is 
defined as equivalent to '^(p A ~g), we have the results as illustrated 
in Table 9. 

TABLE 9 

WTien^is And « is — (T A is Aodio^-jls 

T T T T 

T F F F 

F T T T 

F F T T 


From this table we can state the rules for determining the truth 
value of p — ♦ 5 when we know the truth \TiIues of p and q.‘p—*qbi true 
if and only if either p is false or g is true. Only when p is true and q is 
false is p — * g false. We therefore sec that p g is also cquivTalent to 
(~p) V q. 


TESTfiNG THE VALIOITl' OF FOR.MlfUS 

We are non' ready to test inference formulas. Let us begin inth one 
we commonly use: [(p — * g) A p) — * g. An instance of this is: if i » 10, 
then 2x =» 20, and x « 10. Therefore 2x ® 20. We shall set up a truth 
table for this, beginning with all possible combinations of the truth 
values of p and g in Columns I and 2 (Table 10). Next we fill in Column 

TABLE 10 

f 9 / — f {(#-♦») A >1 -• f 

T T T T T 

T F F F T 

F T T F T 

F F T F T 


3 by using the rule that p — » g is true if cither p Is fal«e or g is true. ^\’e 
then fill in Column 4 using the truth raJues in Columns 3 and 1 nnd the 
rule that the truth \-alue of a conjunction Is true if both conjuncts are 
true- othcnvisc the truth ^mlue is false. Hnally, we fill in the truth 
values in Column 5 using those in Columns 4 nnd 2. We find tlmt Inith 
value of this formula is alnmys *7” or true. Tliis means that nil (he 
substitution instances (arguments) of this formula are x-alicl. In general 
a formula Is valid if and only if the truth s-alue of the formula Is al- 
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ways 'T', for ob\’iously it is not then possible for the premises to be 
true and the conclusion false. 

Let us test the validity of the formula, l(p V 5) A p] — » 

In Columns 1 and 2 of Table 11, we form all possible combinations of 
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truth values of p and q. Using Column 2 and the rule tliat the truth value 
of is the opposite of the truth value of q, we fill in Column 3. Using 
Columns 1 and 2 and the rule that p V is true if either p or 5 is true, 
then, we fill in Column 4. Using Columns 4 and 1 and the appropriate 
rule, we fdl in Column 5. Using this column and Column 3 and the appro- 
priate rule, we fill in Column 6. Since the truth value in Column 0 is not 
always T’, this proves that the formula, [(p V 5) A p] -+^3 is invalid- 

As exercises, the reader may test the validity of the following formulas. 

((p “* 9 ) A '*^1 — » (invalid) (0 

If we assert the falsity of the antecedent of a true conditional, we 
cannot infer the falsity of the consequent. 

As an example of t^ invalid formula, we have: 

If rectangles have four right angles, squares have four right angles. 

Rectangles do not have four right angles. 

Therefore squares do not have four right angles. 

The first statement, which is conditional, is true. The second state- 
ment asserts the faUity of the antecedent of the conditional. But we 
cannot validly infer the falsity of the consequent, viz., squares do not 
have four right angles. 

l(P -*q) A 9I — » p (invalid) (2) 

If we assert the truth of the consequent of a true conditional, we can- 
not infer the truth of the antecedent. 

As an example of this invalid formula, consider: 

If arithmetic 13 easy for Dorothy, algebra is easy for Dorothy. 

Algebra is easy for Dorothy. 

Therefore arithmetic is easy for Dorothy. 



PBOOr 

The first statement is the conditional. The second statement asserts 
the truth of the consequent of the conditional. Let^s say both of the 
statements are true. Even so, a conclusion which asserts the truth of 
the antecedent, viz., arithmetic is easy for Dorothy, does not necessarily 
follow. 


[Cp -» ?) a ^9)1 -» ‘^p (valid) (3) 

If we assert the falsity of the consequent of a true conditional, wc 
can infer the falsity of the antecedent. 

An example of this formula is the following: 

For all values of a and b, 

if 0 is greater than b, b is less than o. 

b is not less than a. 

Therefore, a is not greater than b. 

The second statement asserts the falsity of the consequent of the 
true conditional. The conclusion, which is the assertion of the falsity 
of the antecedent, follows necessarily. 

(p -» 9) -• (9 -* p) (invalid) (4) 

The converse of a true conditional the proposition formed by inter- 
changing the antecedent and consequent) is not necessarily true. 

It is true that if a number is an even number, it is a whole number. 
But the converse, viz., if a number is a whole number it is an even 
number, is not true. It is true that if a number is an even number it is 
divisible exactly by 2. The converse, viz., if a number is exactly dmsiblc 
by 2 it is an even number, is also true. These examples show that the 
converee of a true conditional may be true and may not bo true. We 
cannot infer validly one way or the other. 

(P 9) -* (~P ~9) (invalid) (5) 

TbA tuccr«e of a true conditional (*.«., the proposition formed by negating 
the antecedent and consequent) is not necessarily true. 

It is true that if a teacher does not know mathematics, ho will bo a 
poor mathematics teacher. But the in\-ersc of this conditional, viz., if a 
teacher does know m.athem.ntics he xrill not be a poor teacher, is not 
alnwj's true. 

(p -* 9) — (-^9 (valid) (C) 

The truth of the contraposilire of a proposition {i.e., the. proposition 
formed by negating the antecedent and consequent and interchanging them) 
follows necessarily from the truth of the proposition. 
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This expresses the same idea as Formula 3 and both are equi%'alent 
to the formula (p — » 5 ) (~g — » ~p)- 

We know that if a triangle is equilateral, it is isosceles. We can validly 
conclude that if a triangle is not is<»cele8, it is not equilateral. The second 
statement is the contrapositive of the first. 

(p A -^p) — * q (valid) (7) 

This formula indicates why inconsistencies are to be avoided in any 
deductive sj’stem like mathematics. As the formula shows, if inconsist- 
encies are allowed, any proposition whatsoever can be proved. If 1 = 1 

andl 7 ^ Ijwecanreadilj'provethatyouown the Empire State Biulding. 

In summary, the truth table technique can be used to test the validity 
of formulas who'« substitution instances are arguments. Once valid 
formulas have been identified, these can be used to test the \'alidity of 
particular arguments. If a particular argument fits a valid formula it 
is \uUd. If a particular argument has a form whose validity is unknown, 
a formula for the argument can be written and its ^‘alidity tested by 
forming its truth table. For example, by writing the formula ({p 5 ) A 

(r — ♦ g) A g) — * (—* p A ~ r) for the argument on page 166 and 
testing the formula, we find that it is a valid formula. Therefore, the 
argument which is au instance of this formula is valid. 

How much about formulas of inference and truth tables should be 
taught students in high school mathematics courses remains to be 
decided. Hendrix” reports teaching such topics to an ele\-enth grade 
class in solid geometrj% A report** written by the students in an algebra 
n class indicates that such topics are within the comprehension of 
eleventh and twelfth grade sludeots. There are appearing on the market 
textbooks” intended for senior high school and junior college which 
present these topics. Bright students in mathematics will enjoy studying 
these topics. 


STRATEGIES OF PROOF 

Wien n teacher or etodent irants to prot-e a proposition, he trill 
tmd It useful to know various plans or strate^es of proof. These can 
be denved from some of the fonnulas of inference already discussed. 

. ””terexainple. As pointed out earlier, finding a counterexample 
^ a ra gem w ch can be used to disprove a proposition. For example, 
if one that any triangle whose sides are in the ratio 3:4:5 

has of M , GO , and 90“, another student can disprove this state- 
^ and either measuring the angles 

P mg eir \Tilues by trigonoiaetrj’. Suppose someone asserts 
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that if a student studies every day, he will pass all his tests. This proposi. 
tion can be disproved by citing one student who studied eveiy day and 
did not pass all his tests. More generally, to disprove a proposition, 
either prove its contradictory or prove that its acceptance leads to a 
contradiction of a postulate or theorem. 

Detadiing an Antecedent. A very common form of argument is 
illustrated by the folloiiving; If two numbers are added, the order in 
which they are added mates no difference. (The numbers) 7 and A arc 
added. Therefore, the order in which (the numbers) 7 and 4 are added 
makes no difference. This is a I'alid argument because it fits the ^Tilid 
inference formula, [(p — » g) A pj ^ g. Since the two reasons of this 
valid a^ument are true, the truth of the conclusion is proved. You 
can verify this by examining the first line of truth ^’alues in Table 
10 on page 163. 

This suggests a stratagem for proving a proposition, g. Try to find 
a true conditional in which g is the consequent, e.g., if p, then q. Then 
try to prove that the antecedent, p, is true. If p is true, you can assert 
the truth of tho consequent, g. TTiis stratagem can also be employed 
when the proposition, g, to be proved is a compound proposition like 
r A 8, r V s, or r 8. 

Detaching an antecedent is also spoken of as modus ponens. 

Developing a Chain of Propositions. Sometimes wc can discover 
how to prove a proposition, p, by realizing that u’c can prow p if «*e can 
prove g. And we can prove g if we can prove r. For some reason we 
know that r is true. We then can make the proof. Its wlidity is justified 
by the wild inference formula: 

[r A (r g) A (g -» p)l p. 

A moment’s reflection reveals that this stratagem is a repeated applica- 
tion of the stratagem of detaching the antecedent, r being true and r -♦ g 
allows U 3 to detach r and assert g. g and g — » p allows us to detach g 
and assert that p is true. 

Proving a Conditional. To prove the proposition, if a triangle is 
isosceles, the angles opposite the equal sides arc equal, the proof proceeds 
by assuming the antecedent .and then arguing tliat the consequent is 
true. The wlidity of the parts of the .argument or the argument a.s a 
whole can be checked by the procedure described in the prerious section. 

If the argument is successful, this protTS the proposition. In general, 
to prove a conditional, p -* q, assume the antecedent, p, and argue that 
the consequent, g, is true. 

A second stratagem for pronng a conditional, p-* q,is Ut prow iM 
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contopofdtive, -viz., ~g — ~l>- This stratagem is justified by the valid 
inlercuce formula, l(~g) — ~pl^(p-’g). Suppose tre wish to prow; 
the proposition, if t^vo lines arc cut by a transA'crsal making the alte^le 
interior angles equal, the lines are parallel. We write its contrapositive, 
i.e., the proposition formed by interc b a n g in g the antecedent and the 
consequent and negating each. In the case of the proposition we are 
considering, the contrapositive may be stated as: if two lines are not 
parallel, then the alternate interior angles formed by a transversal are 
not equal. We then prove this proportion by using the stratagem de- 
scribed in the preceding paragraph. This enables us to argue that the 
ori^nal proposition, viz., if two lines are cut by a transA’eisal making the 
alternate interior an^es equal, the lines are parallel, is true. Tor our 
reason we dte the law of contraposition, viz., (p — ► 5) ^ 

Sometimes the consequent of the conditional is a conjunction as m 
the proposition, if the bisector of the angle of an isosceles triangle which 
U not one of the equal angles intersects the ride opposite this angle, it 
is perpendicular to that ride and bisects the ride. A stratagem which 
can be used is repeated application of the stratagem for proving a simp « 
conditionaL Assume the antecedent, and argue that one of the conjuncts 
of the consequent is true. Tlien repeat the procedure for each of the 
other conjuncts. 

A third way of proiing a conditional of the form p — » g is to find 
some statement r such that you can prove p r and r — » g perhai^ by 
using either of the two strate^es just described. You can then infer 
p g, justifjing the inference by the A-alid formula: 

Kp — • r) A (r ^ g)J — (p — » g) . 

You may want to a."55ure yourself that this formula is valid by forming 
its truth table. If you do, j^nu will have ei^t rows in the table. 

The advice “clear of fractions” which many algebra teachers give stu- 
dents who are conridering how to solve an equation like H ri- H 
illustrates the use of this stratagem. If we want to prove that for every 
^•aIue of I U H + H = 1/r then r = I2f, -n-g first prove that if + 
M “ 1/2, then 4x -f- Sx — 12. Next we pro\'e that if 4x -h 3x = 
then X - 1^^. Hence, we can infer validly that if H + H " 
then X — 1^, 

Hcductio ad Absurdum. This stratagem is not hard, but many 
mathematics students do not understand it and think there is something 
unsound about it. Yet it Is powerful and is frequently used. The strata- 
gem consists in accepting the contradictory of the proposition to I* 
pro^-ed and proi-ing that this leads U> an inconristent proposition, e.g-f 
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3 A ~g, which is necessarily false. The reason for refusing to admit 
such propositions was explained on page 166. 

The inference formula justifying this kind of indirect proof is interest- 
ing. Symbolizing the proportion we wish to prove as p, its contradictory 
becomes ■^p. We prove that is false which means that p is true. 
The formula is: 


~(~P) P- 

Since the stratagem leads to an incorislstent statement, e.g., 5 A ~3 
this method is known as rcductto ad a6s«rd«m — reduced to an absurdity. 

Indirect Proof. Suppose a girl has only three dresses, say B, 
and C, which are appropriate to wear to a dance, and she is undecided on 
which to select. The color of dress A will clash xvith the color of the 
corsage her date is sending so this dress is eliminated. Dress B has a 
loose hem, and the girl does not have time to sew the hem. So tliis 
dress is eliminated. Dress C, the only one left, is the one she selects. 
This case illustrates indirect reasoning. From it we con form a stratagem 
of proof. First, formulate a true disjunction whose disjunct? arc ex- 
haustive of the domain under consideration. An e-tample is 'Lines m 
and n are parallel, or lines m and n intersect, or lines m and n arc skew’. 
One of these disjuncts has to be true. Next, prove false one by one all 
the disjuncts except one. Often this is done by rcduclto ad absnrdiim. 
Finally, use the valid inference formula: 

[(p V 3 V V 0 A ((~3) A ”• A M))Mp 

and thereby prove the remaining disjunct true. 

Proving a Statement of Equivalence. Suppose we wish to prove 
that2j: + 6 ~ x — 7 andx = — 13 arc equivalent equations, i.e., (2x -f- 
6 = X — 7) <-> (j = —13). By this we mean that for cverj' toIuc of x, 
2x + G ^ X — 7 and r = —13 have the same truth toIuc, i.e., both true 
or both false. We remember (see page IGO) that a statement of equiva- 
lence is a statement of double implication, that is, ‘p q’ means ‘p~*g 
and g — ♦ p’. In the case of our example, wc can pro^*e the two equations 
equivalent if we can prove: (1) if 2x + 6 = * — 1 then z *= —13 and 
(2) if I = —13, then 2 j + 6 = x — 7. Both of these are conditional®, 
hence whatever strategics are applicable to proWng conditionals arc 
applicable to proung statements of cqui\'alcnce. 

MotJicmatieal Induction. Like indirect proof, mathematical in- 
duction is a stratagem u«Jod by students but often not undcrstocKl by 
them. Some students arc able to reproduce a proof of, say, the theorem 
1 2 -k ••• + ” “ + l)/2 by following the rules gu-cn in the 
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textbook and imitating the ramplc problem. But they seldom under- 
stand the logic of this kind of proof. 

Let us introduce the logic of this stratagem by an analogy. Suppose 
there is a row of dominoea. Eac!» domino is standing on end and is close 
enough to the one on its left so tl>at if it is knocked over it mil knock 
over the one on its left. Tlio row extends as far as the eye can .eee. Let 
us assume someone dedgnates a particular domino in the line which is 
far from us and tells us to knock it down. We can do this simply by 
knocking the first domino down, for we know tliat if any domino^ is 
knocked down it will knock down the one on its left- The analogy wi^ 
mathematical induction can now be seen. Take tlie theorem stated^ in 
the previous paragraph, %'iz., 1 + 2 -h • - • -fn « n(n -h l)/2. ProWS 
that if the theorem holds for any integer, it holds for the next integer 
can be compared with armn^g the dominoes Eo that if one is knocked 
over the next one will also be knocked over. Prodding that the theorem 
holds for 1 can bo compared with knocking the first domino down. 

It has been mentioned earlier in this chapter tliat mathematical 
inducUon docs not result in a probable inference but rather in a necessary 
inference. To put it clIfTerenlly, mathematical induction is not induction, 
but rather deduction. As will be seen shortly, the stratagem of mathe* 
matical Induction can be subsumed under the stratagem of detaching 
the antecedent. 

Courant and Robbias** say: 

Let us suppose that we wish to establish a whole infinite sequence of mathe- 
matical propositions 

which together constitute the general proposition A. Suppose that a) by some 
mattematical argument it is shown that if r is any integer and if the assertion 
A, is known to be true, then the truth of the assertion will follow, and that 
b) the first proposition Ai u known to be true. Then all the propositions of the 
sequence must be trae, and A is proved. 

It can be seen that an argument by mathematical induction consists 
of o conditional tchose antecedent, to na: Couiant and Robbins’ nota- 
tion, is the conjunction of J, and d, and whose consequent 

is A. Each of the eonjuncts is proven true. We then detach the ante- 
cedent and assert the consequent A. 

THE RELATIONS BETWEEN TRUTH OF THE STATE-'MEN'TS 
CONSTITUTLNG THE ESTERENCE AND THE 
VALIDI'n’ OF THE INTERENCE 
Once students have acquired the concept of v-alidity of an inference 
and truth of a statement, they can be taught the relations between the 
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truth of the statements constituting the inference and the ^’alidity of 
the inference. We may identify four relations: 

1. A person may know in some way that the reasons in an ailment 
are all true. He also may know that the inference is ralid. He then is 
justified in stating that the conclusion is tnie. 

2. A person may know that an inference is valid. He also maj* know 
in some way that the conclusion is false. He then is justified in stating 
that ai least one of the reasons is false. 

3. A person may know in some way that all the reasons in an argu- 
ment are true, but that the conclusion is false. He then is justified in 
stating that the inference is invalid. 

4. A person may know in some way that the conclusion of a proof is 
true. He may also know that the inference is valid. But /rem only this 
knowledge he cannot know whether the reasons are true or not. 

These relationships follow from the definition of S'alid inference’. 
The first relation is the one we use to pass from knoudedge «’e prcscntlj' 
have to new knowledge. Wc use it both inside and outside the classroom. 
Most of the arguments \ve use and those used on u.? are enthj’incmc.s, 
that is, arguments in which one or more reasons are unstated, or the 
conclusion itself is unstated. But the rca.son« or the conclusion usually 
can be stated by the maker of the argument if requested. 

A common mi-sconcoption related to this first relation should bo 
mentioned. Many novices believe that if all the reasons are fake and 
the inference is ^'alid, the conclusion is ncccs.s.irily false. This belief may 
be explained as cironeoxisly assuming the truth of the inverse of the 
first relation when stated as, ‘If all the reasons arc true and the inference 
is ^•al^d, the conclusion is true'. Tliat this inverse is not necessarily true 
may be demonstrated by the simple sjdlogism: All squares are circles. 
All circles are quadrilaterals. Tlicreforc, all squares are quadrilateral?. 
Both reasons arc fake. The inference is \'alid and the conclusion is true. 

The second relation may he stated a-s, ‘If an inference is walid and 
Ibc concfu«ion is false, then at least one of the iro-^on^r is fal-v'. It is 
U'cd when wc doubt the tnitli of a certain sUdement hut the person 
advancing it iloc-s not. Wc arc ctireful to sec tluit his inference bascsl on 
this statement is valid and hope to show that the iim-s.Mirj’ ronchi'ion 
is materially f.al«o. Wo then charge that the statement at K^ue is fal'C, 
pro^•idmg, of course, wc and he agree tliat the other rea-sons are all 
true. The expression "AH right, let’s assume tliat this statement is true. 
Now let’s .sec what follows” or .'imibr expres-rions are often cues that 
(his relation f>otwccn the fnith of the con^tilutii-e statements of an 
inference and the xailidity of the inference is being coasidcnsl. 
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PROOF AND A LOGICAL SYSTEM 
The capstone of an understanding of proof is an imderstantog of 
the nature of a lo^cal system like mathematics and the role proof pmjj 
in developing this system. AHendoerfer implies this when he ^ys 
“At some stage in the high school mathematics curriculum there should 
be a serious discussion of deductive systems per se, and later application 
of this to mathematics and to nonmathematical situations should be 
used to reinforce the understanding of the students about deductive 
methods.” . , 

Let us consider briefly the nature of a deductive system which 
be a part of mathematics. The symbols of such a system can be grouped 
in two sets. The smallest set consists of the primitive sjonbols, e.g., 
‘point’, ‘join’, ‘set’, 'operator*, and *x’. These are undefined and o 
necessity must remain undefined within the sj'stem if circularity is to 
be avoided. 

The second set of symbols consists of those symbols introduced into 
the system by definitions. The defining part of the definition contains 
only primitive symbols or symbols previously defined in terms of the 
primitives. The definitions may be regarded as stipulations as to bow 
the new symbols are to be used. For example, we might want to use a 
simpler term (sjTnbol) than ‘a rectangubr parallelepiped all of whose 
edges ore equal’. If so, we could define ‘cube’ by saying that wherever 
‘a rectangular parallelepiped all of whose edges are equal’ is used, the 
term ‘cube’ may be u.«ed to replace it and vice versa. Or, more formallyr 
we could write, "cube — d/ a rectangular parallelepiped all of wbo» 
edges are equal.” The sjTnboI ‘d/* indicates that the sentence is a defini- 
tion, that the term following the ‘df b the defining part of the definition, 
and the term on the other side of the * = ’ is the term defined. 

The definitions may be regarded as the rules of syntax of the system. 
The analog}' between these rules and the rules of syntax of English is 
interesting. To the set of primitive ^rmbols of the system, there corre- 
sponds the set of letters of the alphabet and the punctuation marks. To 
the rules of formation of new symbols, there correspond the spelling 
rules and the rules of grammar. The definitions (rules of s}'ntax) become 
the criteria for a well-formed expression. They pro\'ide an effective test 
for determining whether or not a ^\'en expre-s-rion is a part of the s}'stem. 
For example, and might not be admitted to the s}'stcm, 

for one could point to no rule defining these sjTnboIs. 

The sentences of the H}’Ftem may al'so be grouped in two sets. In the 
smallest set are tho=e which are the primitive sentences — those from 
whidi all the other sentences in the sj-stem are deduced. These are 
called the axioms (or sometimes are called postulates) of the system. 
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The second set of sentences are those which are deduced from the 
axioms by using agreed-upon rules of inference. They are called theorems. 
Proof of the first theorem is a matter of deducing a conditional in which 
the antecedent is a conjunction of some of the axioms, and the consequent 
is the theorem. In the proof of subsequent theorems, the antecedent of 
the conditional is a conjunction of axioms or theorems prenously pro\'en 
and the consequent is the particular theorem to be proved. 

A necessary condition for a satisfactory set of axioms is that they do 
not lead to inconsistent (contradictory) statements. The reason for de- 
manding this condition has been stated on page 106. A further condition 
which is not necessary (unless one first demands elegance) but is desirable 
is the independence of the axioms. That is, none of the axioms should be 
able to be proved from some of the others. 

The deductive sj’stem which has been described is an uninterpreted 
system. This is because no meaning, in the semantic sense, was given 
the primitive symbols. If we want to interpret it, we must state rules of 
correspondence which rcb te the primitive sj-mbols to “things” outside the 
system. For example, we might decide that ‘x’ is to corre.^pond to any 
point on paper made by a pencil and M’ b to correspond to any line on 
paper made by a pencil. Then the axioms: 

1. There exist at least two x's. 

2. Every A is a collection of x’s. 

3. If Xi and x* are x's, then there is one and only one A containing 
xx and xj . 

would be interpreted as: 

1. There exist at least two points made by a pencil on paper. 

2. Every line on paper made by a pencil is a collection of points 
made by a pencil on the paper. 

3. If there are two points made by a pencil on paper, then one and 
only one line on the paper made by a pencil contains these two points. 

In such a deductive sj'stcm, the role of proof is that of proriding a 
test of whether or not a given propo«ition luw' the same truth toIuc as 
th.at of the axiom.s. If we arbitrarily n-ssign the truth \*altic ‘true’ to the 
.axioms we can as<:ign the same truth \ailue to any preposition resulting 
from the u«c of the .axioms .and the rules of inference ngrred upon. Hence, 
from another pfnnt of riew, proof is n way of testing whether or not a 
given proposition, other tlian an axiom, is part of the deductive sj-stem. 

This is a brief dc-scription of the nature of a logical sj-stem like mathc- 
m.atics. It is owrly simplified because the purpfr=c of this section of 
the chapter i.s to sugge.«t wa 3 -s of giving students an understanding of 
the nature of a mathematical sj-stem rather tlian to explicate the concept. 
For a more complete explication, Allendoerfcr’s clupler in the twenty* 
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third yearbook of the National Coundl of Teachers of Mathematics is 

recommended”. , . j *v„„ 

The idea of proof is probably eaaer for students to understand tnan 
is the idea of structure. As has been stated earlier, the concept of proof 
begins to form when the child learns to ask why and to accept some 
reasons and reject others. But the idea of structure is a sophisticated idea 
which probably will not mature until students have stuched considerable 
mathematics in college. Nevertheless, a start can be made in high school 
in both algebra and geometry. In the past where such a start has been 
made, it usually has been made in demonstrative geometry. But whether 
pedagogically this is best remains to be determined by experimentation. 
Euclidean geometry has the advantage of not having so much subject 
matter that is prerequisite to the study of subsequent mathematics as 
algebra. Hence, the teacher does not feel he is handicapping lus students 
in future mathematics courses if he uses class time to teach them an 
understanding of a mathematical S3rstem. But there is much to be said 
for beginning the study of the structure of mathematics in the first 
course in algebra. This course essentially is a study of the properties of 
a field (see Chapter 2, “Number and Operation”)- It should be possible 
to consider rational numbers as a set of numbers wluch satisfies the 
axioms defining a field. Then when the need for irrational numbers is 
demonstrated, these together with the rational numbers can be shown 
to constitute another field, the field of real numbers. 

There are rather simple sj'stems which can be developed in a course m 
mathematics in the twelfth grade and which can serve admirably to 
illustrate mathematical structure. Ideas for doing this can be obtained 
from Chapters III and V in the twenty-third yearbook of the National 
Council of Teachers of Mathematics*' cited above. Deliberate teaching 
of the nature of a mathematical ^'stem is increasingly being incorporated 
in textbooks intended for use in first-year college mathematics courses.** 
Let us turn to reported attempts by high school teachers to teach 
students about the nature of a mathematical system. One example is 
that by Fawcett.” Each of Fawcett’s student.? built his own system of 
geometry', which he called his “theory of apace,” without use of a tcxliooh- 
'Ihc year s work began with dh^cu-ssion of nonmathematical topics 
aiming at showing the student.? the need for clear definition of key words. 
Student.? were led to see the effect of definition? on conclusions; how 
change in a definition could lead to a different conclusion. They aho 
became aware of the ambiguity, -v-aguencs.?, and emotional overtones 
as.«ociated with many terms in our ordinary' language. Fawcett then 
guided thorn into a realm of ideaa-idcas about space— in which thc'c 
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three difficulties of language would be minimized. Again, by careful 
developmental teaching, the students were led to discover the unavoida- 
bility of undefined terms in choosing names for. ideas about space. Each 
student then chose a set of terms he intended to use as undefined in his 
theory of space and defined other terms by means of these and certain 
nontechnical words in the English language. He also selected a set of 
propositions which he took as his basic assumptions (axioms). He then 
proceeded to formulate propositions that appeared true and to prove 
those that could be proved. These then bwame the tljeorems of Ids 
unique theory of space or geometry. 

Fawcett summarized his general procedures as follows: 

1. No general text was used. Each pupU developed his own text and was 
given the opportunity to develop it in his own way. 

2. The undefined terms were selected by the pupils. 

3. No attempt was made to reduce the number of undefined terms to a 
minimum. 

4. The terms needmg defiiutba were selected by the pupib and the definitions 
were an outgrowth of the work rather than the basis for it 

5. Definitions were made by the pupils. Loose and ambiguous statements were 
refined and improved by criticisms and suggestions until they were accepted by 
all pupils. 

0. Propositions which seemed obvious to the pupils nere accepted as assump* 
tions. 

7. These assumptions were made by the pupUs and were recognized by them 
as the product of their own thinking. 

8. No attempt was made to reduce the number of assumptions to a minimum. 

9. The detection of implicit or tacit assumptions was encouraged and rec- 
ognized as important. 

10. No statement of anything to be proved b given the pupil. Certain prop- 
erties of a figure are assumed and the pupil b encouraged to discorer the implica- 
tions of these assumed properties. 

11. No generalized statement b made before the pupil has had an opportunity 
to tliink about the implications of the particular properties oisumed. Tlie 
generalization is made by the pupil after he lias himself dbeovered it. 

12. Through the assumptions made the attention of all pupils b directed 
toward the dbcovery of a few theorems which seem important to the teacher. 

13. Assumptions leading to theorems tliat are relatively unimportant are 
Suggested in mimeogrophrf matcrbl which b available to all pupib but not 
required of any. 

14. Matters of common concern such as the selection of undefined term.<i, the 
making of definitions, the sUtement of assumptions and tlie generalizing of an 
implication are topics for general discussion while periods of super\-i.««i study 
provide for individual guidance. 

15. Tlie major empliasb b not on the theorems proved but rather on the 
method of proof. Tlib mctliod b generalized and applied to non-malheraatical 
situations. 
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Of particukr significance, as one will see if he reads Fawcett’s report, 
was Fawcett’s demonstration by repeated well-conceived exercises 
about nonmathematical topics that the kinds of reasoning pei^Tiding 
mathematics pervade nonmathematical topics also. Students saw the 
effect of definitions in insurance, sports, tax laws, and school problems. 
They ferreted out hidden assurapUons in rea-soning employed in ad- 
vertising, editorials, articles in periodicals, lectures, and political state- 
ments. The purpose of this kind of teaching was to enable the students 
to transfer more readily their knowledge of proof to new contexts. That 
such transfer occurred and that the students did acquire an understand- 
ing of the nature of a mathematical system is e\'idenced by the protocols 
Fawcett presents in the chapter, “Evaluation.” This book contains a 
wealth of ideas for a teacher who has interests similar to those of Fawcett. 

Should a geometry teacher not want to embark on such a free-wheel- 
ing approach as Fawcett’s he slill can give his students an experience m 
building a system of geometry for themselves. One article** describes a 
possible approach within the conventional geometrj’ course whose scope 
and sequence are determined by a textbook. When the chapter on parallel 
lines is reached, the teacher can abandon the textbook temporarily. 
He can draw two parallel lines on the blackboard and a transversal. 
Using letters to identify the angles formed, be can get the students to 
state propositions which appear to be true at first sight. These may be 
written on the board. Drawing a perpendicular to one of the paralleb 
from the point of intersection of the transversal and the other perpendic- 
ular Avill uncover other propositions. So will drawing a perpendicular to 
one of the parallels from the midpoint of the segment of the transversal 
included between the two parallels and extending the perpendicular 
until it meets the other parallel. 

The students can then be told to select a small number of these propo- 
ritioQS as their * axioms,” and to tiy to discover and prove propositions 
about parallel lines and geometric figures composed in part of parallel 
line segments by using these axioms and whatever definitions they de- 
cide to introduce into their sj-stem. Since it is unlikely that even two 
students will select the same set of axiom.s and defined term-s, each stu- 
dent’s mathematical system will be unique. Each student will sec hoW 
a mathematical sj-stem is developed by developing one himself. 

Another occasion when this system-building can be used is in the 
study of circles. The same procedure described nl>ove can be ased to get 
the work under way. Again each student probably would develop a 
unique mathematical sj-stem idenlifjing many theoretically useful 
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concepts, e.g., those to which the names ‘chord’, ‘central angle’, ‘tangent’, 
‘secant’, and ‘inscribed angle’ are ordinarily assigned. 

A provocative variation of the geometry of the circle could be made 
by the teacher telling the students to consider the surface enclosed by 
the circle as the plane and to build a system of geometry descriptive of 
this plane. Such a system would force reinterpretation of sueb terms as 
‘plane’ and ‘line’. Both a plane and a line would be finite in extent. Of 
course, rather than reinterpret the terms, new names could be given 
the new ideas. But if the old terms arc reinterpreted, this would foster 
an understanding of a mathematical sj'stcm, for the students would see 
that undefined terms like ‘plane’ and ‘line’ can be interpreted in more 
than one way. By direction of the students’ thinking, the teacher could 
initiate an understanding of the ideas of consistency', independence, and 
categoricalness of a set of axioms. 

An experiment similar to Fawcett’s but not as extensive was carried 
out by Henderson in a one-semester course in solid geometry.” The part 
of this experiment rele%’ant to this discussion was the two cxpcricncas 
the students had in building their own systems of geometry. MTjcn the 
chapter on prisms was reached, each student put away hLs textbook and 
did not refer to it as far as the tcaclier could determine for the two weeks 
spent on the unit. The teacher brought to class models of several dif- 
ferent prisms. By encouraging the students to state the relationships 
that appeared to bo true about (he prisms a set of propositions was de- 
veloped. The teacher then suggested that each student select a group of 
those for the axiom-s of his system of prkmalic geometry* and try to 
prove some theorems. 

Forty-three difTerent theorems were proved by one or more of the 
sixty-tliree students in (he classes. The smallest number of theorems 
proved by a student was four; the largest was twenty-four. TIjc median 
was ten. CIas.s time was spent either in super>*ised study or craluating 
the proofs of propositions that students had de%-clopcd. Indirect proof 
was often used. Terms were defined. If a concept was invented by one 
student which seemed fruitful, it was adopted by other students. An 
example of this was concept named by ‘perpenprism’ which the inventor 
defined as we would define ‘right pri^m’. Manyof the concepts ordinarily 
used in the theorems about pri.sms were dbeovered by the students 
although the ideas were usiwlly named differently. In this miming the 
use of metaphors was interesting, o.g., ‘box* for ‘rcctangulir p-iralJel- 
epiped’ and ‘dispersoid’ and ‘wedge’ for ‘triangular prism’. 

Common errors in proof were assuming the conwrse or inverse of a 
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propf)sitio», reasoning in a circle, being unaware of hidden gniluitous 
jiss-umptions, and basing the proof of a general theorem on a special 
case. As the«^e errors were identified, they were discussed and the prma- 
ple of lo^o involved stated. Students w-ho made the errors corrected 
them. 

At the end of the two-week experience, the solid geometry text was 
brought out, and, by leafing through the chapter on prisms, the .students 
saw the conventional names and definitions for the concepts they had 
identified. In this reading of the chapter some students saw theorems m 
the Iwok which they liad discovered and proved in their own systems. 
This was a source of considerable satisfaction to them. One boy in all 
sincerity thought tliat either the authors were unaware of a particubr 
theorem ho proved or failed to realize its importance since they had not 
included it in the text. 

Wlien the study of pyramids was reached, another experience^ in 
building a mathematical system was provided. The procedure was similar 
to lliat followed in the construction of the primalic geometry with the 
content being pyramids ifwtead of prisms. It was gratifying to notice 
the greater sophistication with which the students approached thcif 
second building of a mathematical system. 

Tlie experiments reported by Fawcett and others have the advantage 
of leaching students about the nature of a logical system by firsthand 
experience in building such a system. Tlic students learn in a dramatic 
way the unavoidability of undefined terms and unproved propositions, 
the freedom to name and define, and the significance of theorems as 
consequences of the axioms. Tlicy Icam conformance to rules of logic 
as the criterion of correct proof rather than intuition. Excursions like 
these do not neocs«irily result in a loss of knowledge of the theorems of 
gwmetry. 'Hicj’ do result in a concept of a logical By.stem and the role 
proof plaj-s in developing the structure. 

SUMMARY 

Tlie idea of proof Is one of tlic pivotal idea.s in mathematics. It enables 
us to test the implication of ideas thus establishing the relatiom'hip of 
the ideas and leading to the discovery of new knowledge. 

To the un.sophisticalod, ‘proof* is pmclically synonymous with 'wli^t 
CTmvincM me’. A statement is "proved” when such a person Is connneed 
lliat it IS true. Such a concept makes proof a subjective and personal 
matter. The purpose of considering proof ns a major idea in mathematics 
Ls to lead students from such a fubjcclh-e concept to a more objecUve 
one, a concept banal on criteria interperwKial in nature. 
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People are continually called upon to make inferences. To do this they 
pass either consciously or unconsciously from one or more propositions, 
called evidence or reasons, to another proposition called a conclusion. 
If they rationally reconstruct the reasoning they or someone else employs, 
two questions always are central: (1) Are the reasons in fact true, and 
(2) Does the conclusion necessarily follow? It was toward these two 
questions that the chapter was directed. These were used as the bases of 
organizing the discussion because of their importance and because it 
was felt all teachers from the primarj' grades through high school can 
make a contribution toward an understanding of them. 

The material truth of a statement, if it has such a property, is estab- 
lished by inferences which are probable. The necessity of a conclusion 
is established by laws of logic. In dewloping these ideas it is a matter 
of the teacher’s beginning with the unverbalized and inconsistent wa 3 'S 
by means of which the child says, in effect, “It is true that ... or 
“Therefore, ...” In the case of probable Inference, the starting point is 
personal experience— very conxincing but unreliable— and authorita- 
tive opinion. In the case of necessary inference. It is the sentences con- 
taining ‘why’ and ‘because’ that the child makes. As he progres.«c.s 
through the grades, he is taught to check his judgments. He is taught to 
check probable inferences by securing data from c.xpcricnco, and to 
check necessary inferences by appbdng principles of logic, .\rmcd n^th 
this knowledge, the student should be a more disciplined thinker whether 

he is thinking about mathematics or everyday problems 

Sec Chaplcr 11 for htWographies and s^iggesUons for the further studif 
and use of the Tnalerials in this chapter. 
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Measurement and Approximation 

JOSEPH N. PAYNE AND ROBERT C SEBER 


]\Ian MEASURZS and numbers . . . from the cradle (Weight: 6 lbs. 10 
02S.) to the grave (Age: 72 jts., 6 mos., 3 days). 

As a chfld grows he must leam to measure many aspects of his environ- 
ment. He learns to associate a number with a given quantity- He must 
leam also to deal effectively with the numbers that he obtains from the 
measurement process. These are Altai and necessary aspects of the educa- 
tion of everj' child. 

This chapter contains three sections: (1) Estimation; (2) Measure- 
ment; (3) Approximation. Although the three topics are interrelated, 
each ha.s a.spects peculiarly its own. The section on estimation contains 
suggestions for teaching estimates of computations, of the number of ob- 
jects, and of measurements. It is devoted mainly to specific suggestions 
for teaching estimation to elementary and junior high school pupils. 
Many of the ideas presented provide the background for the last section 
on approximation. Increasingly precise estimates pro\ide a natural lead 
into a discussion of mathematical approximation. Estimates of mea-sure- 
ments proAide the lead into the second section. Measurement. The sec- 
tion on measurement deals with the nature of the mexsuring proc^ 
and related ideas. Procedures are developed for computing with numbers 
arising from approximation. Section 3 deals with the w ay approximation 
can be treated mathematically. It should lie of value to junior and senior 
hich school teachers. 


ESTIMATION 

Wiich will Johnny choose? (Rg. I) Johnny is a three year old con- 
fronted with the choice of one of the rets. If the objects arc pieces of 
^ndy, he will likely choore the first; if they are hitter pills, he vill 
hkely chc^ the wond. It may be that Johnny docs not know the 
immlKT of objects m either ret and yei he knows that the first set con- 
tain« more tlian the second, and that the second contains fewer tlian the 
Iwth, he fliows tliat the two ret.s combined are more 
than either; hy choosing nathcr one, he shows that a ret of none is less 
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than either of them. Early in their lives, children demonstrate some 
understanding of the idea of more than and less than. The idea is im- 
portant mathematically and needs to be nurtured and cultivated 
throughout the years in school. 

Often in arithmetic and in more advanced mathematic.? we are con- 
cerned with exact computation but neeket an equally important aspect, 
estimation. We may develop the algorism? for multiplication with un- 
derstanding and yet fail to challenge pupils to think about the other 
relationships between numbers. We teach that 5 X 7 is 35 but lea^’o 
the child to his own devices in realising that 5 times a number more than 
7 is a product more than 35. Though wc teach him how to find the area 
of a rectangle and introduce the formula A ** liv, wc often overlook 
the highly useful aspect of having pupils estimate the length and width 
of a room to get a sensible estimate of the area of the rectangular floor. 
Without a design for learning which includes planned e.vpericncc? in 
estimating and making sensible approximations, it i? highly unlikely 
that students will achieve this by themselves. Certainly, c.stim.iting re- 
sults of computations should become an integral part of the instructional 
program in arithmetic. 

Mental and Paper-Pencil Ej»linialion in Compiilnlion. A child’.? 
early idea of more than and less than i? associated with physical qiianti- 
tic?. Through visual obscr\'ation. Tommy knon-s that he prefers the 
larger piece of cake, that he has more marbles than Jimmy, that he’s 
smaller than his father, with little or no ide.a of liow to number or meas- 
ure objects in his phj'sical environment. As he leam.? to count by one? 
to find the number of marbles or the number of piece? of candy, he 
focuses more attention on the number concept a.? an ab-stmetion from a 
gu’cn set of objects. He learns tlie meaning of 5 from .«eci»g and counting 
many sols of objects, each of which has one common characteristic, 
fivonc.ss. As he make? comparison.? he rocognire.? that a group of S con- 
tains more than a group of 5. Then, a.? lua ide.a? rxp.and, he licgin? to 
realize that each niimlier ;? one more Ilian the prcceiling one and that 
it i.s one Ic.s.? than the one following it. rurthermnre, he loams tlmt any 
number is more than amj of those which come before it, e.g., that 8 is 
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greater than 7, 0, 5, 4, 3, 2, or J. lie discovers also that 8 is Ic-ss than 
any number following it, i.c., 9, 10, 11, 12, • • • . Tliis early idea of more 
lhan-ncss and less lhan-ims, the order relations, provides the early back- 
ground for all further btudy of estimates of computations. It is used 
when students learn how to tell the larger of two fractions and then to 
make estimates of computations with fractions. 


Early Elementary. In kindergarten and the lower elementary grades, 
teachers should provide frequent opportunity for pupils to estimate re- 
sults of computations. After the pupils know that 3 + 4 = 7, the teacher 
might ask if 3 + 0 is more than 7 or less than 7. This question is based 
on the child’s knowledge that 6 is more than 4. Later on as pupils learn 
the tens, the teacher could ask if 30 + CO is more than or less tlian 70. 
As multiplication is introduced, a similar procedure is appropriate. For 
example, kno\ving that 4 X 3 = 12, is 7 X 3 more than or less than 12? 
Thus, before the pupil knows the table of threes completely, he has some 
notion of the size of the product of 7 and 3. In a later grade, the teacher 
might ask if 3 X 70 is more than or Icas than 120. 

Tlie ability to estimate is extended when pupils arc asked to gis’c two 
numbers such that the result is iKstwccn them. Knowing that 3X4 = 12 
j led to see that 3 X 7 is between 12 

and 30. Tlie same idea is expressed when a pupil siiys that 3 X 7 is 
more than 12 but less than 30. In a division example like 31 -f- 3, pupils 

'O. basing thii nsti- 

n r.. f T" ^ ® To bring in the idea of fc- 

hsm 0„o r? ’ 1,"'" 31 + 3 is between 

them. One pnpil know that .10 .s- 3 _ lo and that 30 .t- 3 = 12; 

fess "O'* 13. “oro ‘ban 10 but 

css than 12. Anotlier pupd may think: 30 u- 3 = lO- 33 1 - 11 ■ 

hence 31 u- 3 is between 10 and II but nearer 10 han It' A sLita 
analysis is appropriate for 32 <• 3, 29 3 and 2S ■ 1 ^ 1 ..""V “ 

facility in making estiLtes’. ®>"'o on the pupil’s 

asaeharactSko" TurtumC^SSm" P'"'' ™Iue 

The position or place of tho l^omcs increasingly important. 

example, in 308, the 3 mcans^S hundSS'T ‘r" e*' 'o" 

means 8 ones. This idin r,f reds, the G means 0 tens, and the 8 

in estimating computatiom als^ Tlf”? increasingly important 

in estimating arc srownX?^^^ I lustrations of the use of place value 
310 3 is more than 100- G discoveries such as these: 

n 6 X 37 13 betwen 180 and 240; 215 X 404 
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is about 80,000; 79,000,000 2 is about 40,000,000 (pupils may see 

it more easily if -writteii 79 miflion -i- 2). 

Estiinatiug results can and should be eTtended to all parts of the in- 
structional program in arithmetic. As complex fractions are studied, 
pupils can be asked to estimate sums such as 5^6 + 4^£2- All pupils 
should be led to see that the result is between 9 and 11. Some pupils 
will be able to give a smaller inten’al such as bettccen 9 and 10. Brighter 
students may see the result as a little more than 9M and may think like 
this: 51^6 + 45^6 = or 9>^; since 4^2 is more than 4^6. SKs + 
4%^2 is a little more than 9^^. While estimating a sum like 12 + 14 d- 
9 -j- 18, some pupils will think; Each number is Jess than 20; hence the 
sum is less than 4 X 20 or 80. More obser\'ant youngsters will say that 
the sum is about 4 X 15 or 60. 

Estimating products and quotients of decimal fractions helps pupils 
place the decimal point sensibly. Fora prc«3uct such as 3.24 X 4.6, stu- 
dents first should estimate; estimates should be in the inter\'al 12 to 20 
because 3 X 4 12 and 4 X 5 «= 20. For example, students coxild be 

asked, “Estimate the product and then place the decimal point in the 
following.” 


X 4,6 
1944 
1296 
14904 

A similar procedure is appropriate for placing the decimal point in 
quotients. In an example such as 61.72 -f- 4.3 students can make a pre- 
liminary estimate of 15 for the quotient. TTiis should help pupils place 
the decimal point sensibly instead of following the rule blindly. 

To make estimates of results invoUing decimals, pupils must recognize 
the relative size of numbers such as 3.24, 4.6, 61.(2, and 4.2. Often pupils 
fail to do this when they erroneously conclude that the size of a number 
is determined by the number of dipts. To help pupils gain clearer in- 
sight into the relative size of such numbers, it is helpful to have pupils 
count by tenths, hundredths, and thousandths. For e.vampJe, to get a 
notion of the position of 3.2 in relation to 3 and 4, count by tenths from 
3 to 4: 

3.0, 3.1, SS, 3.3. 3.4, 3.5, 3.6, 3.7, 3.S, 3.9, 4.0. 

The pupil can see that 3.2 is more nearly 3 than 4. A simiLar c.Tcrci«c 
is appropriate for comparing numbers like 62.3 and 02,27 by counting 
by hundredths from 02.20 to 62.30. 
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Pupils can Icam to eslimato results to obtain a reasonable check of 
their paper-pencil computations. Also, estimating leads directly to later 
work with slide rule calculations where one almost alwa>'8 relies on an 
estimate to place the decimal point in the result. 

Students usually find it easy to count by 25’s, 50’s, and lOO’s. A 
practical use of such counting in making estimates Ls shomi in an example 
from the grocery store. 

Martha George is buying groceries in a super market. She comes to 
the candy counter and wonders if the $5.00 she ha.s is enough to pay for 
her groceries and buy a $1.50 box of chocolates. To find out, she esti- 
mates the cost of groceries in her basket by rounding the cost of each 
item to the nearest 25 cents and and then mentally counts by 25*s, 50’s, 
or lOO’s, whichever is appropriate, to estimate the total. 


Actual cost 

Cost rounded to 

Mental Estimate 

nearest 25 cents 

(Cumulative total) 

$1.39 

$1.50 

$1.50 

.37 

.25 

1.75 

.15 

.25 

2.00 

.98 

1.00 

3.00 

.68 

♦75 

3.75 

S3. 57 Actual total 


$3.75 


d.p= pup^ can find the eaact coat and compare it with their estimate, 
mate the total by counting by tens. ^ 

Junior and Senior High School. As the fomula for the circum- 
Z" nn'd o^th • -y bring in tin Se 

and after the direct cnmTs ♦ »• ^ estimate the results before 

" toZZa “PP”'"”"'.™ “'E'bm nnrgZSoT”' 

of the time “'’'"'.P“'yE>>“'. P"* 

esiimatmg the area.? by estimating results 
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of computations. For example, students can be asked to estimate the 
area of the polygons such as those in Figure 2. For the triangle, an csti- 



Estimate of area 
Fio. 2 


mate of 3 or 4 square units would seem reasonable. The area of Uie 
rectangle is about 100; some of the more able pupils mgM ‘te 
as about 110 square units, obtained by multipljJjg 20 by 6^. 

As pupils undertake square root in the jumor high school, they should 
be encouraged to estimate before trying to M a closer 
Clearly, pupils should be led to see that ^/75 is between 8 and 9, that 
Vt76 is between 13 and 14, before preceding to fcd a closer “PP™^”- 
tion by the diyision method or the algorism. The diyision method for 
finding the square root is more meaningful than the usual algorism and 
should be given considerable emphasis, parlicnlarl ,- m square root is 
introduced. This is true because the diyision method foeu^ ntte^on 
on the fundamental notion of the square root of a ^ 

method can be more than just trial and error. For example, a prelum- 
narj' estimate of '\/75 might be 8.5. 


Divide 75 by 85 


8.8 

8.5/75.00 
CS 0 
7 00 
C 80 


To make the second estimate, average 8.5 and 8.8, getting 8.05. 

8.07 

Use S.G5 as the trial divisor 

5 800 
5 190 
0100 
0055 
45 
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This process can continue until the draired precision is obtained. From 
the second trial di\aslon, it is clear that ■y/lb is 8.7, to the nearest tenth 
and there is reasonable assurance that the result is 8.C0, to the nearest 
hundredth. As the averaging and division process continues, a closer 
approximation is obtained although no decimal number will be the 
exact square root of 75. Teachers nught point out that ■\/T6 is an ir- 
rational number. (See page 52 in Chapter 2, “Number and Operation.”) 

\VhiIe working with formulas which require extensive computation, 
it is helpful first to estimate the result. To find the result for 


31.72 X 42.4 
167 

a pupil might estimate this way: “The result is about (30 X 40)/150 
or (3 X 40)/15 or about 120/15 or about 8.” This kind of estimation 
may help avoid errors in placing the decimal point. Such exercises are 
also important in computations using the slide rule. 

Often pupils use the rules blindly for finding the characteristic of the 
logarithm of a number. It is important that they be given ample practice 
in estimating the logarithm before extensive use of tables. For example, 
the log of 789 is between 2 and 3 becau.se 10* « 100 and 10’ = 1000. 

As the reader has probably recognized, the more advanced work on 
estimates in calculations b dependent upon the ability to multiply and 
divide easily by 10. 100, 1000, and other powers of 10. Therefore, there 
shoifid be contmuing stress on multiplication and di%’ision by powers 
of 10 a.s weU as stress on the structure of the numeration system, 
bummary of Ilecurring Ideas. From the study of estimation in 

“ varying degrees of importance 
from kindergarten through high school. 

“re important for al- 

rartra f ““PntaUons. The idea begiim m kinder- 

w “““ “U ftnt foUorr it 

creater than-lessTh 1 upper elementary grades this 

o An idea of fc / " ^ ^tended to common and decimal fractions. 
An Idea of hetwem-ms, begins somewhat later than the pnriv con- 

“tiltTr to the aX‘o 

Item” ""“bore such that the resnit 

particularly important. ^ ^ estimate. Place value is 
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4. To estimate effectively, it is necessary to be able to multiply and 
div'ide easily by 10, 200, 1000, and other pon'ers of 10. 

5. Implicit in all work on estimation is the attempt to get pupils to 
think about the result and make an estimate before plunging directly 
into the exact paper-pencil computation. The major attempt is to get 
pupils to deal with numbers sensibly. 

Estimating tbe Number of Objects. About how many people were 
at the meeting? About how many marbles are in the jar? ^\^Jat is your 
estimate of the number of children on the playground? 

These questions suggest a second aspect of estimation, looking at a 
group of objects and estimating its number. The subject is often over- 
looked and many people are unable to make a reasonable guess in such 
situations. This section contains some suggestions for helping pupils 
grow in their ability to make estimates of this nature. 

Early ideas in estimating the number of objects involve only more 
than, less than, many more, few more, and the like. Teachers can ask 
questions such as: Are there more people in that group than there are in 
our class? Many more? Few more? Then, as pupils grow in their ability 
to make such estimations, closer approximations may be expected. In 
the kindergarten and lower elementary grades, pupils are led to get a 
mental concept of groups of 1, 2, 3, 4, 5. Larger groups are usually vis- 
ualized in terms of these smaller groups. For example, ten may be per- 
ceived as 6 4* 5 from the pattern 


This same idea is used when we encourage pupils to estimate a larger 
group by estimating the number of smaller, more familiar groups it con- 
tains. For example, a pupil can count the number of people in a reading 
group, look at it to get some idea of the size, and then apply this uniV 
of me^rement to the total class and make some guess about the number 
of children. He can also count the number of children in the room and 
use this larger unit of measurement to estimate the number of children 
on the playground. To estimate even la^cr groups of people, students 
might be asked to focus attention on the number of people at assembly 
to get a larger unit for use in estimating the crowd in the football stadium. 

Such estimates nmy involve mental or paper-pencil computations. To 
estimate the number of marbles in a jar, the child can count the numl^er 
of marbles on the bottom of the jar, estimate the number of layers (by 
counting doum the jar) and then multiply to get an estimate of the total 
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number. This could turn into an interestii^ guessing game. To help pupils 
estimate the number of scats in an auditorium or church, have them 
count the number of seats in one row, the number of rows, and then 
multiply mentally (or paper-pendl if too complicated) to find the total. 
Numerous opportunities arise where teachers can take a few minutes 
for this kind of estimation. At Tbanks^ving and Christmas, with the 
abundance of cranberries, a guesring game is fun. The teacher might 
hold up a handful of cranberries and ask pupils to estimate the number. 

The inverse of estimating a given number of objects is encountered 
when a number b given and a group of objects is to be chosen. “I want 
100 sheets of paper." "Bring me a dozen pins.” “I need 18 pieces of 
candy." Procedures for teaching this type of estimation are similar to 
those described earlier. 


Estimating iNIcasurements. The practical value of being able to 
estimate the size of phj’sical objects is recognized by almost all people. 
‘ ^Vhat is the length of this room?” “How far is it from the center of 
town to your house?" "How many feet were you from the scene of the 
accident?" "Does this letter weigh too much to go for 4 cents?" "How 
long should I allow for my drive to the airport?" "How much gra.ss seed 
should I buy for my lawn?” "How many square yards of carpeting do I 
need?” A measuring instrument b not always handy or it may be difii- 
cult to measure the quantity directly. The teacher should realize that 
thw kind of estimation is difficult and somewhat cumbersome to teach. 
There are several reasons for this. It is time consuming; it may be diffi- 
cult to apply a measuring instrument to the quantity; and a certain 
degTTO of mathematical maturity seems desirable, if not necessary. But 
thus does not mean tliat we should ignore this u-seful aspect of estimation. 
It IS even more reason for giving concentrated and systematic study 


“PPly a known unit to an unknown 
Ika number of unit,. Hence, the CKential idea 

!z.rpo~?or’””^^^ 

of iMt and Bbce o ro^,l wTuriZl! forequarter 

the breadth of hL,'tand°UrinE 

can be asked to find tho wirifi ^ r ® measurement, he 

find the width of scTCml objecU; desks, books, wmdows. 
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etc. Knowing the number of hands and the width of each hand, he 
can make an estimate. Similarly, pupils can get a smaller measuring 
unit by measuring a joint of a finger, perhaps trying to find one that is 
one inch long. Measuring his height and using tMs as a unit, a student 
might estimate that the height of the room is three times his height, or 
about 12 feet. 

It is common to see the length of the room or the width of a lot stepped 
off . This is done by knowing the length of the stride, finding the number 
of steps, and then estimating the distance. Thus, pupils can measure 
their stride (perhaps take an average of 5 or 6 steps) and then practice 
using it. If desired, the distance may be measured with a tape measure 
or yardstick to check the estimate. 

Estimating longer distances is not as .simple because we cannot apply 
a known quantity as easily and must rely on a mental approximation 
of the number of units. It may be helpful to have pupils take the distance 
that they travel often and know well, e.g., distance from home to school, 
and try to apply this unit to other distances. it’s about twice as 
far from my house to yours as it is from mine to school. It’s l.G miles 
from my house to school. Hence, it must be about 3 miles from my house 
to yours.” As a child begins to travel, larger units make more sense. It 
is 35 miles to City A. It must be about twice as far to City B; hence, 
it is about 70 miles. 

The Boy Scout Manual contains many suggestions for making linear 
estimations, directly and indirectly. For further information on this 
topic, consult this reference. 

Estimates of Other Measurements. Making estimates of other 
measurements involves procedures similar to those suggested for linear 
estimates. Area is usually estimated indirectly after measuring or stop- 
ping of! linear measurements. The dimensions of a room may be esti- 
mated to be 21' by 45'; hence, the area would be estimated as about 900 
square feet. Likewise, most estimates of ■\*oIume are made indirectly 
using known or estimated linear measurements. To help pupils estimate 
weight, they might be asked to estimate the weight of certain objects 
before and after handling an ounce and a pound weight. It is difficult to 
teach pupils to estimate the length of time from one event to the next. 
But they should be able to estimate driwng time between two cities if the 
distance and average speed are known. Estimates of .rire of angles arc 
usually made using the easily recognized 45®, 90®, ISO®, and 270® angles 
as guides. 

One practie.'il problem that arises in estimations is the amount of error 
that should be allowed. To some extent the allowable error depends on 
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the use of the estimate. Certainly if a pupil cati estimate witli a 10 to 20 % 
error, he is doing well. In the early work on estimation, we may axpcct 
much greater error. The study of the error of an estimate provides a nice 
opportunity for some work on per cent by finding the per cent of error 
of a given estimate. Likewise, pupils can calculate the amount of per* 
missihle error when the per cent allowr<l is statcil. 

We cannot expect a pupil to make fathsTnetorj' cstimntc.s of measure- 
ments from a lirief exiw-'Urc to tlie topic. Elementary and liigh school 
teachers should provide many and x-ariod opportunilic.s for piipiU to 
make cstimalea of measurements. The«c etpcricnces should l)C of the 
kind which relates estimation of mo.a<urcmentK to the world and the 
enwronment of the student. 


i\n:AsunE.MENT 

The concept of measurement Is U5se<l daily by cvcr>’one. It is so much 
a part of our everyday life lliat we arc seldom aware of its extensive use. 
Wo get up at 7 a.m., allow 30 minutes for breakfast, drive our new 1909 
car at a speed under the G.") m.p.h. limit. We encounter difTicullics park- 
ing— our car is too long; there arc too m.iny ears and too few parking 
spaces. On a trip to tlic super market we see that c.ach item is l.alKled 
with one or more numlicr pj’ml>ols referring to price, length, area, volume, 
and weight. We measure for draperies, rugs, and to find the amount of 
grass scedfor our lawns, ^fctcremea^^u^c the number of units of gas, water, 
and electricity we use. There is little doubt that measurement is an 
integral part of our lives. 

This section h devoted to the teaching of direct and indirect measure- 
ment and related ideas such as standard units, precision, accuracy, 
tolerance, and tolerance intcn-al. Considerable attention is given to 
procedures for making computations wiUi numbers arLsing from approxi- 
mations, including numbers arising from measurement. 

, Measurement. In every instance, the ultimate 

esu o c measuring process a.ssociatcs a number with some geometri- 
dtclly "“y !>= -"•■>'1= directly or in- 

me^iorl"TTwK comparison of a unit of 
m^rtTre- Mo Eramples of direct meas- 
ure- area* of floor r ° n yardstick or tape meas- 

ricToor- ‘ta number of tiles (square units) 

When the measure of a quantity sneh as time, temperature, velocity. 
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weight, or even distance is computed from numbers obtained by actually 
measuring some other quantity, the first quantity is measured indirectly. 
Instruments such as clocks, thermometers, speedometers, and spring 
scales are used to make measurements indirectly. Such de\’ices convert 
the quantity being measured into forces which move gears, expand 
metals, and in some way produce numbers which are read directly on a 
scale. Such measurements are made possible by combined mathematical, 
scientific, and mechanical knowledge. Some quantities are measured in- 
directly by using mathematical formulas to translate known direct 
measurements into a number for the quantity. The area of a rectangular 
floor is found indirectly when the number of units in the length and the 
number of units in the ividth are substituted in the formula A = Iw. 
(If I = 21 ft. and lo = 10 ft., then the area is found indirectly; A = 21 X 
10 or 210 sq. ft.) The height of the flagpole (Fig. 3) is found indirectly 



by using the formula * d ■ (tangent Z y) and the direct measurements 
ot anglB y and d. (If angle !, = 41“ and d = 76 It., then h - ,a (tangent 
41”) • h = 70 (.869) or approximately A = 66 ft. In some cases tvo arc 
unable to apply a measuring instrument directly to the quantity, c.g., 
finding the time which has passed since breakfast; m other cases it is a 
matter of convenience to make measurements mduectly, c.g., the area 
of floor and the height of the tlagpole. _„_;ia 

Units of Measurement. From the study of measurement, pupls 
should realise that standard units of mcasuremeiit ^ 

although the units may have arisen histoncally. Furthermore, thq 
should recognise that units of measureuient are 

them to have widespread use. For example, a door made m Indiana must 
fit an automobile aLmbled in Michigan, 

lives 1 lesson such as the following might be pl.inned. na\c pupils 
lues, a Ie.sson ' desks with the forearm pointed upaard and 
place their o" length from the ellxiw to the finger tip 

the fingere extend^. Meagre the g „,.ssuremrnt for 

(this IS the ancient ciihil, a ^ ' merchant would profit by 

each pupil. They will recognise tlmt standard unit, the cte 

having a short arm. Sou, measurements. Then, 

can establish its own by m.any measurement.^ can 
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class cubit can be divided into smaller equal units to measure smaller 
lengths. 

Standard units of measurement are defined by law. The definitions of 
some units are made by the U. S. Congress and some are made by in- 
div-idual states. A bushel of com may have different definitions in neigh- 
boring states. In most of our trading and industrial establishments we 
still use the English system of wdghts and measures established by act 
of Congress although the metric system is permissible. But the EngUsh 
units of measurement are defined by law in terms of the metric units 
which are generally used in scientific work and which are being used 

increasingly elsewhere. The yard is defined to be meter. This 

makes an inch a little more than 2.540005 centimeters. For industrial 
purposes the inch is often treated as exactly 2.54 centimeters. The defi- 
nition of the meter itself, however, Ls in the process of being made more 
precise.* 

Students should be familiar with the variety of ututs of measurement. 
Examples of some units can be exhibited and used in the classroom to 
give pupils repeated contact with the unlU and their use. Certainly 
every pupil should be thoroughly familiar with commonly used units 
such as inch, foot, yard, mile, ounce, pound, ton, and so on. But m the 
present atom and space age, there is a need for more attention to very 
snulU^'ers' large units of mea.«urement. Contrast in linear units can 

• The follomng is quoted from Science 127; 76; January 10, 1958. 

New Standard of Length 


o< ft. llrtre, by L. E. 

S clnidf |S°.' Applied Phyiits, K.tioo.I n«eareh Cotimil 

rf ”1 leisth-. WTOleegtli 

SfeLdine b.r lept .1 Ber,*,. F.apce. 

« 'he .ir„Lr? >“JPlP«-Sl !>»» beep e.leeted 

jhi. r"' "" '» " 1.6a>,Ifl3.73 tine, 

the rr'^l -11 before than 100 times V, preeUe a. 

iM-fore the wa\ 

above will send iu recominendal£lo th^TP «• mentioned 

and Mcacures for coMidcralion at its of Weights 

there, the recommendation will u! nre^n^”t® 

Weights and Measures, which win Intcmalional Conference on 

come the legal international standard standard will be- 
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be shown by these comparisons: 

.00000001 cm. — Diameter of hydr<^eii atom 

.000001 in. — Crosshairs for telescope made from cocoon of brown 

spider 

.003 in. — Thickness of human hair 

.01 in. — Thickness of 3 sheets of standard newspaper 

5 light years — Distance to one of the nearer stars (distance given in 
terms of time it takes a ray of light to reach earth). 

Contrast in velocity can be shown by comparing the speed of a turtle 
to the speed of soimd, about 1080 ft. per see., or about 3^ mile per sec., 
the velocity of a satellite in orbit at about 18,000 miles per hour, and 
the speed of light at about 186,000 miles per second, or about 670,000,000 
miles per hour. 

Students should be familiar with the many measuring instruments 
and realize man’s quest for more precise instruments for measurement. 
Foot rulers, yardsticks, meter sticks, steel tapes, tape measures, vernier, 
and micrometer calipers are some of tJ)e instruments for measuring 
length which can be demonstrated in the classroom. Other instruments 
can be used and demonstrated such as the protractor and transit for 
measuring angles, and platform balances and spring scales for measuring 
weight. 

Relationships Between Units. Letting generalisations grow from 
several concrete examples is commonly accepted as sound practice in 
teaclung arithmetic. While teaching the basic addition facta, students are 
given repeated examples such as combining 3 beads and 4 beads, 3 
chairs and 4 chairs, 3 pencils and 4 pencils before reaching the generali- 
zation, 3 -f- 4 = 7. A similar procedure is highly desirable for teaching 
many of the relationships between units of measurement. Students can 
be given a rule marked in foot units only and one wth inch units only. 
By arranging interesting situations in which the student uses both rules 
to make the same measurement, it seems likely that he will make more 
observ’ations about the relation between the foot unit and tlic inch unit. 
For 1 foot unit he has 12 inch units; for 2 foot units he has 24 inch uniU; 
for 3 foot units he has 30 inch units. He pairs the number of foot units 
with the number of inch units and generalizes that there are 12 inch units 
for each foot unit, 12 inches = 1 foot. 

At a more advanced level, we can help the student see how he might 
record the results of his observations in the form of a table, generalize, 
and then write a formula e.\prcssing the relation. 
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number of foot units | 1 \ 2 j 3 


number of inch units 1 12 j 24 j 30 


Examination of this table might lead him to conjecture that w’hen the 
number of foot units 13 4, the number of inch units if 48. He might verbal- 
ize what he sees in the table, 18 limes the number of fool units is equal 
to the number of inch units. For the number of foot units, F, and the num- 
ber of inch units, 7, we write the condition that 12 times the number of 
foot xmits is equal to the number of inch units as 12F = I. (Students 
should be reminded that the formula does not state that 12 feet *= 1 
inch; rather, 12 X the number of feet — number of inches.) Similarly he 
can discover or interpret the formulas, ZY = F, SGF = 7, for the num- 
ber of yard marks, Y, and the number of foot marks, F, and the number 
of inch marks, 7. The idea of the relatedness of the number of one unit 
of measure and another unit of measure can be brought to fruition in a 
formula, illustrative of the way (with considerable simplification) in 
which a mature scientist examines a specimen of his eD\dronment, re- 
cords pairs of numbers, and writes a formula to describe the results of 
lus observations. 

The relationship between units of weight such as ounce and pound 
can be shown by use of a platform balance. For liquid measure, pupils 
can measure using the cup, pint, quart, and gallon and then generaliae 
about the relationship between the units. 


By observing phyrical examples of units of measurement the student 
comes to ^ow many of the directly obscivable units of measurement 
and the relationship between the same units. But an individual’s imme- 
diate sensoiy perception does not pemut him to know relationships such 
as those ^tmg between one inch and one millionth of an inch, one mile 
and one light year, or one second and one centmy’. How, then, can stu- 
dents come to know about the relation between such units? In these 
numerical processes. One inch = 1,000,000 
mitonths mchra because 1 - 1,000,000 millionths. One light year is 
dcBnecl as the (kstance light travels in 1 year- hence 1 Ueht year is 
approjdmalely 180,000 X GO X 00 y M y cos n ^ K ■ 
approstaalely CO X 00 X 24 “ 

onnnrtttnif^ VeV ^ X 100 seconds. This provides an 

merirarioL e '"tieh ore purely nu- 

X£;i t T ’rT ftose which al» involve 

Sp™?he lighTt 1 

those ^vhich are to/f/.? 1 r -i- number of seconds in a year), and 

loot or an mch m 2.54 centnneters). lln, letter concept-that basic 
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units are arbitrarily defined— is a fundamental notion which must 
eventually be brought out clearly and not be obscured by the concrete 
approach suggested above as a pedagogical devnce for giving children an 
insight into the nature of units and their interrelationships. A clear 
understanding of this was noted in Chapter 4, “Proof,” as one way of 
pointing out the fundamental role and arbitrary nature of definitions in 
all mathematical systems. 

As has been pointed out earlier, by the measuring process we associ- 
ate a number with some geometrical or physical quantity. Thus, meas- 
urement would include counting the number of fingers, the number of 
people in the room, or the number of dollars and cents in the bank. 
But the more common usage of measurement docs not include these 
examples of a discrete number of objects. In the more common usage 
of measurement, a measuring instrument and a unit of measurement 
are implied. Furthermore, it is usually assumed that the quantity to be 
measured cannot be numbered exactly. 

A clear conception of the measurement process must include an un- 
derstanding of its approximate nature. In the early elementary grades, 
a pupil might think that he can cut off t«'o feet of rope in the same sense 
that he can pick up two pennies. He measures perhaps \vithout realizing 
that the length of rope is approximately 2 feet. But he will measure 
lengths such as one which is a^ut $ ft. where he is certain to observe 
that, “It does not come out even.” He will see that it contains neither 
exactly two feet nor exactly three feet. There is nothing inexact about 
the amount of rope; there is a definite, fixed amount. There is nothing 
inexact about the number 2 or the number 5. But there is something 
inexact about the description of the length of rope as 2 ft. No matter 
how small the unit of measurement, the exact length cannot be deter- 
mined. Thus, numbers arising from measurement made with rulers 
and other instruments arc approximate representations of the physical 
quantity. 

Precision of Mcasurcmenl. The precision of a measuToment is de- 
fined by the unit used to moke it. When a measurement is made to tiie 
nearest foot, the precision of measurement is 1 ft. Measuring to the 
nearest half inch gives greater precision. The smaller the unit, the 
greater is the precision of the measurement. 

The error of measurement is the difference between the actual length and 
the recorded length. Error of measurement docs not refer to a mistake in 
measuring. If line segment AB (Fig. 4) is measured to the nearest half 
inch, the length is recorded as inches. The error of measurement is 
the length of YD, (he difference between the length of AD and the rc- 
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corded measurement of 2J4 inches. When AB is measured to the nearest 
inch, t^ length is recorded as 3 inches and the error of measurement is 
(3 — AB) inches. If AB is more than 3 inches, the error of measurement 
is (AB — 3) inches. It should be clear that the error of measurement 
cannot be determined just as the exact length of AB cannot be deter- 
mined. We can only state the length of the interval within which the 
error must be contained. 

To help pupils imderstand the meaning of precision and error of 
measurement the teacher can plan a lesson similar to the following. Dis- 
tribute a sheet of paper to each pupil containing several line segments of 
different length.^. Also, supply students with a scale marked in one-inch 
units only. Have the students measure each line segment with the inch- 
unit scale and record their results to the nearest inch in a table. The pu- 
pils can be told that the error of measurement is the difference between 
the actual length and the recorded length. Then give the pupils a scale 
larked in one-half inch units and ask them to record the measurements. 
Then, using a scale marked in inch units only, repeat the process. 
If the onpnal lines have been carefully drawn by the teacher, the student 
will obtam different numbers such as 3, 2>^, 2^ for successive measure- 
ment.s of the same line with different rulers! From such a laboratorj- 
lesson, the students should realize that Ihe mailer the unit of meaeure- 
menl, the more precise is the measurement. 

By pcrtmcnt questions from the toucher, the uboye les-son ctm be «- 
teudrf to help puptU uudetstund pTruIcI p,m^le error, the toleruncc, os 

nearest inch, « hut is the recorded IcneUi? (Fig. S). AB must be as long 


L 


- 1 ^ ? 1 ? ? 7 ? ? 
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tt ill need a remindn^ ^ greatest poarible error Is X. (Students 

error is the diffemnee between the actual length 
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and the recorded length.) By use of questions like these, pupils can see 
that the greatest possible error is inch. Similar questions should be 
asked for measurement to the nearest half inch and nearest quarter 
inch. From such a discussion, pupils are led to make the added generali- 
zation: The greatest possible error (the tolerance) is one-half the unit of 
measurement. 

Tolerance Interval. If any of the line segments AB CD, EF, or 
GH (Fig. 6) is measured to the nearest inch, the length will be recorded 
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as 2 inches. In other words, any length between Ih and 2H wi 1 bo 
recorded as 2" when measured to the nearest inch. The interval 
to 2H' is called the toUrance interval for a recorded meaSOTement of 2 
inches when made to the nearest inch. Thus when mcasunng with inch 
units, we do not know the number which represents the length of any 
one of the segments above. But wc do know that the nuinber for any 
one of them is in the tolerance interval 1-5 to 2.5 I another hue segment 
Xr is measured to the nearest haU inch as HH’, the number OH does 
not tell the exact length of XT; but wo "juld know that the actual 
length of Xr is in the interval HH" to Thus, m most oases, the 
tol^ance interval fs deternrined hy the unit ofmeavnremmtln such cases 
the lower number of the tolerance inten al is the recorded mcasurcincnt 
minus one half the unit of measurement; the up,«r number is obtained 
by adding one half the unit of measurement. It is elear that in sucli 

cases, the tolerance inten'al is twice the to erance. 

In the previous examples, the units of mea^rement were stated and 
we were able to give the tolerance interva with 'artain y In scientific 
and engineering work it is important and customa^ that these facts 
are written, read, and used carefully and P^Pcrly. This i, not always 
the case Jinny times we must make an intelligent guess nlmut the unit 
of measurement from a recorded ^ '>‘a,mean 

distance to the sun is sometimes written as 03,000,000 milM; without 
knowing for sure about the unit of measurement, we might guess tliat 
it is nrittion miles and infer that « »2.500,fXX) 

miles to 93,500,000 miles. For a recorded length oi iu.3 inches, we prob- 
ably would* assume that the unit of measurement is tenth-inch i>ecaase 
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16.3 indicates this precision; if it were recorded as 1G.30 inches, we would 
assxune the measurement was made to the nearest hundredth-inch. Much 
of the work with measurement will require pupils to make a sensible 
guess about the unit from a recorded measurement. Hence, it seems 
reasonable to ask pupils to pve the unit of measurement, the greatest 
possible error, and the tolerance interval for several measurements 
where the unit of measurement is not stated explicitly. 

We should encourage pupils to inquire about the tolerance and the 
unit of measurement in each new measuring context. When a seamstress 
buys 3 yards of material, the clerk does not give her 2^ to 33^ yards of 
material. She is assured of getting at least 3 yards and the tolerance in- 
terval probably is 3 yards — 3 yards 2 inches. If you go to a lumber yard 
and purchase a board 8 feet in length, what is the unit of measurement? 
What precision is required in milling this type of lumber? Does this 
mean that when you get home you can expect that the length of the 
board is more than 7.5 feet and less than 8.6 feet? If a man is working in 
a machine tool company and the blue print calls for a piece which is % 
inches long, is he to assume that he ^Till be performing his duty properly 
if he turns out a piece whose length is between 1 inches and inches? 
No, he will either already have been informed about the required unit 
of measurement employed or rvill inquire about it for any new blue print 
on which it is not specified. The understanding that ^ inches may mean 
1.5 inches or 1.50 inches or 1.500 inches b important. In many cases the 
teacher can rely upon the local environment to provide industries from 
which the student can obtain loformation regarding the units of measure- 
ment used or the precision of measurement required. Students can be 
encouraged to inquire about the tolerance for a quart of milk, a gallon 
of gasoline, and so on, in their own state. 


We should acquaint pupib with the standard ways in which prccbion 
of meiLsurement b indicated. Most blueprints use the ± notation to in- 
icate the tolerance and the unit of measurement. A measurement of 6 
tolerance interval b 5 ft. llM 

S 1 ? measurement is 1 inch. A bolt and a bolt 
hole both labeled ^ m. would not have the eaine tolerance; the bolt 
02?5 .oTtS,“" - .005 in, nmking the tolerance interval 
n ot i. "f 'he bolt hole might be written aa 

i""' ““’“S 'la tolerance interval .250 to .255, ScicntiSc 
amole 2 “dicate the preciaion of measurement. For ex- 

Z nea^l he I n'”- r"’'* *'“* “'e measurement was made to 

micht be snm ® recorded as 26,300 cm,, there 

might be some doubt about the preeWon of the measurement. Likewise, 
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3.10 X 10“^ cm. would indicate precision to the nearest millionth-centi- 
meter. 

By examining many practical illustrations from science and industry, 
students can begin to appreciate the role which measurement and ap- 
proximation play. In the mass production of many items — refrigerators, 
television sets, automobiles — ^\vhich are produced on assembly lines, 
each part must be produced with its measiure in a given tolerance interval 
in order that the parts will fit together and the final product will perform 
properly. From the planning stage, through production, and the checking 
of the quality of the product — an applied mathematical area itself — 
we are concerned about the tolerance interval and its relation to the final 
performance of the item. 


COMPUTATIONS WITH NUMBERS ARISING 
FROM APPROXIMATIONS 

Approximations arise from many sources. It has already been shomi 
that numbers obtained by applying measuring instruments to a quantity 
are approximations. Approximations arise also as we attempt to ^Tite a 
decimal representation for numbers like *•, V^* log 62, or 
sine 32®. Numbers such as 171,000,000, obtained by rounding some num- 
ber to the nearest million, give rise to approximations. Computations 
with numbers arising from approxunations should be done with the idea 
of their nature clearly in mind. , ^ . 

Many standard texts use Approximale Numbers to denote such num- 
bers. Although this terminology is simpler to use, the wnters of this 
chapter have chosen to avoid it because mathematically, numbers are 
not classed in this manner. Teachem who wish to continue the use of 
Approximate Numbers should not feel that they are commiU.ng a grave 
error. But they should be certain that students realize that this is a 
shortened and convenient terminology. No number is approximate. The 
■5M’ in '5H ft.’ represents a number. This number, by itself, is never 

u Sf fines not really make much sense to call it 
an approximation; hence it does noi n.aujr , 

»acl either. However, the number may be u^d to represent ,1 e 
height in feet of a man, with the undemanding that wc do not knou 
the number which represents his true height, but lint 5 ^ is ‘<> d- 
The number is not approximale but any decimal expression for 

't'rSntldcrWlo-.'proendnms are develo,^ lor making 
in tiie section aricine from approximations. Mod of the 

eompntatlons "’“"'f "I ® mea.summcnt because of the 

examples deal with numbere arising irom 
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ease of illustration. The reader should be aware that the procedures 
should be used for approximations arising from any source. 

Adding and Subtracting. What b wrong with each of these ex- 
amples? 


Example 1 Example 2 

Add 4.7 ft. Subtract 6.497 in. 

3.824 ft. 3.5 in. 

8.521ft. 2.997 m. 

In Example 1, the measurement of 4.7 ft. indicates that it b made to 
the nearest tenth of a foot; thus, the actual length b as small as 4.65 
or as large as 4.75. The measurement of 3.824 ft. indicates precbion to 
the thousandths of a foot ; thus, the actual length is as small as 3.8235 ft. 
or as la^e as 8.8245 ft. If the actual lengths were the smallest possible, 
the sum would be 8.4735 ft.; if they were the largest possible, the sum 
would be 8.5745 ft. 


Smallest I^argest 

4.65 ft. 4.75 ft. 

3.823 5 ft. 3.8245 ft. 

8.4735 ft. 8.5745 ft. 

The sum of the two measurements fa somewhere in the interval 8.4735 
to 8.5745. The chances are only 1 in 100 that 8.524 (the sum recorded 
m Example 1) b the actual sum of the two measurements, to the nearest 
thousandth of an inch. 

In adding the two measuremenU in Example 1, the precbion of one of 
them, 4.7 ft., has been implidtly mcrea.sed by adding two zeros getting 
4./00 ft., mdicating precbion to the thousandth-inch. The precbion of a 
measurement cannot be increased in thb manner, merely with a flick of 
the pencil. To make it more precise, a smaller unit of measurement must 
be used, 

, additions can be shown by placing cross marks in 

the soacM: ^ ® 


Example 1 
Add 4.7xxft. 
3.824 ft. 


Example 2 
Subtract 6,497 in. 

3.5rx in. 
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Not knowing what digits occupy the spaces, it is evident that the sum 
in Example 1 and the difference in Example 2 cannot be obtained to 
the nearest thousandth-inch. 

From the pre\’ious discussion the following general principle is evident : 

To add or subtract numbers arising front approximations, first round 
each number to the unit of ike least precise number and then perform the 
operation. 

The principle stated above is easy to apply when measurements are 
recorded in the decimal system or in the metric system. It is not as easy 
when adding measurements such as 5% pounds and 6^ pounds. The 
main difficulty arises in assuming that 5H pounds represents a weight 
to the nearest quarter-pound; in actual practice it may mean 5% pounds, 
a measurement to the nearest eighth-pound. Thus, in actual practice, 
you need to know the unit of measurement before you can perform the 
computations with certainty of obtaining the correct precision in the 
result. , , . , , 

Relative Error and Accuracy. If the length of a desk is recorded as 
feet to the the nearest half-foot, the greatest possible error is h foot 
and the relative error is the ratio of M to 3M or M -*■ 3M ^ • 

The relative error of a measurement is defined as the ratio of the tolerance 
or maximum error to the measured value. Some persons m some situa- 
tions choose to express this fraction as a per cent (7.1 per cent m the 
above example). This is then called the per cent of error. By defimtion a 
measurement with a smaUcr relative error is said to bo rnore accurate 
than one with a larger relative error. This a special techmcal of 
the words accurate and acairacy. It does not refer to the care with which 
the measurement was made; it is assumed that all measurements are 
made with care and correctly to the precision indicated for them. 

It is not particularly easy to get pupils to realize the Ml 
statements in the previous paragraph. To introduce the he teacher 
may give several sets of measurements and ask ^pi s ... • _ 
and relative error as in the following examples, an a work sheet 
to students, the error column would be blank as is the rclatnc erro 
column.) 


Relative 

Error 


Example 1 


12 ft. 
18 ft. 


Ktt. 

Hft. 
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Example 2 50 ft. 5 ft. 

50 yds. 5 yds. 

510 miles 5 miles 


Examples 1,000,000 miles 500,000 miles 
1 mi. H ttu- 

.5 ft. .05 ft. 


From examples like these, pupils can be led to see that the accxmacy of 
a measurement is independent of the umt of mea.surement used to make 
it. 

To teach an imderstanding of this have students examine the follow- 
ing calculations of the relative error of the measurements 640 ft. to 
nearest 10 ft., 64 ft., 6.4 ft., and .64 ft. 


Relative error of 640 ft. = 
Relative error of 64 ft = 
Relative error of 6.4 ft = 
Relative error of .64 ft = 


5 

640 

:L « A 

64 610 

.05 _ 5 
6.4 “ 640 

.005 5 

.64 “ 040 


or about .07 
or about .07 
or about .07 
or about .07 


J»ote, the relative error of each measurement is the same, about .07. 

By similar calcx^tions, note that the relative error of each of the 
measurements 365 in., 36 5 in., 3.65 in., and .305 in. is the same, approxi- 
mately .0014. Hence each of this last set of measurements is more accu- 
rate than any of the first set of measurements. Each of the measure- 
ments 040 ft., 04 ft., G.4 ft., .61 ft. has 2 di^ts which affect the accuracy 
of the mrasurement; each of the measurements 3G5 in., etc., has 3 dipts 
which affect the accuracy of the measurement. Digits which affect the 
acci^^- of a mea.surement arc called rngnificanl digits. The more signifi- 
can igi s a measurement has, the more acemate is the measurement. 

I rom the d^,on above, it should be clear that all nonzero digits 
are Zeros are sometimes significant; they are significant 

nn 1 nonzero di^tsas in numerals like 700.01, COOM, 

in a numeral such as 0.004 becau-sc 
the zeros do not affect the relative error and hence the accuracy of the 
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measurement. For example, let’s compare the relative error of .004 with 
that of .4 under the assumption that in each case the tolerance is one 
half a umt of the size represented by the position of the fours. Thus 

the relative error of .001 = = A = .125 while the relative error 

•CKH 40 

of .4 = ^ shows that the zeros in .004 are not “sig- 

nificant.” 

In a numeral such as 04,000, it is difiScult to determine the number 
of significant digits because the unit of measurement is not knorni. If 
it is 64,000 to the nearest thousand, then none of the zeros is significant. 
If it is measured to the nearest unit, all the zeros are significant. To 
avoid ambiguity in cases such as this one, a dot can be placed over the 
zero which indicates the precision of the measurement. For ecample, 
97,000,000 would indicate measurement to the nearest hundred and 
there would be 6 significant digits. A second and perhaps more common 
way of representing significant digits in this case is to write the number 
in standard (sometimes called scientific) notation. In this sj'stem 
97,000,000 to the nearest hundred would be mitten 9.70000 X IQt. 
It should be clearly recognized that the munber of significant digits is 
only a rough index of the accuracy of a measurement. Significant digits 
are introduced to facilitate the procedures for the other operation.^ 
(multiplication, division, and square root) nith numbers arising from 
approximations. 

iVIultiplying and Dividing. Morgan is a model airplane enthusiast 
and has several gasoline planes. lie flies the planes by attaclung a piece 
of string to a plane and, by bolding one end, lets the plane fly in a cir- 
cular path. Morgan wanted to calculate the distance the plane tra\-elled 
in one lap. He measured the diameter of the circle to be GS feet. He knew 
that C = tD, and that r is approximately 3.1416. He found the cir. 
cumference of the circle like this: 

3.14 1C 

^fect 

251328 
188496 
213.6288 feet 

Is his calcubtion correct? Is the circumference of the circle 213.C2SS 
ft.? After measuring the diameter to the nc.arest foot (CS ft.) do you 
think tliat he could calculate the circumference to the nearest ton- 
thousandth of a foot? 
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Dan ren^ded Morgan that hia measurement of 68 feet is made to 
the nearest foot and hence the actual diameter of the circle Is between 
67)4 feet and 68)4 feet. Furthermore, he noted that a 3 digit approxi- 
mation for V Is more sensible to use. Then Dan showed Morgan that 
the circumference of the circle could be as little as 211.950 feet and as 
much as 215.090 feet. He showed Moi^an these calculations: 

With Diameter of 67.5 ft. With Diameter of 68.5 ft. 


67.5 feet 

68.5 feet 

3.14 

3.14 

2700 

2740 

675 

685 

2025 

2055 

211.950 

215.090 


Morgan could have been a.sked to compare the digits in corresponding 
places in the two products. The digits are the same, 2 and I, in the 
hundreds and tens columns, but different in the other places. Hence, 
it is clear that the result should be rounded to 210 ft. because there is 
no certainty of any digit to the right of the tens place. 

Perhaps you recognise the important principle that the aeeuraey of a 
measurement cannot be improved by compuialion. That is to say, Morgan 
couldn’t get a measurement of the circumference of a circle to the 
nearest ten-thousandth of a foot by using a five digit number for *•, 
if hLs measurement originally had only two digit accuracy. He couldn’t 
improve his accuracy (.007 relative error in 68 ft.) by multiplying. He 
inerely put on an appearance of an accuracy to which he was not en- 
titl^ when he used 3.1410 for » and wrote his result as 213.6288 feet. 

A rough guide for rounding an amswer obtained by multiplying num- 
bers arising from approximations is a.s foUows (remember that the 
number of significant digits gives a rough idea of accuracy) : 

Jn muUtphjtng numbers arising from approximations, keep as many 
eijni/icanJ digiU in the product as there are in the number tcilh the fever 
stgmficanl digits. 


WTien ^Iorgan found the circumference of the circular path which 
3-1416 by 68 feet. The number 08 
has the fewer si^ficant digits (2) and hence he should have rounded 
h„ amwor lo conlam only 2 mE„ifcnnt digit, (210 ft.). 

V,v digits in the ansn er is illustrated 

l^rattl^- * ‘.r” r “to not knona. and 
then attempting the multiplication. 
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3.14 

68.x 

xxxx 

2512 

1884 

21X.XXX 

Since the digit in the tenths place of 68 ft. is not kno^vn, we can 
indicate it by a cross mark, cany out the calculation and get 2I.x ft. 
which says that the result should be wiitteti as 210' with two significant 
figures. 

A geometric illustration of the need for rounding the result may be 
shomi using a rectangle. Consider a rectangle (Fig. 7) whose length is 



■10.35cm. > j 

10.45 cm. — 


Fio. 7 

recorded as 10.4 centimeters and width as 4.7 centimeters, with each 
measurement given to the nearest millimeter (tenth-centimeter). 

Two of the possible rectangles are drawn with the measurements of 
each within the tolerance inter\'als. Of course, the actual rectangle may 
liave two of its sides anjT\here in the shaded area. 

The area of the rectangle can be as little as 4.65 X 10.35 or 4S.I275 
square centimeters. The area can be as much as 4.75 X 10.45 or 49.6375 
square centimeters. Thus, the actual area is in the intemil 48.1273 to 
49.0375 square centimeters. 

Following the rule on niultiplj*jng numbers arising from approximation, 
we obtain the following result for the area of the rectangle, 10.4 cm. 
by 4.7 cm. 

10.4 cm. 

4.7 CTO. 

7 28 
41 6 

48.SSor49 sq. cm. 
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Dan reminded Morgan that hia measurement of GS feet is made to 
the nearest foot and hence the actual diameter of the circle is between 
G7J^ feet and C8H feet. Furthermore, he noted that a 3 digit approxi- 
mation for T is more sensible to use. Tlicn Dan showed Morgan tliat 
the circumference of the circle could be as little as 211.950 feet and as 
much as 215.000 feet. He showed Itlorgan these calculations: 

'With Diameter of G7.5 ft. With Diameter of 68.5 ft. 


67.5 feet 

68.5 feet 

3.14 

3.14 

2700 

2740 

675 

085 

2025 

2055 

211.950 

215.090 


Morgan could have been asked to compare the digits in corre.spondmg 
places in the two products. The digits arc the same, 2 and 1, in the 
hundreds and tens columns, but different in the other places. Hence, 
it is clear that the result should be rounded to 210 ft. because there is 
no certainty of any digit to the right of the tens place. 

Perhaps you recognize the important principle that the accuracy of a 
meaauremcnl cannot be improved by computation. That Is to say, Morgan 
couldn’t get a measurement of the circumference of a circle to the 
nearest ten-thousandth of a foot by using a five digit number for v, 
if his measurement originally had only two digit accxuacy. He couldn’t 
improve his accuracy (.007 relative error in 68 ft.) by multipljdng. He 
merely put on an appearance of an accuracy to which he was not en- 
titl^ when he used 3.1416 for » and wrote his result as 213.6288 feet. 

A rough guide for rounding an answer obtained by multiplying num- 
bers arising from approximations is as foUows (remember that the 
number of sigmficant digits gives a rough idea of accuracy) : 

n mu Up ytng numbers arising from approximations, keep as many 
signtfi^nl di^la in the product as there are in the number loith the fewer 


When ilorgan found the circumference of the circular path which 

wTl, 7' ''“’ t'y I® feet- Tl'e n™'*!'' “ 

bk an si^ficant digits (2) and hence he should have rounded 

tT7u digit, (210 ft.). 

bv nWinJ T‘"® in the an.,n-er i, illadnited 

IteJ attemetb. ‘,7'“ T? ‘'‘'= 
men attempting the multiplication. 
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3.14 

68 .x 

xxxx 

2512 

1881 

21X.XXX 

Since the digit in the tenths place of 68 ft. is not known, we can 
indicate it by a cross mark, carry out the ailculation and get 21x ft. 
which says that the result should be written a.s 210 with two significant 
figures. 

A geometric illustration of the need for rounding the result may be 
shown using a rectangle. Consider a rectangle (Fig. 7) whose length is 


t 


1 4.65 
4.75 cm. 

J 

on. 

, 1 

|7j 


L. 

.1 
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recorded as lOA centimeters and rridlh as 4.7 centunelcis, with each 

measurement given to the nearest miUinicterCtentli-centnneter). 

Two of the possible rectangles are drawn with the measurements of 
each within the tolerance intervals. Of course, the actual rectangle may 
have two of its sides ansnvhere in the shaded area 

The area of the rectangle can be as little as 4.05 X 0.3o or 48.m5 
square centimeters. The nrea can be as mu<* M 4.<o X 10.45 or 40.C3,o 
square centimeters. Thus, the actual area is m the inlcival 48.12.0 to 
49.6375 square centimeters. , . . , • 

Following the rule on multipljing numhem ansing from opprosimat.on, 
we obtain the following result for the area of the rectangle, 10.4 cm. 
by 4.7 cm. 


10.4 cm. 

4.7 cm. 

7 28 
41 6 

48.88 or 49 sq. cm. 
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Since 4.7 centimeters has the fcw» significant digits (2), the result 
'is rounded to 49 square centimeters. Writing our result this way implies 
that it is correct to the nearest sriuarc cent'imctcr. The tolerance inter- 
val ivhich we computed was 48-1275 to 49.G375 rather than 48.5 to 49.5. 
This shows that our rule about rounding products to the same number of 
dgnificant f^ures a.s in the least accurate factor is itself only approxi- 
mately correct. However, it is a good approximation and saves u-s from 
two long multiplications. 

Division is the inverse of multiplication. Therefore, it would seem 
rea-sonable to follow the procedure used for multiplication in making 
di\'isions invobnng numbers arising from approximations. 

In dividing numbers art'etn^ from approximalions, Jxep aa many sig- 
nificant digits in the quolieni as there are in the number tnlk the fewer 
significant digits. 

A Euiular rule applies to square root. For example, if a square contains 
69 square inches, measured to the nearest square inch, to find the side, 
take the square root of 69 and retain two significant digits in the result. 
Thus the side of a square whose area b 69 square inches b 8.3 inches, 
correct to two significant figures. 

To find the square root of a number arising from approximation, re- 
tain as many significant digits in the result os the number contaira. 


APPROXIMATION 

A phj'sical conception of appronmation and successive approximation 
arises with a measuring process and the use of smaller and smaller 
uiuts of measurement. A formal notion of approximation grows from 
and brings new meaning to a student’s work with est’imations and 
measurements. In each of these we found as a key idea an ordering of 
quantity and of numbers. The idea of order continues in thb role as 
we attempt to give it depth and breadth by xaewing it in a variety of 
new contexts. One of these b approximation. 

The^ continu^ study of mathematics demands that more and more 
attention be ^ven to a dbtinction between mathematical conditions 
and the physical situations which they describe. Even though this 
distinction 13 made, there b little doubt about the pedago^cal value of 
k«ping both m vievr when dealing with cither. In teaching geometry 
this point Ls Ulustrated when we help the student see a mathematical 
pi^f in terms of a sequence of deducUons made from assumed con- 
ditions. A drawi^ may suggest that a statement b true. Other drawings 
» true, but they do uot cou- 
Etitute a malhnnal,cal pra„t. A mathematieal pnxjf exhibiU relations 


invoUnng terms and 


statements. A student’s understanding of these 
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terms and statements is extended by considering these relations. We 
help him see approximation in this way as conditions are dei-ploped 
which define an approximation to a number or a point. In doing this 
we find that algebraic and s^metric conditions correspond to one 
another. Graphical and other physical interpretations of these con- 
ditions prowde the opportunity to further develop an underetanding 
of the distinction between the use of mathematical conditions in de- 
ductive schemes and the related phj’sical concepts. 

In this section you will find some of the contexts in which we make 
use of rational approximations. We find a concept of appro.ximation 
involved as a student extends his notion of number from fraction or 
rational number to irrational number. We find approximations neces- 
sary when we make use of trigonometric or logarithmic tables and 
when we interpolate in them. Work with sequences of numbers brings 
mto play a concept of successive approximation which provides part 
of the background for the study of limits and calculus. A geometric 
view of approximation is developed and related to a number line. This 
is indicative of the way in w-hich we associate algebraic and geometric 
concepts. We find that approximation is not a property of a number 
but a relation involving pairs of numbers. The relation ts approxinuttely 
or is defined consistently with the use of the term ‘relation’ in 
Chapter S. Finally, these ideas are brought to bear on a brief discussion 
of some types of approximations which arise in science. 

Rational Approximation. Children encounter a notion of approxi- 
mation early in their school days when they first meet the di\Tsion 
algorism. In dividing 10 by 4 the student can view the information 
obtained from the first step in the algorism in a variety of waj’S. One 
way to view it is that it gives the fust, or in this case the units, digit 
in the quotient. But he can also state that this tells him that 2 is less 
than the quotient and the quotient is Jess than 3, or the quotient is 
between 2 and 3, or a first approximation to the quotient is 2, or the 
quotient is apptoximateiy 2. The recognition that these statements 
about the quotient are equivalent is important as we proceed in the 
direction of an algebraic or geometric treatment of approximation. 
Thus the di\ision algorism can serve as a ba«is for discus.'sions of deci- 
mal approximations to rational numbers. 

One way in which wc develop meaning in mathematics is bj* helping 
students recognize the common elements in difrerent situations and 
dilTerent approaches to or sjunbols for the same thing. In our example 
where the dinsion algorism is used to diride 10 by 4 we use the algorism 
to justify the equality of 10/4 and 2.5. 

The use of pairs and triples of numbers and tlie relations wliich are 
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defined by sets of them is common to the study of many mathematical 
sj-stems. Hence, emphasiaing pairs and relations also helps teach mean- 
ings. An approximation relation arises naturally in connection with the 
use of the disnsion algorism. It seems reasonable to use the algorism to 
determine a decimal representation of 10/3. In making use of the al- 
gorism we find that at each step the remainder is not zero. This is not 
I jVp the case where the algorism is used to dinde 10 by 4. The ad^mntage 
of viewing the algorism in a \'ariety of wa>'s is more apparent here. 
We cannot conclude that 10/3 is equal to 3.3. However, the student 
relates 10/3 and 3.3 through the use of the algorism. As teachers we 
should encourage him to consider the nature of this relation by helping 
ium draw conclusions about 10/3 and 3.3 from his work with the diri- 
aon algorism. He should see that the first two dipts in a decimal rep- 
resentation of 10/3 are 3 and 3; 10/3 is between 3.3 and 3.4; 3.3 is less 
than 10/3 and 10/3 is less than 3.4; 10/3 is approximately 3.3. 

These statements concerning the fraction represented by '10/3' can 
be written in symbolic form as below. 


35 is less than 10/3 and 10/3 is less than 3,4 


35 < 10/3 and 10/3 < 3.4 
10/3 is between 35 and 3.4 


3.3 < 10/3 < 3.4 
10/3 Ls approiimalely 35 
10/3 35 


Many different problems Involving division provide the opportunity 
for the teacher to help the student discover that there are numbers 
which cannot be represented in decimal notation by a finite seqnence 
of ^^ts, and that sets of numbers represented by finite sequences of 
djgjts ^ used to approrimate these numbers such as 35, 3.33, 3533, 
and 80 on, wWch arc all terminating decimals each of which is a 
clo»r approxj^tion to 10/3 but none of which equals 10/3. In junior 
•ft ^hool the concept of approximation which arises in connection 
with the use of the divison algorism and in working with fractions 
''r r ^ represented in decimal notation by a finite sequence 

of digits serves as a background from wltich the student can continue 
approximation. To do this. 

whirh oi^ ™ 1 ^ ^ variety of mathematical statements 

which am equivalent to one another. 

is important for the student to associate the notion of approxima- 
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tion with a concept of order for numbers. The teacher can help him do 
this by (1) using a symbol for approximation when it is appropriate, (2) 
using the symbol which in(hcates that one number is less than another 
n\imber, (3) bringing out in class discussion that there may be many 
different approximations to a given munber, (4) relating the concepts 
of order and approximation by examples similar to the one above, and 
(5) developing the idea that approximation is a relation between num- 
bers by exhibiting pairs of numbers in this relation. Each of these points 
will be illustrated again as we consider rational approximations to 
irrational numbers. 

Rational Approximation to Irrational Numbers. The junior high 
school mathematics program serves to help the student make the trans- 
ition from arithmetic to the algebra and geometry of the high school. 
Consequently we find many topics in the j'lmior high school program 
in which the student can begin to make use of the idea of formulating 
and using mathematical conditions in his work. His work with informal 
geometry, formulas, equations, and graphs can lead to many interesting 
discoveries. Here we suggest ways in which a concept of approximation 
can be developed from a geometric situation. Informal geometry pro- 
vides numerous situations in which we use numbers which cannot be 
represented by a finite sequence of digits. In the formulas for the area 
or circumference of a circle we find the number ir. The length of the 
diagonal of a unit square is \/2- These numbers are related by approxi- 
mation to numbers represented by finite sequences of digits. 

In addition to the name of a geometric configuration, such as a tri- 
angle, we consider properties of the conf^uratlon. For a right triangle 
we find that the area of the square constructed on the hypotenuse is 
equal to the sum of the areas of the squares constructed on the legs of 
the triangle. If A is a unit square (Fig. 8) and D is a unit square, wc 
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can demonstrate tliat the area of square C is the sum of the areas of 
squares A and D. Figure 9 indicates one way in wliich tills can be done 
This type of investigation proridca some phj’sica! eridence that there 
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is a sqxiare whose area is equal to that of two unit squares. Now one 
wonders what the length of a side of square C is. We ought arrive at 
the same question by considering the formula A = «*, for the area of 
a square. If ‘A’ is replaced by *2’, is there a number for which 2 = 
is true? One way to answer this question might be to construct a right 
triangle whose legs are each one unit long, then measure the length of 
the hypotenuse. This process may not prove to be very' satisfactorj’. 
Suppose on the basis of measurement it is suggested that the length 
of a side of square C is 1.4 units. Since (1.4)* = 1.96 we find that 1.4 
does not satisfy the condition 2 ■» «*. If the difficulty lies in tlie approx- 
imate nature of the measuring process and wc cannot obtain on answer 
to our question by measuring, how can wc answer it? This tsi)® of 
rituation proridcs an excellent opportunity to illustrate how mathe- 
matical conditions can be used to obtain answers to questions. 

What would be true of a number whose square is 2? The geometry 
may suggest the obscr\'ation: 

1 is less than the number and the number is less than 3, 
wluch can be written also as 

1 < n and n < 2. 

In addition to the condition that the square of a number U equal to 
^ 0 , we have a condition which gives its order in the number system. 
^ or the condition ‘1 < n and n < 2’ we can consider replacements for 
n for which the condition is true. Students may suggest some numbers, 
rom the set of numbers with which they are familiar, for which the 
condition 1 < n and n < 2’ is true. Is one of these a number whose 
sqmre is 2? Suppose that the candidates are 1.2, 1.41, 1.5032, 1.76, 
• 1.4. In this manner we focus the student’s attention on the 

of replacements for V for which the condition ‘1 < n < 2’ is true, 
ec 'ing to find out if any of these numbers has a square which is 2 
V of these numbers have squares less than 2 and the 

others have squares greater than 2. 

^ suggestive of the way in which we are lead to con- 
siaer the condition ‘1.41 < n and n < 1.42’ in place of the condition 
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‘1 < n and n < 2’. The condition ‘1-41 < n < 1.42’ is not true when 
‘n’ is replaced by 1.2 or 1.76. The set of numbers for which *1.41 < n 
< 1.42’ is true does not contain 1.2, 1.76, 1.52, 1.4, 1.5. However, 
1.4109, 1.4137, 1.418, 1.4199 belong to this set. 

We have dealt at length with this particular example because it is 
indicative of the manner in which we can begin to lay foundations for 
a formal development of the concept of approximation and successive 
approximation. We find that in addition to considering a number, we 
can encourage students to think about sets of numbers, such as the 
set of numbers between 1.41 and 1.42 or the set of numbers for which 
the condition '1.41 < n < 1.42’ is true. We can use mathematical con- 
ditions in the discussion of approximation. Work of this type in the 
classroom can help the student begin to appreciate mathematics as 
more than a coUection of problem solving techniques. 

Even though the student is not familiar with irrational numbers, 
the geometric context in which the question of the e^tence of a num- 
ber for which the condition '$* *» 2’ is true makes it seem reasonable 
that there is such a number. We must help the student understand 
that this number is not a rational fraction. It is not in the set of numbers 
with which he is familiar, but it can be approximated by rational num- 
bers. These ideas can be developed by guiding attempts to produce a 
number whose square is 2 into the formulation of conditions similar to: 

I < n < 2, 


1.4 < n < 1.5, 

1.41 < n < 1.42, 
1.414 < n < 1.415, 


Some guessing, computing, and the recording of the results of our 
observations as mathematical conditions are fruitful types of class 
activity. They pro\’ide meaning for concepts before the introduction 
of symbols, technical terms, or formal definitions and rules. In the case 
of rational approximations we vrant the student to understand that 
is approximately 1 .41 , 1 .41. This latter may be interpreted 

to mean th.at \/2 is between 1.405 and 1.415, but in^s case we have 
by earlier computation also established that m fact V2 is between 1.41 
and 1.42. Those statements can be written aj-mbolically as 
1.405 < a/2 < 1.415, 

1.41 <V2 < 1.42, 

1.41 <V2< 1.415. 
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We also want to help the student develop a notion of successive 
approximation. The idea that fa 1.4, « 1.41, 1.414 

suggests that there is a set of numbers such that each number in the 
set is related to \/2 by approximation. The numbers which belong to 
this set will be determined by the conditions we use to define approxi- 
mations to Assume that we have developed the idea that sat- 
bfies each of the conditions: 

1 <n <2 
1.4 < n < 1.5 
1.41 < n < 1.42 
1.414 <n < 1.415 
or that is ha each of the sets 

{nil <n <2} 

{n{1.4 <n < 1.5) 

{n 11.41 < n < 1.42) 

(nl 1.414 <n < 1.415). 

We might inquire alxiut the numbers m the set |n 1 1 < n < 2). The 
first digit in the decimal representation of each number in this set is 1. 
\/2 is in the set {n 1 1 < n < 2) since satisfies the condition 1 < 
n < 2. Therefore the first di^t in the decimal representation of \/2 is 
1. We may treat each number in the set {n ) 1 < n < 2} as an approxi- 
mation to \/2. We can define an approximation to ^ ® number 
which satisfies the condition I < n < 2. However it is important that 
we may also ^ve other definitions. is also in the set |n 1 1.4 < n < 
1.6). The first two digits in the decimal representation of each number 
in this set are 1 and 4. Therefore the firrt two digits in the decimal 
repre«ntation of \/2 are 1 and 4. We may define an approximation 
to V2 as a number which satisfies the condition 1.4 < n < 1.5. 

Now we may compare these two definiUons: 

(I) An approximation to V2 is a number which satisfies the condition 

1 < n <Z 

HI) An approximation to is a number which satisfies the condi- 


1.4 < n < 1.5. 
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Each number which is an approxiinatioD to using definition (II) 
is also an approximation to ^ using definition (1). Not all the num- 
bers which are approximations to using definition (I) are approxi- 
mations to using definition (II). In this sense we say that the 
second definition ^ves closer approximations than the first definition. 

In addition to representing a number whose square is 2 by we 
gain insight into the nature of this number as we consider its position 
in the number system through decimal approximations to it. 

\/2 5^ 1.4, but 1.4 <V2< 1.5 

V2 ^ 1.41, but 1.41 < \/2 < 1.42 

V2 5^ 1.414, but 1.414 < V2 < 1.415 

Beginning in junior high school and continuing through high school 
and college work in mathematics the student makes use of a variety 
of symbolic forms to represent numbers. He encounters V’, ‘vT’, 
‘sin 22*’, 'log 37’, each representing a number. A concept of approxi- 
mation in terms of the first two, three, four, or five digits in the decimal 
representation of each of these numbers relates the number to a rational 
number. 

t» 3.14, y/2» 1.414, sin 22* » .37451, Jog 37 « 1.56820 

Here we find the early notion of place value in the decimal representa- 
tion of a number extended to thinking of numbers being represented by 
sequences of digits. Some of these sequences are finite, some are not. 
When a number is designated by an endless sequence of digits we relate 
it to a number represented by a finite sequence of digits by .approxi- 
mation. When a student uses tables such as a five place trigonometric 
table he should be helped to understand that the table gives the first 
four digits in the sequence of digits representing sin 22'*. The fifth 
digit indicates the order of an 22® in the number sj-stem. From the 
entry .37461 corresponding to sin 22* in a trigonometric table we know 
that the first four digits in the sequence representing sin 22® are 3, 7, 4, 
and 0. The fifth digit, I, indicates that 

.374005 < sin 22* < .374015 

and thus that the fifth digit may be 0 or 1. 

Gcomclric ApproTimiitlon. One of the fascinating a«pccts of 
mathematics is the v'ariety of vantage points from which one can \-icw 
a topic, each p^o^•iding something in and still contributing to the 
others. One of the goals of instruction in high school mathematics is 
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to help the student begin to understand the role of definitions and 
deductive organization in mathematics. We should not overlook the 
opportunity to utilize the studaits’ experience with rational approxi- 
mation as we move in the direction of formal definition and proof. 
This section contains a discusaon of approximation in a geometric 
context which is suggestive of the way in which an order of the points 
belonging to a line is associated with an ordering of numbers. 

We thiriV of an ordering of the points belonging to a line corresponding 
to our notion of an ordering of numbers. We indicate this by saying 
that for points P and Q in Figure 10 belon^g to a line, P precedes Q- 
The line segment with end points A and B, where A precedes B (Fig. 11) 


P Q 

Pio. 10 

A P B 
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is the set of points P for which the condition M precedes P and P pre- 
cedes B' is true, along with the points A and B. The set of points [P \ A 
precedes P and P precedes B} Is called an open segment. An open 
sclent from A to B is the segment from A to B exclusive of its end 
points. With each open segment, as with a segment, wo associate a 
number called its length. 

Wlh these ideas in mind wc nugbt ask under what conditions can n'e 
state that 'P is close to Q’? Our physical conception of closeness might 
suggest that P is close to Q if the distance between P and Q is small. 
But what is small? A distance less than one unit? Less than one-half 
uniW less than one-tenth unit? In making our definition we make an 
arbitrary choice of one of these lengths and work with it. One way in 
which we can define ‘P is close to Q’ is by the condition that the dis- 
tance from.P to Q is less than one unit. An equivalent way of stating 
^ defimtion is ‘P and Q belong to an open segment of length one' 
(rig. 12). For a point P as shown in Figure 13 we can determine the 



P 



Q 
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Fio. 13. Open »eEnjent of length one. 
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set of points, Q, for which it is true that T is close to Q\ Locate a point 
A (Fig. 14) such that A precedes P and the length of the segment from 

Fta. 14 

^ to P is one. Locate a point B such that P precedes B and the length 
of the segment from P to B is one. For each point Q belonging to the 
open segment from A to B it is true that P is close to Q. 

We might inquire about the meaning of the statement 'John's house 
is close to Bill’s house’. We would like to know first under what con- 
ditions it is true for any pair of indinduals, A and B, that A’s house is 
close to B’s house. Begin by considering pairs of individuals for which 
the condition 'A’s house and B’s house are on the same street’ is true. 
Now add the condition ‘there are less than ten houses between A’s 
house and B’s house’. In this manner we can list the set of pairs of in- 
dividuals for whom it is true that A's bouse and B’s house are on the 
same street and there are less than ten houses between A’s house and 
B’s house. This is the same as the set of pairs of indiWduals for whom 
it is true that A’s house is close to B’s house by definition. 

Take a picture from a magazine, locate twenty points on this picture 
and label them Pi , Pi , • • P»o • Set a compass to measure a unit of 
length. Using the definition, P b close to Q if and only if there is an 
open segment of length one which contains P and Q. We can thus list 
the set of pairs of points (P, Q) for which it is true that ‘P b close to 

Q'. 

An example like thb pro\'ides a setting in which we can (1) point 
out that even our notion of closeness or proximity jields to a precise 
definition, (2) consider equh’alenl conditions in the sense that they 
determine the same sets, (3) help prepare the student for future study 
of mathematics, particularly with regard to limits and calculus, and 
(4) illustrate tliat a closeness relation, as we ha'i'e defined it, b difTercnt 
from an equivalence relation, such as congruence, in the following sense. 
Three conditions for the congruence of line segments arc; (I) Ali b 
congruent to AB, (^if AB b congruent to CD^en CD b congruent 
to AB, and (3) if AB b congruent to CD and CD b congruent to EF, 
then AB b congruent to BP. We say that the congruence relation U 
(1) refle-xive, (2) sj-mmetric, and (3) transith-e. Although closeness b 
reflexive and sj-mmetric, it b not transitive. Things close to the same 
thing may not be dose to each other. 

By proriding experiences for the student uitli conditions in contexts 
similar to those of the preceding paragraphs, we can help lum extend 




218 


GROWTH OF ItATHEiUTICAIi IDEAS 


earlier notions of approximation. We can help him to see that rebtions 
such as is dose to and is approximately can be treated mathematically. 
These contexts also ser\-e to illustrate tluj continued, although more 
formal, use of an order rebtion in the definitions of ‘b close to’ or ‘is 
approximately’. Even more important, as we find corresponding con- 
ditions in different contexts we begin to look for a mathematical struc- 
ture or structures common to these contexts. 

In the high school mathemaUcs program we should make use of every 
opportxmity to exploit the analogous concepts of geometry and algebra. 
One of these b ‘closeness’ for pairs of points and ‘approximativeness’ 
for pairs of numbers. Each of these b defined in terms of an order reb- 
tion. Making use of a one-to-one correspondence rebting points belong- 
ing to a line and the set of real numbers we can develop the analogy of 
geometric and numerical approximation. 

We illustrate the pairing of points belon^g to a line and numbers 
in the usual mann er. The pairing illustrated in the drawing (Fig. 15) 

API B CD E 

0 1 2 n T“ 
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can also be ^ven in the form S:2; the point B b paired with the num- 
Ui 2. Si^rly for A : - 1, 0 : 0, /: 1, C:3, i) : and E : 4. We assume that 
if we pair a point A with a number a and a point B with a number b, 
the order of points belonging to the line corresponds to that of numbers. 

A precedes B if and only if a 6. We define the length of the segment 
from A to B, provided A precedes B, A:a, and B‘.basb- a. We iden- 
tify the open segment (Fig. 16), ( P U precedes P and P precedes B\ 
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H- numbers {p | I < p < 3|. 

numbers °and*Jei?le„‘sh’S 3'- 'l ^ 2^ ^ 

andO Mong to ™ f to 0 if and only if P 
we iviU deane for length one'. Again, correspondingly 

theml an op^rirrSrofwf ” “ 5 if and only if 

this defmition ne cTn^JiSy 
ments: 1.7 is approsimatclv ^2 3 • 

3, is approximately 1 M “ “■’'’™*™toly 5, . is approximately 
y * 1.7 IS approximately 2’ b true since the 
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open interv'al {p | 1.5 < p < 2^) is of length one and contains 1.7 and 
2. ‘3 is approximately 5’ is false. We can verify this by showing that 
the assumption tliat there is an open inten-aj of length one containing 
3 and 5 leads to a contradiction. If the open inter\’al {p 1 o < p < 6} is 
of length one and contains 3 and 5, then 

h — a ^ o<3<6, c<5<6. 

If Cl < 3 < 6, then -h < -3 < -a. If 5 < 6 and -3 < -a, then 
5 — 3 < i — a. Butsineeh — <t = I weka%v5 — 3 < 1. Consequently 
we have the contradiction, 2 < 1 and 1 < 2. 

The idea that inten’als of numbers Correspond to line segments is 
useful in graphing. Just as we graph the set of solutions of equations 
such as 1 / « z and y = z* we can graph the set of solutions associated 
with approximation conditions such ns y /v ^ and y fv Dmwing a 
graph of a relation helps us xisualize the relation as a set of points in a 
plane. We make use of a one-to-one correspondence between the set of 
points called a plane and the set of pairs of numbers. This correspondence 
is illustrated by the usual method of graphing using rectangular coor- 
dinates. The definition of a relation as a set of pairs U interpreted geo- 
metrically as a set of points in a plane. Any collection of points in a 
plane such as a curve or a region is a relation. A student’s concept of 
an approximation relation is enhanced when he views it as a strip of 
points in a plane. 

To illustrate tliis we will use as the definition of an approximation 
relation, x » y if and only if x and y belong to an open interval of length 
one. The graph of an approximation relation can be conveniently treated 
in the classroom by considering the condition z « y along with the 
condition z = y. If we treat x and y as coordinates of a point, then we 
interpret the set of solutions of the equation z =* y as the set of points 
whose coordinates are equal. Similarly for z « y wc interpret the set 
of solutions as the set of points whose coordinates are appro-ximately 
equal. We also think of the set of solutions of the equation z = y as 
the set of points belonging to a straight line. Correspondingly we think 
of the set of solutions of the condition z aj y as the set of points which 
almost belong to a straight line with the equation z = y. We make u.=c 
of our definition of z a? y to determine wliclher or not we can conclude 
tlxat the point (x, y) almost belongs to the line with the cqviation x = y. 

One way to interpret the definition *'z « y if and onlj' if z and y 
belong to an open interval of length one” by a graph is a.s follows: Use 
the correspondence, A' :z and Y'y. Locate a point A' on the line segment 
ns sliown in Figure 17. Tiio points close to A' are in the open segment 
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from to B. ^ precedes X aod A is one unit below X. A corresponds to 
X — 1. X precedes B and X is one unit below B. B corresponds to i + 1 • 
If y is close to X then Y is between A and B. The corresponding con- 
dition on the coordinates x and y is i — I < y and y < r + 1 . ror the 
z and y coordinates of a point in a plane this can be interpreted as 
stating that the y-coordinate is between one less than the x-coordinate 
and one greater than the x-coordinatc. For example, if the x-coordinate 
b 3, then the y-coor^nate is between 2 and 4. (3, 2.1), {3, 2.9), and 
(3, 3.5) are points whose coordinates satisfy the condition x » y. 

To graph the set of points whose coordinates satisfy the condition 
X y we graph the set of points whose coordinates satisfy the con- 
(Ution, X — 1 < y and y < x -1- 1. First we can graph the set of points 
whose coordinates satbfy the condition x — 1 < y (Fig. 18). We can 


y 



Fio. 18 


also graph the set of points whose coordinates satisfy the condition 
^ ^ ^ 19). The set of points whose coordinates satisfy both 

of these conditi^ is illustrated in Figure 20 as the intersection of the 
re^ons s in Figures 18 and 19, The points whose coordinates 
satisfy I « y are those shown in Figure 20. In this figure we see these 
points as the pomts between the lines with the equations y = x - 1 
andy mi/ 

can now compare the set of solutions of the conditions, y = x 



MEASUREMENT AND APPROXIMATION 


221 



Fia. 19 



Flo. 20 


and y PiS X. The set of solutions of the equation y = x is pictured as a 
straight line. The sot of solutions of the approximation condition x fa y, 
is the strip of points in the plane between the lines with the equations 
y — X — 1 and y x + 2. 

The graph of the equation x =: 2 in a plane is a straight line parallel 
to the y-axis. The graph of the approximation condition, z fa 2, with 
the definition of approximation we are using at the moment, is the set 
of points between the lines with the equations * = 1 and x = 3 (Fig. 21). 

As wc consider the graphs of the sets of solutions of equations we 
can also consider the graphs of the corresponding approximation con- 
ditions. Several of these arc illustrated in the Figures 22, 23, and 24. 




MEASUREMENT AND APPROXIMA'nON 


223 



Appfoximatioo in Science. A concept of approximation which 
develops as a student considers a measuring process, arithmetic cal- 
culations, and mathematical conditions to define an approximation 
relation can be useful to a science student. He needs help in learning 
how to formulate mathematical conditions appropriate to a ^'ariety of 
problem situations. A source of problem material with which a student 
can practice relating mathematical conditions to physical contexts 
is his own laboratory manual for a science course. The teacher can also 
use these manuals in addition to the text book to obtain illustrations 
of the types of situations in which a concept of appro.xhnation is used. 

Common types of situations in which a concept of approximation 
is involved are: (1) the use of mathematical conditions which in\'olve 
irrational numbers or rational numbers with no finite decimal repre- 
sentation, (2) the use of mathematical tables, tables of physical con- 
stants, or a computing de\'ice such as the slide rule, and (3) the use of 
dlrawings, graphs, and data to suggest mathematical conditions which 
define relations and functions. Asa student studies algebra and geometry 
we can help him recognize that a term such as ‘approximately'’ which 
is used rather loosely in ordinary conversation can be used precisely 
in mathematics and science by' formulating mathematical conditions 
to define it. If a definition is given and ne^Tr used it scorns unlikely 
that a student will \iow it as important or Icam it. Once an approxima- 
tion relation has been defined the situations listed abo^x* proWde oppor- 
tunities to make use of the definition. 

In a problem which inx-olvTs the area of a circle wha«c radius is 3 
inches wo use the conditions 'A =s tt** and ‘r = 3’. We conclude that 
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A = 9t. However, 9v is irrational and may be related to some rational 
number by approximation. Depen^ng upon the defimtion of approxi- 
mation used, 9r may be related to 27, 27.9, or 28.10. Similarly from a 
problem which involves a right triangle and the conditions a* + i** 
c>, o “ 3, & = 2, and c > 0, we conclude that c = -v/ls* The num- 
ber -x/ls can be related to 4, 3.6, or 3.60555. Again, the relation 
used is an approximation relation. \/\3 At 4, 3.6, -v/lS 

3.60555. The rational number to which \/l3 may be related by approxi- 
mation will depend upon the definition of “fa" used. If VTs fa s 
means i — 1 < \/i3 < z + 1, then all of the statements 4, 

fa 3.6, -\/l3 fa 3.60555 are true. However, if \/l3 x means 
I — .05 < < z -h .05, then -\/l3 4 is false, but VTs fa 3.6 

and s/lZ fa 3.60555 arc true. 

In using a slide rule to compute the product (34)(19), since the num- 
bers 34 and 19 are represented by lengths on the rule, we can only 
state that (34)(19) is approximately some number. Suppose it is stated 
that (34) (19) ft: 640 and that thb means that the fust two digits in a 
decimal representation of (34)(19) arc C and 4, then the statement 
that (34)(19) fti 640 is correct. On the other hand U (34)(19) fa x means 
that z — 5 < (34)(19) < z -b 5, then the statement that (34)(10) ^ 
040 is false, but (34)(19) fa 650 is true. 

In dealing with an equation such osy ^ 2x — 1 , where z and y be- 
long to the set of real numbers, we picture a set of solutions of y ^ 
2i - 1 by listing a finite number of solutions, (0, -1), (1, 1), (2, 3) 
(3, 5) (Fig. 25), and then drawing a line throu^ these points (Fig. 20) 
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Suppo^ however wo have a finiUj ect of pahs of numbers, such as 
^ ^ 5 plot each pair of numbers 

as a pomt. Fip^ 27 indicates that we might say that these points 
are approximately on a line. If we inteipret 'line' as the set of solutions 



MEASUBEJIENT AND APPROXIMATION’ 


225 


y 



FiO. 27 


of an equation y = mx + 6, where m, b, x, and y belong to the set of 
real numbers, then the statement that the pointe (0, —.9), (I, 1.3), 
(2, 3.1), and (3, 4.6) are approximately on a line may mean that the 
coordinates of these points satisfy an approximation condition, y 
mi + 6. Although statistical conditions concerning least squares may 
be used to draw conclusions about the Icsi values hr m and b, n-e can 
also formulate conditions involving m and 6 by assuming that (0, —.9), 
(1, 1.3), (2, 3.1), and (3,4.6) satisfy y« mi + b. We define y « mt + b 
is defined byy — I <mr — b<y+l. From this nssumpthn and 
definition we conclude that: 

-.9 - 1 < 6 < -.9 + 1, 

1.3-1 < m + b < 1.3 + 1, 

3.1 - 1 <2flt + b<3.1 -f I, 

4.G - I <3m + 6 < 4.G 4- I. 
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If m = 2 and b = —1, then each of these conditions is satisGed. This 
is sufficient to conclude that (0, —.9), (1, 1.3), (2, 3.1), (3, 4.6) satisfy 
the approximation condition y « 2i — L WTien the set of solutions of 
this condition is pictured as a strip of points in a plane, we see that the 
points (0, —.9), (1, 1.3), (2, 3.1), (3, 4.0) belong to the strip bounded 
by the lines with the equations y = 2x — 2 and y = 2x (Fig. 28). 



Si^rly when wo consider sets of solutions ot equations and their 
^phs, such ns y = or'. V - ch'', where n, 6, n, y, and x helons to 
ttie 6ct of real numbers, we can aUo examine the sets of solutions of 
approxi^tion conations p « ax“, y « af,** and their graphs (Rgs. 
and 30). These ideas m a mathematics class should be useful to a 
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science student when he collects data in the form of pairs of numbers. 
These pairs of numbers are in turn represented graphically with the 
idea that this data provides evidence that a relation is approximately 
linear, polynomial, or exponential. 

This suggests that a common and important meeting place for the 
ideas of function, relation, and approximation is the determination of 
empirical formulas. These are formulas defining functions which deter- 
mine pairs of numbers that are approximately equal to the pairs re- 
corded as the results of measurements or observations of a statistical 
nature. The determination of linear empirical foiroulas requires the 
testing and recognition that a set of pairs of numbers representing ob- 
scrv’ations closely appro.tbnate pairs satisfying an equation of the form 
y nw + b, and then the determination of appropriate \’alues for m 
and b. Both the testing and the determination of values for the con- 
stants intenveave simple ideas of graphs, slope, intercepts, and simul- 
taneous equations. Such work is important, useful, uithin the range of 
algebra and geometry students, and displays significant mathematical 
principles and relationships. At more adranced le^’els the same general 
processes of (1) testing for the tj^pc of formula to be used and (2) deter- 
mining the constants for relations of the form y = ax', y = ob*’’, y = 
oj* + hx + c have all the toIucs noted above and in addition give 
meaningful uses of and practice with logarithms, logarithmic and semi- 
logarithmic graph paper, parabolic cur\‘es, and finite differences. We 
liave not the space here to outline the processes and detail the peda- 
gogical values implicit in teaclung them in the secondary schools, but 
such discussions are available in many places and we recommend them 
to our readers. 

The early recognition of order relations, greater than and less fLan, 
on sets of numbers and the use of these relations in making cstinuitcs 
proridc experiences from which a child can abstract. This abstraction 
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first takes the form of the sjTnbolic expression of 7 is less than 13’ as 
7 < 13’. Later he considers the condition ‘x < 13’ where x is a natural 
number and recognizes that ‘x < 13' is true of some natural numbers 
and false of others. This is a natural setting in which he can focus atten- 
tion on the set of numbers for which *x < 13’ Is true. Siirularly in meas- 
uring he learns that the length of a line 6<^ment is approximately 6 
inches.HeleamstlujitthisTnaymeanthelcngth is between 5.5 inches and 
G.5 inches or that the length is between 5.75 inches and C.25 inches depend- 
ing upon the unit of measure. This first acquaintance with an approxima- 
tion relation Een-es as a background from which the conditions ‘I « 6’ 
and ‘5.5 < I < G.5’ are abstracted. In this manner the phj'sical notion 
of quantity gaves way to the constdcralion of mathematical conditions 
and their relatedness in deductive schemes. Hero, for c.xample, the con- 
tUUons ate related by definition as 5.5 < I < G.5 U used to define the 
condition I « 6. This process of abstraction continues as the student 
is encouraged to consider any set, S, with an order relation, read 
‘leas than or equal to’, defined by the propertie.s: 

(1) a ^ o (reflexive) 

(2) if a < 6 and h <a, then a * h (antisymmetric) 

(3) if a < b and b ^ e, then a < e (transitive) 

The concept of approximation which a student des-elops m the secondary 
school mathematics program by considering mathematical conditions 
mvoh-ing an order of real numbers or of points belonging to a line 
serves as part of Ws preparation for the study of limit processes and 
other mathematical constructions which contain order relations. 

See Ckapier 11 for bibliographies and suggestions far the further study 
and use of the nuxterials in this chapter. 
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Applications of the theory of probability are bo numerous today that 
it would take an entire chapter to begin listing them. Probability and 
its technolo^cal brother, statistics, are used by most major industries 
in this country to keep check on the quality of the articles produced. 
Physicists develop new theories of atonuc phenomena which use proba- 
bility as a fundamental tool. Militaiy exports plan the defense of our 
country using the results of research in probability. Since probability 
theory is a mathematical idealization of certain aspects of human 
uncertainty, it is not surprising that it has such \videspread applications — 
so much of human activity must take place in the face of uncertainty. 

If the sentences above are paraphnwed for students, they may grant 
that the subject of probability is indeed important, but such reverence 
alone ^vill not keep them studying it long. Students do not maintain 
daily interest in a field because they have been conxinced that it is 
important. Rather they ore interested because they enjoy it day by day, 
because they find it inherently fascinating. This chapter explores some 
ways in which a teacher might attempt to make some of the important 
aspects of the theoiy of probability alix'e and interesting for students 
between kindergarten and grade 12. 

One word of caution is needed here. Probability (or statistics com- 
bined with probability) is now almost never taught os a separate subject 
and is seldom even touched upon in grades K through 12. Currently 
there is an important debate over whether statistics and probability 
should be introduced as a separate course in our secondary schools." 
This chapter should not be interpreted as recommending the introduc- 
tion of such courses. The author bcUcv^ that the subject matter of 
probability is primarily important at the precollege lex-el in so far as It 

• See the Report of the College Entrance Examination Board’s Commisaion 
on Mathematics and the preliminary text: Intioduclory Prohabilii}/ and SlatUlital 
Inference for Secondary Sehool»—An Esperimentat Cenirte. It is arailable from 
the College Board. 
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can be xiscd to add interest, understanding, and pleo-sant calisthenics 
to the more fundamental parts of the curriculum. 

Probability theoiy is often thought of as dealing with the occurrence 
of rarulom events in nature, such as wlicthcr n tossed coin will come down 
heads or tails or whether when dealt a hand in a game of bridge this 
hand will contain 4 aces or whether three twmbs are adequate to destroy 
a factory'. In recent years the theory' of probability has become a purely 
mathematical topic which docs not <leal in any way with the happenings 
of real events around us. Just as in studying mathematical geometry 
one finds that lines and points arc not carbon lines on a paper or chalk 
lines on the blackboard but rather abstractions which are suggested 
by such pictures, similarly mathematical probability theory' is the study 
of an abstract formulation of probability' which is suggested by' the 
occurrence of random events in nature. From a rather small number of 
postulates topther with a body of knowledge dcris'od from other areas 
of mathematics one proves theorenvs concerning probability. Teachers 
should know tliat in its advanced, modem cloak, probability theory' 
has os much claim to Ixiing a purely mathematical doctrine a.s ony other 
area of mathematics.* 


It is certainly not now feasible to teach probability theory os a pure 
mathcmatiwl subject in high school or earlier. But many of the notions 
impoi^nt m probability theory can be grasped in a clear, intuitive way 
by children. Ths article tries to show how the teacher in the first twelve 
pades can tprinkle in, here and there, biU of interesting work dealing 
m mi mfonnal way with the ideas of probability. The inclusion of such 
spnnklings has at least three purposes: 

fundamental, intuiUve 

wSl L imagined experiments 

Ml should precise a thorough and rigoroiLS study of the subject. 
ti:.xample. mdependent events. Sec page 2C0 ) 

a novel and interesting contat for rfandnrd mathe- 
and interest in°tliese*"id'ej (twT 'f' f understanding of 
worktag with a S-dhnensionai 

in a new and refreshing method for, 

paZrSetmnrd" rr^:nr:“‘Snf r “ 

with random corf, eienfa. See 


* See Itobbias, Herbert ‘'TVia th. « wv 
Afalhemaliet. Twenty-Third Yearbnnif*^** ^nsighli Into Modem 

Teachers of Mathemtica. low! p ^ ^“h'ngton, D. C.: National Council of 



PROBABILITY 


231 


PROBABILITY IS PROBABILITY 

What can we tell students about the meaning of probability? It is 
common to say that if you toss a coin, the probability that it will come 
down heads is IVhat exactly does this mean? 


Question Ansirer 

1. Does it mean that if you toss a coin two times it must come 

down heads one time and tails the other? No 

2. Does it mean that if you toss a coin ten times it must come 

down heads five times and tails five tinies? No 

3. Does it mean that if you toss a coin a thousand times it must 
come down heads somewhere between 450 and 550 times? No 

4. Does it mean that if you toss a coin twenty times in a row it 

is impossible for it to land heads each of the twenty times? No 


Then what does it mean to say that such an event has a probability 
of ^? In trying to change the questions gi^-en above into correct state- 
ments about probability one might say something like: 

1. If you toss a coin two times, it is more likely that it will land 
one head and one tail (without regard to which comes first) 
than that it will land two heads. 

But isn’t this the same as saying: 

If you toss a coin two times, the probabiUiy is greater that it 
will land once heads and once tails than that it will land tico 
heads. 

2. If you toss a coin ten times, there is a belter chance that it will 
land five heads and fii’e tails than any other single alterna- 
tive. 

But isn’t this the same as saying: 

If you toss a coin ten times, the single outcome with the 
highest probability is five heads and fi\'o tails (again we are 
not concerned wth the order in which the heads or tails 
occur). 

3. If you toss a coin one thousand times itia rcry likely that the 
number of heads will be between 450 and 550. 

But isn’t this the same as saying: 

If you toss a coin one tliousand times the probability is high 
tliat the number of heads will be between 450 and 550. 

4. It is most unlikely that if you toss a coin twenty times, it will 
land heads each of these twenty times. 
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But isn't this the same as sa^ng: 

The prohabilily is very low that if you toss a coin twenty times, it 

will land heads each of these limes 

Thus every time you make a correct statement of what to expect of 
a coin-toss, you are forced to use some expression (perhaps more dis- 
guised than those above) which contains a word such as chance, likeli- 
hood, unlikely, almost certain, almost never, and so on. But these expres- 
sions are essentially synonymous to an expression containing the word 
probahilily itself. The explanations are circular. 

One way to tell what prohobaUy means is to give a collection of postu- 
lates which tell how to use the word mathematically. Since we ha\’e 
already indicated that a postulational approach to probability is beyond 
the capahUity of Bchool children, nrhat can a teacher do who wants to 
inMuce Mme of the ideas of probabiUty? The answer is: Use the 
word as accwately as you can, work with the ideas of proba- 

mibe Mow, and don’t try to say what probabUity is. Students 

1 “P “““ K“P ‘he con- 

test reasonably correct and they wiU infer correct notions, 

ACTIVITIES FOR ELEMENTARY SCHOOL 

'V erades there are many opportunities to 
“a of standard topi® w^m^S 

Xranl^tr' th.dergarten"and firs ^de! 

number of throws and to record the resdS' IMh • 

able, studente can spin pointers or Swf^’ ^ dice is objection- 

oa them from a hat!^w£li a studenM^ numerals 

look at the soots and id»nff *u n die and reads it, he must 

corresponds. The results ar*- ^ ^ which the set of spots 

Tabkl. ^ a <=tart such as aiustrated in 


mil 

n 


///// 

/ 


//// 


mil 

///// 


///// 


///// 

/ 


orH'car^:'SrWirad™‘''rt”‘^-'>^'-hiso^ 
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who are quite new at working with numbers and who are likely, therefore, 
to make many mistakes, the single chart is better. Each student should 
come to an experiment table to make his throws so that the teacher can 
check on his decisions concerning the results of his throws. If a nondice 
experiment is used, the number of columns in the chart must be adjusted 
to the number of possible outcomes. At the beginning it should be be- 
tween 5 and 10. 

The student records his result by making a tally mark in the ap- 
propriate column of the chart. (In doing this he has to recognize an 
Arabic numeral.) To make it easy to compare the number of entries in 
each column some definite pattern of making the marks should be agreed 
upon. In the example above the agreement was that after five marks 
have been made in a row the next mark begins the naxt row. Here is an 
ideal place to introduce the standard system of iallyirig: 

mm// 

Also, here is the place to encourage students to invent other methods 
of keeping track. Continue the experimeni until there has been a total 
of at least one hundred throws recorded on the chart. With students 
who have used individual charts at their seats, collect aU tho data of the 
entire class onto a single chart of this t^Tse. Now there is an opportunity 
for counting. Count the number of talUes in each column. Also count 
the total number of tallies. For practice, count the number of talliea 
in the first three columns and the number of tallies in the last three 
columns, and so on. Usually somewhere fairly near ^ of the total 
number of talh’es will occur in each column. In particular it is quite 
unlikely that in one hundred total throws, any column will be mtMcd 
completely. It is also quite unlikely if, say, 102 throws are made that 
exactly 17 tallies will appear in each column. Just by noticing the 
random way in which the tally marks were put down in the first pl.'icc, 
students develop a better intuitiTC idea of randomness. 

Ask students questions Ske these: 

1. If we only made six throws, would it have to be that one mark 
landed in each column? (No) 

2. If we made sLx throws and then made another six throws and 
then another six throws, and so on, would many of the^ 
indindual six-lhroics give exactly one mark in each of the six 
columns? 

(Answer: only a few would. If students don’t agree on this con- 
clusion or don’t feci strongly about any conclusion, Iiave them 
carrj’ out the experiment.) 
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3. After seven throws were made, could one column still remain 
empty? (Yes) 

4. After ten throws were made, could one column be empty? (Yes) 
Continue asking questions like this going up five throws at a time, 

asking about fifteen throws, twenty throws, twenty-five throws, and 
then mowng ten throws at a lime until you get to, say, the following 
question: 

5. If you made a hundred throws, would it be possible for one column 
to be empty? (Yes, it would be possible but it wouldn’t happen 
very often.) 

6. If you made a hundred throws and then another hundred throws 
and then another hundred throws and so on, would very many of 
these hundred-throics give you charts in which one column was 
completely empty? (No, very few' of them would.) 

For classes that arc interested in the topic and able to go farther with 
it, there are many more questions that you could a.sk at this time, many 
of which would provoke dispute and need to be settled by experiment: 

7. Docs the location of the first, say, twenty marks in the table 
affect where the next mark will go? Specifically, suppose tliat 
after twenty marks are made, one column is blank; docs tint mean 
it U pretty certain that a mark will next fall in the blank column?* 
(No. But some students may be hard to convince.) 

8. Suppose we throw ten dice once instead of one die ten times. 
How will the outcome be affected? (You wouldn’t expect the 
exact same results, but the chances will remain the same.) 

9. If you throw 4 dice over and over again about how often will 
they all come down sixes? (About once every 1300 times. A good 
answer from a student at this stage might be: much less than 
once every 100 times.) 

Students will have no other way than experimenting to answer such 
questio^ except for the intuition of some gifted students.* You will see 
how to handle such questions mathematically later in the chapter. 


S 'rilt dice or .imilor devices 

‘ ™ 0/ tte ris iws. lo more 

skZsibwtoL^ S T realise that the 

s aposible o utcomes oi a smgle throw are ,ihly. His uodemtauding ot 

nest to Jeu areS.; t °esi?a *" ‘“d*’ “ ‘‘d 
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chapter when Independent EvenU 
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more complicated ideas will depend upon his gaming first an accurate notion 
of equally likely atents. 

Some of the ways (counting, tallying, numeral recognition) in which 
these dice throwing and amilar activities reinforce ordinary work in 
early arithmetic have been indicated above. You can increase the 
arithmetic complexity of such activity by substituting for dice regular 
solid figures of more than six aides with numerals on the sides.* If you 
use a solid which does not have pairs of parallel sides, you will need to 
read the side which is down instead of following the usual procedure 
of reading the side which is up as you do with dice. 

An instructive comparison or, better j'et, a preliminary to this exercise 
is the experiment of j^ipptn^^ a coin and recording the results in a two- 
column chart which haa ooe column labeled heads and the other column 
labeled tails. Have students in the early grades report that they are 
learning cotn flipping at your own risk! However, if you want to bring 
in this idea, you can use checkers or similarly shaped objects with one 
on one side and two on the other or 6 on one side and 10 on the other. 

There are also games for children on the market which uso plastic 
cubes labeled with letters of the alphabet rather than with the spots 
of onlinary dice.f Such cubes can be u.'«ed to study spelling and proba- 
bility together as will be pointed out later. In particular they can bo 
used for the student actinties suggested thus far. Ultimately, numbered 
cubes will be more useful. 

If shop facilities are axTiilable, wooden cubes an inch or two on an 
edge can be labeled with letters, numerals, or spots. Or they can be 
coated with blackboard paint and then they can be labeled and relabeled 
with chalk to suit the activity at band.t 

Many simple probability dcrices can be constructed and appreciated 
by elementary school students. They can open a book at random and 
take the last digit of the page numeral. Be careful of well worn books 
that tend to open at certain pages! Tlic numerals in telephone directories 

• Caution; If you use a many-sided solid witich is homemade out of p.i|^f or 
cardboard, it m.ay easily turn out that tbo distribution of weight in it is not 
symmetric— some joint may have » Jot of glue in St— and then the side opposite 
the heaviest side will be favored. The eide*i will not pvc enuatly likely outcomes. 

t One such pamc is Throw and Spell manufactured by the Toycraft Company, 
Chicago 5, Illinois. Along with 15 alphabet cutK?s is indudcif a cube lahcicd with 
Arabic numerals w-Wch eliminates any stigma that may be att.ached to ordinary 
dice. 

} The blocks must be quite accurately cubical or the various faces snll not be 
equally likely. This suggests an appropriate variety of topics for able high school 
students looking for proJecU. Build rectangular solids of various shapes. Try 
to find a connection l«!twc<*n the dimensions of the blocks and experimentally 
determined probabilities. Extend lo nonrcetangular solid*. 
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can be used in many similar ways. Challenge your students to think up 
other systems which give equally likely outcomes. If there is some doubt 
about a student's system, test it by repetition. For example, if an experi- 
ment has three possible outcomes and after 100 repetitions, two alterna- 
tives have occurred 25 times each and the other alternative has occurred 
50 times, you know that either a very unlikely event has occurred or 
else the alternatives are not equally likely. If you want to make a care- 
ful test, you are out of the range of students in the early grades. For 
your own information or for older students, consult the chapter on 
“Statistics” in this Yearbook. 


ACTIVITIES FOR MIDDLE GRADES 


Somewhere around grades three to five, students can carry out 
experiments rimilar to the one just described but in which they throw 
two dice at a lime. In order to tell the two dice apart, use dice of differ- 
ent colors. Using dice that are easy to tell apart is extremely important; 
don’t decide at the last minute to use the dice you used before if they 
are imperceptibly different from each other. When students were 
throwing only one die, it made no difference if different students had 
different colors of dice. Therefore, if you purchase them, it might be 
wise to buy differently colored dice, say, three different colors at the 
outset. (For obvious reasons, it is probably wise for the school to furnish 
the dice as experimenUil equipment and for the teacher to collect them 
at the end of each experiment.) Call one of the two dice the first die 
and the other the second die, and keep the<»e names the same. If you are 
working with one red and one white die, you might agree to call the 
red one the^r«£ die, and the white one the second die. (If students have 
trouble keeping this straight, you can use a mnemonic device such as 
‘‘first, m the mormng there is a red sunrise and second, during the day 
It gets while”.) 


Have students nmke many throws, each time throwing the pair of 
dice. A good procedure to follmv here is to ha\Tj students work in pairs, 
one student throwing the dice and the other student recording the results. 
Mtcr a while students can interchange duties. Students can record their 
results on a chart such as illustrated in Figure 1. 

d.-7I*ml^ri?' f particular the horizontal choice for first 

fn analog? ® accidental. It is intended as 

nhne S. the coordinate 

vcHon^ htr ^ to the next 

^ ersion ol this same experiment. 

Notice that each time a jtiKlent makes a throw ot two dice, he obtains 
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two numbeiB, a first number and a second number. The first number is 
given by the first die and the second number by the second die. In 
technical language, the student obtains an ordered pair of numbers. 
If you explain to students that an ordered pair of numbers is a pair or 
coxipU of numbers where you know that one of the numbers is the first 
and the other number is the second, students could probably make more 
sense out of the term ordered pair than many of the words they are 
sometimes expected to be familiar with in arithmetic (for e.vample, 
‘subtrahend’ and ‘minuend’). 

At this point it is worthwhile to have students invent a notation for 
recording the results of a ^gle throw when they do not make use of a 
chart as above. For a throw in which the first die gis-cs 3 and the second 
die 6, typical notations that inventive students might suggest arc 
illustrated in Figure 2. You might point out to students that a notation 

hi ^ I 
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which would be good for them to know about because they will use it 
in a %'cry similar way later on in school is the following: 

(3,6). 

A good drill activity which students will hardly think is drill is the 
following: let one team throw a pair of dice and using the notation 
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suggested above, (3, 5) and so on, have them record the results of each 
throw on a blank sheet of paper rather than a rectangular chart. Thus, 
such a team nugbt produce a page which begins as illustrated in Figure 3 . 



(t. 1) 

(3,3) (2,6) (3.2) 



C6,G) 

. . A. 

(4,3) (2.5) (1,3) 



wW' 

Fio. 3 


Then the second team working from this data sheet transfers the data 
onto a 6*by-6 chart of dots like the one shown below. Notice that the 
talley marks improve the analogy between the activity of the second 
team and plotting points in the first quadrant of the coordinate plane. 
After recording 40 ordered pairs the chart might look like the one illus- 
trated in Figure. 4 


6 • 


ill 



/ / 

• • • » 

• 

Second Number 

a'I 

/// / ^ / 


z'. 

/ / // 

. 


2 • 

/ / 

• • • • 

/ 


1 

// / /// 

• • « • 

2 3 4 5 

First Number 

Fig. 4 

// 

6 

You can extend this process of recording ordered pairs of numbers 
on a chart to bigger numbers. For raampic, you can give students a 
ditto^ sheet %vith a SO-hj-SO array of dots and another sheet uhicb 
simply lists i^ny ordered pairs of numbers constructed from the whole 
numbers 1 through 20. Instead of merely using a list of ordered pairs 
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students could obtain these ordered pairs of numbers by tossing two 
regular icosahedra (20-sided solids) or by spinning pointers each of 
which points to one of twenty different numbered regions. Also if you 
want to reinforce work with fractions, instead of gi%'ing them an array 
of dots numbered 1, 2, 3, you can gi\'e them an array of dots 
numbered 1, 1?^, 2, In a similar manner you can use 

decimals. If you ha\-e evenly spaced dots, it is probably wise at this 
stage to use onl 3 ' sequences of numbers in arithmetic progression, that 
is, where the difference between successive numbers is the same. 


AN EARLY TASTE OF GRAPHING AND 
COORDLNATE GEOMETRY 

Before going further into the idea of probabiliti', you now have 
developed the tools for giving lots of interesting and important exercises. 
Here is an example of a sequence of questions which you now might ask 
your students; 

1. If Bill throws and gets (2, 5) and Tom throws and gets (5, 2), 
will they each make the corresponding tally mark by the same 
point? (Answer: no.) 

2. Where will they make their tally marks? (Answer: illustrated 
in Figure 5.) 



• • « 
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3 If Bill makes marks for (2, 3) and (2, 4) and (3, 5) and (I, G) and 
' Tom mates marks for (3, 2) and (4, 2) and (3, 3) and (C, 4), (how 
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where the location of each of their sets of marks would be. (Answer: 
illustrated in Figure 6.) 
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4. Suppose Bill’s marks were like those shown in Figure 7, and sup- 
pose that in each case Tom had the revtne, that is whenever Bill 
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had something such as (1, 5), Tom had the reverse (5, 1). What 
would Tom’s chart look like?* (Answer: illustrated in Figure 8.) 


Fust Number 
Fio. 8 

Waloh the students as they construct Tom’s chart. Some rnll go to 
each point and find its ordered pair of 

second numbers, and then find the corresponding new P 0 '"‘- Such 
students are operating correctly but they haven’t yet “"S" 
they catch on they udll construct the second chart just by looking at 
Srst one. 6h-e Lrc such questions to children who hare nm cau^ 
on Finally give them Bill’s chart as illustrated m Figure 9. OTat d(».s 
™ I iicpf look like? By now many of them should be readj 

Tom’s reverse chart look iiKcr r,r Ttni’s 

to reply almost instantly: “It’s the same charti The reverse of Bill 

chart is precisely the same they hare 

“ s:: orpoS u symmefic to the other set of point, 

with respect to a ’symmetric’ means 

Do not expcc s considerably more work on tlic 

mVrBut So brief exposure to the notion of symmetry will pay ofi 

when they meet it again more formaUy. 

Ti 1 Vs « rrood idea to use the word incerse here from time to time 

• It would also be » ^ ^ j^ler work in mathematics. See the di;cu.«ion 
o" tenre'nc SrmS" m the ch.pter on "RcUtloos .nd Feccl.cns in Ihi, 
Yearbook. 
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-7 "‘7 ’'W* y”" “uM ask sludents at this 

otOita S "■■>* ■" 

’■ °,o'nuX''r '7 0“‘ 

(2^(6 5) (VTbat 

\ , ), ».D, o), but never & pair such as (2 4) or (5 5^ ^\Tiat 
_^ou Fay about how his chart looked? ^ 

eets the sIsec, see Chapter*3^MWa 
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J^swer: occasional brilliant child will see immediately the 

region in which Bill’s ordered pairs must fall. AXost students will 
need to start plotting pairs with first number bigger than second 
number. If necessary, a student can plot all 15 such ordered pairs. 
Most students will catch on after plotting a few of them. For 
each of Bill’s throws, it must have fallen somewhere within the 
following region of circled dots (Fig. II). 


6 • 
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2. In all of Bill’s throws another time, it turned out that the number 
he got from the first die was nei'er less than (but sometimes equal 
to) the number from the second die. What can you say about how 
his chart looked? 

Answer: All of the throws fell somewhere in the following region 
of darkened dots (Fig. 12). 

For the last two questions students have been graphing inequalities 
using a very restricted domain of numbers. More questions of this tjqx; 
and related student activities will be suggested later in this cluapter. 

PBOIUTIIUTIKS WITH Tn o DICB 

After students h.av'e had some practice in throwing dice and finding 
the corresponding point for each throw on a C-bj'-G chart (or laiiice) 
of dots, ask them which dots are the /afon'Ie ones. That is, ask them 
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Now in the array of 36 dots draw an oval which includes two dots 
(Fig. 13). 



First Die 
F^o. 13 


Ask students what the chances arc that in one throw of two dice, they 
will get one of (he dots inside the oval. TVo chances in S6. Now, draw 
a vertical line to the right of the leftmost column of dots as in Figure 13 
and ask w'hat the chances are that in one throw they will get a dot to the 
left of the line. Six chances in 36. As a bit of humor (but with a purpose), 
draw a line at the right of the rightmost column and ask what the chances 
arc of getting a dot to the right of that line. Students will laugh, but 
press for an answer to the question. In time someone will see that be 
can pve you a perfectly good answer using the same language pattern 
as was xised for the other answer: no chance in S6. Ask many more ques- 
tions of this type singling out TOrious regions of dots. In some cases 
choose repons in which the dots are widely separated such as those 
illustrated in Figure 14. 

Answer: for the solid loop 3 chances in 36, and for the dashed loop 
0 chances in 36. 

Eventually, encircle the entire array of 36 points and ask for the 
chances that in one throw they will get a dot within the loop. S6 chances 
out of S6. 

Tlie next step is to recognize that expressions such as tiro chances in 
5G and one ciwmcc tn J8 are sjmonymous. With students who are familiar 
with fractions, this will be an caaj' s(cp. For students who do not know 
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if there are gome dots od which one has a hetUr choTice of landlog than 
on the others. When presented with guch questions, a few students 
may claim that the central dots arc more likely, and an occasional 
student may claim that the dots which involve sixes are more likely. 
The first misconception probably comes from general intuitive feeling 
that the middle u better than the edge. The gecond misconception comes 
from a misapplication of correct knowledge about dice, e.g., getting a 
6ts more likely than getting a 2. The student who thinks a 6 is more likely 
t^n a 2 has forgotten for the moment that his ideas are correct when 
the 2 and the 6 are the aum of the two numbers from two dice (and he is 
a^ad of the story as it is developed here). As j-et we are talking about 
the two num^rs separately without adding them. 

^e iMjonty of students will conclude correctly that there is as 
dnf "R ♦ 1 . ° n g on any dot as there is of landing on any other 

dot But how many diEfereut dots are there as choices? Thirty-sbt. Then, 
“S’' »“ fte npper left-hand dot? One 
risht-hand * chances of landing on the dot at the lower 

o^th^dot 1 - “‘'= ''““'M of ■““'■foe 

2 ^e dot correspondreg to (3, 2)? SlOl one in 36. The language one 

a wLl w ^ ^ ‘■"J- '■‘“"■'f ■* encouraged to 

In fact student. ^fdng the next step: saj-ing, one thirty-sixlh. 
to continue to f 11 ^ "ot studied fractions sufficiently will need 

continue to follow the ,o many ehancee in ,o many pattern 
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of di\Tsion * In any case, students diould determine that there are 18 
ovals in the figure and that one’s chances of landing in one oral are as 
good as those of landing in any other oral. Thus, the chances of landing 
in the first oral discussed are I out of 18. Similar grouping procedures 
should be carried out until students can translate rather freely from 
10 out of S6 to 5 out of 18 or from 18 out of S6 to 1 out of 8. Students 
who know about fractions trill see that an expression such as 18 out of 
36 resembles a fraction such as in that in each case one is thinking 
about two whole numbers 18 and 30 (an ordered pair of integers). 
Also an expression such as 18 out of 86 is simplified in a way similar to 
the simplification of fractions to 1 out of 2. Students who are ready to 
work with fractions should now shift from, for example, the expression 
the chances are 3 out of 5 to the expression the chances are Then it is 
an easy step to say the probabtltlif is The rest of this chapter will 
follow this pattern of wording. Teachers who do not want to bring in 
fractions will need to translate back to the less technical language. 

Next have students write beside each of the 30 dots a numeral wliich 
gives the sum of the corresponding first number and second numbert 
(Fig. 16). 

8 , 9 , 10 , 11 * 19 * 

7, 8. 9* 10, 11, 

6, 7, 8, 9. 10, 

$, 6, 7, 8, 9. 



First Die 
Fio. 16 


•Expemneed leacl.tr. »ill >!»' Ike KraJt It.cl under di-tu-rrou 

jump, ibout rnthrt ctralitally. Such d..coiitmu,„„ to Pwr—r, ,n . 

iinitlo chapter which deal, with >3 ewd^- “ " h?!"?* “'»> •'"f '“'her car, 
eatract a coa.i.lcrrt .totj- tor the level w.lh wb.eb he i. eoneenieJ. 

t Hero i« the plaee where it beeoiae. importaat that each die p.e. a number 
rather than say a letter 
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Ask students questions such as these: 

Find all the dots where the sum is, say 6. Put a loop around them. 
How many are there? (5) 

What is the probability that if 3 rou throw two dice, the sum will be 

6? C^e) 

What is the probability that the sum will be 2? (Hs) 

What is the probability that the sum will be 6 or less? (^Ms) 

What inditidual sum is most likely, that is, what individual sum has 
the highest probability? (7, because there are more dots corres- 
ponding to 7 than any other sum.) 

What is the probability that the sum will not be 12? (There are 35 
dots corresponding to not getting a 12 m the probability is 

What Ls the probability of getting a sum which \s7 or 81 There are 11 
points corresponding to getting 7 or 8. Notice here the language training 
ina precise useof the word ‘or*. One has obtained 7 or 5 if he has obtained 
7. Also, one has obtained 7 or 8 ifhehasobUinedS. Thus, the probability 
of getting a 7 or Sis IHe* 


What is the probability of getting in one throw 7 and 8? Since it is 
impossible in one throw to obtain a sum which is both 7 and 8, the 
probability of getting a 7 and on 8 is 0. Here the student is presented 
wth a P^rp contrast between the words ‘and’ and ‘or’. What is the 
probability of geUing Us» than 7 <u a turn and getting 2 at a sum? The 
event getting less than 7 and getting 2 occurs only when you get 2. Conse- 
quently, the probability of getting lets than 7 and geUtng 2 is He- 
What is the probability of getting lest than 7 or gelling 2? This c^-ent 
occurs any time the result of the toss has a sum less than 7. Thus, 
the probabUity of gelling less than 7 or geUtng 2 is Note that while 
It w good practice with fractions to reduce to ‘Ks’, when working 
with probabilities it 13 usually better not to reduce fractions but to 
leave them aU mth the highea dmominalor dnee this is the form in 
which you add, subtract, and compare them. 

POsiUon to hu-esligale one of the fundamental 
Potability of geUing a mm of 7 is 
V of prHnjp a mm 0 / 6 is The probability of gettmg 
■ L ^ "P ^6 or 1^0. Does it always work that way? 

nsa?'/or'i'bel noTbtS’‘^d:S;-” '“*«««■ Soi™tii>i<» or 5’ 

Bibility of both’. In probahilitv “Caas A or B includinc the poa- 

Tnthe example just given itdoM not second meaning is usually intended, 
it Is certainly imposfibfe to 

chapter on “Proof" in thU v« sn 8 as a sum in one shake. See the 

a iroot ‘"this Yearbook for a further discussion of the two ases of 
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No. For example, the probability of getting a sum which is greater than 
3 is 3^6, and the probabaily of getting a sum which is less than 11 is 
3^6- Is the probability of gettii^ a sum which is greater than 3 or less 
than 11 equal to No. (It is only any number is 

greater than 3 or less than 11.) By now you see that: 

A probability is a number vkich must be greater than or equal to zero 
and less than or equal to 1. 

No event has probability For what events can you 

find the probability of one event or a second event by adding the separate 
probabilities? If you refer to the six-by-six lattice of points for two 
dice, it is easy to decide. The probability of the event corresponding 
to getting a point in the solid oval or the dashed oval, as in Figure 17, can 
be found by adding the probability of getting in the solid oval and the 
probability of getting in the dashed oval. But (Fig. 18) the probability of 



First Die 


Fia. 17. Probability of getting io the solid loop: Hti probability of getting 
in the dashed loop: iif, probability ol getting in the dashed loop or solid loop: 

getting a point either in the d3.«bed oral or in the solid oval is not the 
sum of the separate probabDitics. Looking at chart.s it b ca-sy to sec that 
you can add probabilities to obtain the probability of an or-ccenC it (he 
two loops involved do not have any points in common. What can you 
say about the physical cvent.s themselves if their corrcspondiiig loops 
do not ha\'e any points in common? If tiiere is a point in both loops, 
then there is a way in which both events can occur simultaneously. In 
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Fiist Die 

wliduin. probabUity of getting in 

solid loop. %t, probability of getting in dashed or solid loop: 

the second aiustration above, it the sum is 12 , both ot the events, the 
solid loop event and the dashed loop event, have ocenrred. 

Events which cannot occur simultaneously are caUed mMtuidly a- 
dusiK evente. In tte immediately preeeding figure, the event correspond- 
am m loop and the event corresponding to the solid loop 

are nof mutually exclusive. However, the event pcKnp a ^ or n 6 and 

alnlh^ " “.n”"' ■""‘“‘"y excinsive. H one of them happens, 

the other one cannot happen. 

to^v^/iw)^ probability there is a more precise way 

weS cTp r occur HmxdUxncouily. Suppose to abbreviate 

we call one event 'A' and another event ‘i?*. Then U A and B cannot 

LLa iiTthp r I “ ' ot rl and H then the probability of 

the probabilitv of rt ™ ni • Probability of (rl and B) is zero, then 
p4aMtv ^ « the sum of the probabiBly of A and the 

abbreiiate Pic 

brevralion a tnndamental principleo, probabmfy Somesf 
a) For event, A and B, if Pr(A and B) = 0, then 
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Now can we generalize this principle so that in its new form it applies 
to sets of dots that do overlap? The trouble with sets of dots that do 
overlap is that when you add the corresponding two probabilities you 
count the points in the o^'erlap twice. The set of points in the overlap 
corresponds to the event (A and B). Thus to get rid of the effect of 
counting the overlap twice you need to subtract it once. That is, you 



Fio. 19 

need to subtract Pr{A and B) (Fig. 10). Thus the new generalization 
becomes: 

(II) For any events A and B, PriA or B) = Pr(A) + 

Pr{B) - PriA and B). 

Note that generalization (I) is a special case of generalization (11) 
where Pr(A and B) = 0. 

Here is an example of generalization (II). Suppose 
that 

event A is getting a 2 or a 7 

and 

event B is getting an II or a 7. 


Then 


Pr{A) « ,V 


and 

Pr[B) - A 


and 


pr(A and B) *= 
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vl is a subset of B. It will be left for teachers who are working with set 
theory to translate the rest of the chapter into set theoretic terminology.* 

PROBABILITY DIAGRAMS IX MORE 
THAN TWO DIMEXSIOXS 

Next, we M'ant to extend our treatment of probability to situations 
where more than two dice or other things are used. As a first step in 
this extension, students should recognize tliat the array of 36 dots in 
the prenous tUscussion was a square array only a-s a convenience. For 
example, we would cut the square array into strips of sLx dots each, such 
as illustrated in Figure 21. Then the set of six encircled points above 
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First die 5 



1!’' 75“*' « ««"■ o/ 7. It U more difficult to work 

mth OTch a gcaUered diagram than it is ailh a C-by-C square but there 

ThrscautiS' doTu^Ungt^ih 

the scat ered diagram that we can do ivith the square array fact 
dotrs^tteredT* 5?* ""5 °* '"”"''7 30 separate 

dl™l will 5 77 7"' *'■“ "•»* o-y “0'‘ 

fidcred it « helnfiru ^ 7 objects arc being con- 

cut ^at 'vMch have been partially 

J^^you liave three pointers nhieh you spin and each pointer 

Chapter 3 of this 
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giv-es j-ou one of the numbers I, 2, 3, or 4 with equal probability (Fig. 
22). When you spin all three pointers, they give you a first number, a 



First Pointer Second Pomter Thfrd Pomfer 


Fio. 22 

second number, and a third number. That is, they give you an ordered 
triple of numbers. A convenient way to record, for e.’campic, that the 
first pointer gave a 4 and the second pointer gave a 1 wWIe the third 
pointer gave a 3 (as shown in the figure) is to write, similarly to the 
pre'v’ious convention: 

(4, 1, 3). 

Now what is the probability that when you spin the three pointers, the 
result will be (1, 4, 2)? By now, your students should sec that there are 
4 X 4 X 4, or G4 possible ordered triples as outcomes. If some of them 
have difficulty seeing that there arc 64 possibilities, have them start to 
list all pos.«ibiUties. Most students will sec a system before they finish 
the list of 64 ordered triples. As before, if wo assume that the pointers 
have good bearings and if the field behind each of them is sjanmetrically 
divided into four regions, then these fit ordered triples arc equally likel}' 
outcomes. Therefore, the probability of a particular outcome, that is, 
of a particular ordered triple such as (1, 4, 2) is >£ 4 . The probability of 
any other ordered triple is also ^4^131 kind of a diagram of dots shall 
we make to illustrate this situation? Jud^g from the previous examples, 
it ought to have 64 dots. (Students will easily see that if there were only 
two pointers instead of three, a square array of 4-by-4 points would do 
the job.) It should not bo difficult feu- j’oor student'! to sec that in ihh 
case wliat we need is a “square array”of 4-by-4-by-4 dots; in other wor(l«, 
we need a cubical array which Is 4-liy-4-by-‘l. Dniivn with onlj' the 
outside dots showing, such an array is pictured in Figure 23. It is diffi- 
cult to work with such a picture because inside dots arc bard to locate. 
Elementary school children should build a 3-<limens{onaI model out of 
balsa wood or Tinker Toj-s and some nay of m-irking which 

dot is under di«eiJssion. For e.xarople, they could tally by h.anging a .'mail 
piece of nirc over the spot coirc^sponding to a particular spin of the 
three pointers. After establishing such an arrangement you can repeat the 
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12 3 4 

First Pomter 
Fio. 23 


same kind of eiercises that you did mlh a 6-by-6 array of dots. For 
example: 

Where are all the points corresponding to second pointer gets a IJ 
mere are all the points where the sum of the three numbers is 4? 
What 13 the probability of getting a sum 4? 

What is the probability that the sum of the three numbers trill be less 
than 0?* 


^otlce the trai^g m space perception and preparation for harder soh'd 
gMmcty problems here. By doing more work of this kind you increase 
the students mtmtive background in work with 3 dimensions. 

For older studenm and after younger students haue worked with a 
Wimeusional model nntd they are familiar with it, it is important that 
they cope with the problem of dealing with such a three-dimensional 
rif^l P“P«-- To do this they can cut the 3-dimen- 

amv ot^L a . To' ■■ tte prerious 

t™he mm f ^ ‘'‘= !<= dots nearest 

lehM T ‘‘"'.P-'t'o®. assuming that the other dots are 

The thrrermen^rs " Since there are four such slices, 

should see easilv Ih r eh^ pictured as in Figure 25. Students 

thrre pSt^ aach spru of the 

aa'aaapond, exaelly one point, and eouTersely to 

«I1 o?th1 roi“ u"» Sh thSmSVite th"'"'' 'S’' ‘a i’y 

l™ U..n 6. K„tl„ thal .“L"r“?„ ~lP""”'?="i”i»''r3,t,or5,ll..tis. 
they answer this question. ™ K«pl>ing an inequality in 3 dimensions as 
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First No. 
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each of the 64 points, there corresponds exactly one spin of the three 
pointers. Previously we sliced up a 2-dimcnsional G-by*6 figure into 
six miscellaneously placed i-by*6 strips. Now we hav’O sliced up a 3- 
dimensional 4*by-4-by^ ^gurc into four 2-dimensional 4-by-4 figures 
placed 60 that they are convenient to use in order to keep track of spins. 
Now you arc in a position to ask the following kinds of questions: 

1. What is the probability of getting a 2 on the first pointer, a 3 on 
the second pointer, and a 4 on the third pointer? (Answer; ^^4. 
There is only one of the 64 points which corresponds to (2, 3, 4).) 

2. What is the probability of getting a 1 on any one of the pointers, 
a 2 on any other pointer, and a 3 on the other pointer? (Answer: 
% 4 . Since the question docs not specify which pointer gives 
which number, any of the following outcome.s will do: (1, 2, 3), 
(I. 3, 2), (3, 1, 2), (3, 2, 1), (2, 1, 3), (2, 3, 1).) 

3. Wliat is the probability that the sum of the numbers given by 
the three pointers is 4? (ilnswer; ^^4. The following ordered 
triples give a sum of 4; (2, 1, 1), (1, 2, 1), (1, 1,2).) 

4. is the probability that the sum of the three numbers is 12? 
(Answer: ^4- The only wny that the sum can be 12 is for each 
pointer to give 4. There is one point corresponding to (4, 4, 4).) 
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5. What is the probability that the sum of the numbers given by 
the three pointers is 15? (Answer: 0.) 

6. What is the probability that the sum of the three numbers given 
by the pointers is 6? (Answer; The possible ordered triples are 

(1, 1, 4) (2, 1, 3) (3, 1, 2) (4, 1, 1) 

(1,2,3) (2,2,2) (3,2,1) 

(1,3,2) (2,3,1) 

(1,4, 1) 


so the probability is The students should be encouraged to 
notice that these points are located in a regular fashion (Fig. 26) .) 
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In the 3-dimensional cube these points ore a dmemal sKce. (Teach- 
ers sho^d notice the preparation for graphing the equation 
i-t-p-he = 6m 3-dimensional coordinate geometry.) More ele- 
mental students who have constructed a cube of 64 points can 
0 ^“; rife'* comprise a dwg- 

twTl! ^ probability that the sum of the three numbers given 
dL-rin (Answer; 1%,. By now students should be 
deramg systematic ways to detennine how many ordered triples 

raml^r 1 ° 'f “P'c. there ate 6 triples involving the 

1 3 and s’ "i'll, ^*tere are 3 triples involving the numbers 

lie 12 L n n"! -7 ^ "-'“5 ‘'■'t 2. 2, and 3. 

8 ^ L, the n V Herr do yc" tmow?) 

n^oh The sums 7 and 

Nrtice t£t r ^ marimum probabilily- 

botice that d you consider nil the possible sums, 

3. 4, 5, 0. 7, 8, D, 10, 11, 12 
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there is no one cenUr nuTnber but 7 and 8 are on either side of 
the center.) 

10. What sum has the lowest probability? (Answer: The sums 3 and 
12 each have probability >^4 which is the minimum probability.) 

11. What is the probability that the number given by the first pointer 
minus the number given by the second pointer plus the number 
given by the third pointer is zero? (Answer; If (r, y, s) is an 
ordered triple, then we are looking for points where x — y + 2 
is 0. For the points we want, it must be that x + z = y, (Ele- 
mentary school students or others who are not familiar with 
algebra can just look for the ordered triples which work) : 

(1,3,2) (1,4,3) 

(1, 2, 1) (2, 4, 2) 

(2, 3, 1) (3, 4, 1) 

The probability is Hi.) 

12. What is the probability that the number given by the sum of 
the numbers indicated by the first two pointers minus the number 
indicated by the third pointer Is two? (Answer: The triples which 
work are: 

(1.2.1) (2,1,1) (3,1,2) (4,1,3) 

(1.3.2) (2,2,2) (3,2,3) (4,2,4) 

(1.4.3) (2,3,3) (3,3,4) 

(2, 4, 4) 

The desired probability is 

13. What is the probability that on one spin the three pointers will 
not give a sum of 12? (Answer: We Imow there are fit ordered 
triples in all. Only one of these gives a sum of 12. Therefore 03 
of them give a sum that is not 12. The desired probability is ^^64.) 

The last question ohoro suggests another general principle of prob- 
ability. If you have selected a set of dots corresponding to an c\xnt A, 
there U another e\'ent B corresponding to all the rest of the points. If 
there are K points in set A, then there arc 01-^ points in set B. Tjie 
probability of A is K/GA and the probability of B Is (M-ftO/fil. That is, 
Pr(A) + Pr(.B) = 1. Since f? contwnsallthc points not in A, the c\-cnt 
B is the event A does not occur. Wc can abbrenate by saying that event 
B is the event not-A. Then Pr(A) -b Pr(not-A) = 1. Event A and 
c%*cnt not«A are c.alIod complemaUary events. The results wc ha^t; ob- 
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tained here are not peculiar to a dtuation in which there are exactly 
64 possible outcomes. Since any event either occurs or does not occur, 
it must be that: 


(V) For any event J?, Pr{E) + Pr(not-F) » 1 

For teachers who are introducing some of the notions of set theory, 
we are dealing here with the concept of the complement of a set. If 
you have a universe of points with which you are dealing (here the 64 
points in the cube) and a given set A in this universe, the set called 
the complement of A consists of all the points in the universe which are 
not in A. Principle V above is a statement in probability language that 
for any set A, the union of A and the complement of ^4 is the entire 
universe. 

Teachers who are using work in probability to support more difficult 
work in arithmetic than is exemplified in the previous 13 questions can 
construct questions which entail much more arithmetic such as: 

14. What is the probability that on one spin the three pointers will 
land so that if the number on the first pointer is multiplied by 
itself and the result is then multiplied by the number from the 
second pointer and from this result is subtracted the number 
given by the third pointer, the result will be 14? 


INDEPENDENT EVENTS 

Thus far we have dealt with probabilities where two dice or three 
pomtera were concerned. Suppose, as a change, we throw one die and 
one com. If yon want to avoid dice and coins, you could use one two 
c ec er an one pointer, or any other two convenient devices. 

rv.™! w for feuds and ‘T for 

tails, the following ordered pairs are possible 


(ff, 1) (H, 4) (X, 1) (r, 4) 
(ff. 2) {H, 5) {T, 2) {T, 5) 
(^1.3) (//,G) (r,3) (T.e). 


•hr. ordered pairs .'hZorL LlhtpS 

Now consider the following example,. If you throw just one coin, 

PrCtaOs) = J. 
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So the mulliplicalion rule for finding the probability of the combination 
of two events does not work here either. 

You have seen that for some kinds of events and B the rule Pr(A 
and B) = Pr(^A)'Pr{B) works and for other kinds it does not. This 
distinction leads to an important definition. 

An event A and an event B are said to be independent eventz if 

Pr{A and B) = Pr{A)-Pr{B). 

We can turn our definition of ‘independent events’ around into another 
important principle: 


O’l) If A and B are independent events, 
then Pr(A and B) « Pr{A)-PriB). 

The definition of independent evcnlt above does not help you directly 
to decide when eTtunts involving dice, pointers, or coins can be treated 
as independent. It tells you how to handle the probabilities provided 
that you know two events are mdependont. The C-by^ chart that you 
nmdc for a throw of two dice assumed that events inv'olving one of the 
dice are independent of evenU involving the other. For example the 
event A — getting a 4 on Ike first die and the event B » gelling a 1 on 
the second die are independent events because Pr(A and B) = Pr(A)- 
Pr(B) ttat is, He - H-M- Similarly the event C = not getting a 5 on 
first die and the event D = getting a number larger Hum on S the second 
die are mdepondent events. If you look at the 35 possible outcomes from 
a pair 0 dice, you iriU see that 20 of them have first die not a 5 and 

But f>r(0 = H and Pr(D) - Consequently events C and D “e 
mdependent events. 

Decide in advice nhen two events are independent resembles 
deriding ivhnt things in the physical world are 
SLT. ^ ““ea and apply 

sense to ^ them. It is a problem of judgment and common 

io a pSitSon“ ran be applied profitably 

f ■I” ™th each other. 

Ipp ytherth ■",’5“™”“ "O “>eand to which we 

apply the imthematieal idea of mdependent events. 

ontLme “nfident that the 

Sic If ^^X aL H ““‘““e from the other 

the outeonS 1 ^ die and a white together and throw them, you know 
outcome on one die greatly influences, in fact it detcXies, the 
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illustrated in Figure 29. (In Figures 20 to 33 the white die is always on 
the right.) The spring is in a neutral position when both faces show any 
of the arrangements illustrated in Figure 30. If the spring winds a quarter 
turn as the dice land, the arrangements in Figure 31 show. If the spring 
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32?W iT bnd. the a^gemcete m F.gm-e 

i -TT '-"y more thTa 

SilTlS'il u • ““‘"ttted and thrown e2 time,, a 

“““"““I to Figure k 
todicutee that the sepamte 
(from the chart alo ’^totc die are not independent. Again 

uron. the chart alone) tve say that rtdKile evenla and wWt<«iie evSta 
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White Die 

Pio. ai 


are probably not independent since such a chart is possible but highly 
unlikely if two ordinary dice are thrown. If we throw an ordinary pair of 
dice 62 times and then throw it again 62 times and again and again . . . , 
the chart above will occur in extremely few of the trials. From our 
knowledge of the mechanical connection between the two dice, we arc 
sure that events on the two dice arc not independent. A measure of the 
dependence of occurrences such as these is called their correlation. IVhcn 
the tw’o dice are rigidly fastened together, the correlation bet\\ecn them 
is 1 ; when two dice arc thrown in the ordinary fashion, the correlation 
is 0. (For a treatment of correlation, see the references at the end of 
this chapter.*- *■ *) 

PREDICTING INDEPENDENT EVENTS 
Suppose you have a box the inner workings of which are unknown to 
you. From the outside of the box there arc ^dsible two diab and one 
handle (Fig. 35). \Vhen you push down on the handle, the two dials 



Fio. 35 


spin and eventually each dial stops at a position conrsponding to one 
of the whole numbers 1 through 6. You cannot examine the meclianUm 
inside but must predict whether occurrences from (he fint dial are 
independent of occurrences from the second dial. All you can do is push 
the Iiandle and record what happens! Suppose 30 tries give you the 
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results illustrated in Figure 36. You would be quite sure that the two 
dials were tied together somehow and you would predict with consider- 
able safety that first dial ev'enls and second dial events were not inde- 
pendent. There is a slim chance that you could be wrong and that oc- 
currences on the two dials are mdepcndent. What are your chances of 
being wrong? Suppose that readings from the dials ore independent and 
that each number has a probability of ^Vhat are the chances that 
one push of the pointer will land you in the diagonal of doubles} This is 
a problem just like dice. Your chance of landing in any one square of 
the clurt is so the chance of landing in one of the six squares along 
tl^ diago^l is \Vhat are the chances that in two spins each result 
will land in the diagonal? Under the assumption that spins are inde- 
pendent events, the probability b What are the chances that each 
^ thbdbgonal? H M ■ M • . . M with 30 factors, 
or which IS about 10 . So, when you predict that results on the 
two diab are not dependent you are rather safe. You are saying that 
either an event of probability lO"” has occurred or your prediction b 


UsuaUy you do not work with overwhelming probabilities such as 
10 wh^ making decisions and predictions. A much more difficult 
*>01 U to consider a chart 
r *" ““ o^tthochart. To predict, then, 

rcmdre^ ^ '’'f? “toreoooccted so that they influence each other 

"■* developed. Such probleina 

are one type dealt mth m statistics. 

nie?aduat'^*f‘n o' t>‘=P™W=”“ 

a^eut f rS ■ *^“0 ‘•■'to are men on both sides of the 

bSs occuireneo of sunspots is Unied np to the 

hinds of evenu are o™'' "'''0“'“ ‘>■0“ 
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OTHER STUDENT ACTIVITIES 

Go back to the idea of six sided lettered cube which lands on each 
of its six sides with equal probability. Suppose also that the sides of this 
cube are labelled respectively with the letters 

T F E I O N. 

If you toss this cube three times, you will get three letters in order, first 
letter, second letter, and third letter. ^Vhat is the probability that, in that 
order, you will get the letters N, E, T, that is, that you will spell the 
word net. Assuming (justifiably) that these are independent events and 
knowing that the probability of each letter separately is the prob- 
ability of spelling net in order is H'H'H = }^16- (It would be the 
same problem if the three letters were obtained by tossing three cubes 
once.) 

Now suppose that you arc allowed to rearrange the three letters in 
order to spell net. The outcomes which will lead to success upon rear- 
rangement are 

NET 
N T E 
T N E 
TEN 
ENT 
E T N 

and since each one of them has probability the probability of net 
allowing rearrangement is the sura of the separate probabilities (the 
events are mutually exclusive) For older students problems such 
as this can be as involved as you choose to make them: 

What is the probability, allomng rearrangement, of getting 
“finite*' with six cubes? 

The probability without allowing rearrangement is G^)*. A student 
who lists all of the ways that the cubes may fall in order so they can be 
rearranged to finite will be ready to study permutations and combina- 
tions* to learn fast methods of finding the number of successes. One 
warning; in making such a list of successes, one ‘t’ and the other 
need to be thought of as different letters— think of a red ‘i* and a white 
‘t’. Then here arc two difTercnt successful tosses 
I, F N T E 
I., F I, N T E. 

* Sco almost aoy text in college algebra. 
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There are6-5-4-3-2-l successful sequences so the probability of getting 
finite, allowing rearrangement, is 

6»5-4>3>2>l 

6 * 

which is approximately .015. Students who are specialists in word games 
can find the probability that, say, five cubes tossed vnU give some word, 
either with or without allowing rearrangement (depending on how hard a 
problem is desired). 

EQUATIONS WITH RANDOM COEFFICIENTS 
One of the teaching problems connected rvith solving equations, as 
with many other topics in mathematics, is to pve students adequate 
practice while at the same time keeping their interest. A list of 100 equa- 
tions to solve can be so dull that the student works through them 
almost without thinking about them and therefore with small benefit. 
Here is one suggestion for interesting drill via probability. 

Suppose you have an equation pattern such as 

O + 2 = 14. 

If you put a numeral, say ‘3', in the box, then you have an ordinary 
equation in one variable: 

3x -i- 2 =: 14. 

Now instead of choosing a 3, think of thro^ving a die to find what num- 
eral to put in the box. There arc six possible equations and each one has 
its root. The root depends on what happens when the die is thrown. 
What is the probability that the root is 3? The six possible equations 
and their corresponding roots 


X -f 2 = 14 

root: 12 

-h 2 = 14 

root: 6 

3x -h 2 = 14 

root: 4 

4x -h 2 = 14 

root: 3 

5i + 2 = 14 

root: ^ 

Gr + 2 = 14 

root: 2 


each have probability (because the die is symmetric) and so the 
probability of getiing Sosa roU is 
Now consider the pattern 

□* + A = 14. 

Now throw two dice, one to gjve the numeral for the box and the other 
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to give the numeral for the triangle, and ask for the probability of getting 
2 as a root. 

In order to find tlus probability the student must find the roots of 
36 equations 1 Moreover, these equations arc conveniently constructed 
help students develop accurate intuition for what happens to the roots 
an equation as the coefficients are changed. The 36 equations have the 
following as roots: 


13 

7^ 

13. 

iji 

i 


12 11 
7 

4 Y 
3 V 
11 XI 

i ¥ 


10 


6 
I ft 

t 

!• 

i 


9 8 
5j 0 
3 -j 

i a 

T T 
» 8 
T T 


Each equation has probability yie and since 2 occurs as a root three 
times, the probability of getting 2 is Hz* Other questions based 
on this same equation with two random coefficients might be: 

What is the probability of gettmgmore than 2? orH)* 

What is the probability of an even whole number as a root? (He or H)* 
What is the probability of getting 1 as a root? (0). 

Although equation soK-ing is usually a high school activity it can (and 
should) be taught in elementary school as soon as the child knows the 
corresponding arithmetic.* Then work uith random coefficients can be 
developed as xinderstanding of probability de%‘eIops. 

After a high school student has done some work 'n-ith simple equations 
in one variable, he can consider systems of equations with random 
coefficients. For example, consider the pattern 


□x + Ay - 100 
4- Ox + Oy = —50. 


^Vssume that the random coefficients have probabilities as follows 
(students have outgrown the dice): 


Q takes on the value 
1 
2 

3 

4 

5 

6 


Wth probability 
I 
i 
J 
i 
i 
i 


(Notice the clianccs for Q are just the same as for dice.) 
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See Chapter 11 for bibliographies and suggestions for the further study 
and use of the materials of this chapter. 
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RICHARD S. PIETERS AND JOHN J. KINSELU 


"It La truth very certain that, nhen it is not in our power 
to determine what is true, we ought to follow what is most 
probable.” — R enA DEscAinxs' 


Wb WOULD probably fail jf we searched courses of study and text- 
books of the first six grades in the hope of finding any specific reference 
to statisUcs. Even in junior and senior high schools little if anything 
is done in this field at this time. Since statistics never been an essen- 
tial part of the traditional course in mathematics in either the general 
curriculum or the college preparatory curriculum, why should a chapter 
on it be included in this book? After all, even adults have difficulty 
comprehending data expressed in statistical form. ^Vhy should we 
expect youngsters of school age to possess the readiness for such mate- 
rial? 

Before we can give even partial answers to these questions about the 
place of statistics in schoob and the ability of students to comprehend 
It, we should say what modem statistics really is. EssentiaUy it is a 
method for solving problems which involve making decisions in the 
face of unceitomlies due to incomplete information. This involves, of 
course, deadiDg what data are pertinent to the problem, coUecting as 
r^y data as feasible, organizing and presenting them, interpreting 
them, and finally, usmg them to make the decision which is most likely 
to be correct. 


Hoover, tl* ^lysis might be appUed to almost any kind ot ptob- 

torp 0/ probahlUy m choosing the method ot sampling the data and in 
^wmg conclnsiena aW the popuhlim. Zm the sampling 

chameterisUe of modem statMca haa beim 
probabffity we deduce 

^kiJgT^^m r ““ ‘l-eocy of probability, 

makmg it possible tor us to reverse the reasoning-lhnt is, we infer the 
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composition of the original poptrfa/tonfrom the composition of a properly 
chosen sample"^ When a national magazine asked a sample of citizens 
a series of questions about their reactions to the success of the United 
States in getting its first artificial satellite into outer space, it was try- 
ing to find out what the reactions of all of us (the population) were to 
the important event. 

THE IMPORTANCE OF STATISTICS 
Our first question was whether statistics should be given more at- 
tention in our schools. The answer is more likely to be “yes” if it is ap- 
parent that a knowledge of statistics is rapidly becoming more and more 
essential to both the general education of all citizens and to the voca- 
tional preparation of an increasing number of future specialists. From a 
man who has made outstanding scholarly contributions to the theory of 
statistics, worked assiduously to make its applications known to men of 
practical affairs, and, as a teacher, thought seriously about the problems 
of statistical education, we have this judgment: “I do not think it is 
an overstatement to say that probability and statistical concepts ore in- 
volved in the problems and tbinkiog of modern scientific and technolo^- 
cal society as much as or more than any other body of mathematical 
Ideas. At one end of the spectrum we find the average citizen confronted 
with the Intelligence scores of his children, insurance problems, advertis- 
ing and sales claims, public opinion polls, etc. He should be introduced 
to at least the rudiments of probability and statistics at the high school 
level. At the other end of the spectrum there is the scientist in almost 
every field who designs his experiments and analyzes and interprets the 
results by probability and statistical methods." ' Modem statbtics is 
used in the design of agricultural experiments to help us find ways of ob- 
taining more food and better food at less cost.* Medical research uses 
statistics to find out whether certain treatments, like polio shots, reduce 
or prevent the incidence of certain diseases.* Business and industry use 
statistical methods to check the quality of their products and to decide 
on the most economical ways to organize their operations and processes.* 
Engineers and production managers of the future must know Uie proba- 
bility and statistics basic to opert^ions research of which quality control 
is an example.* The future psychologist must have a background in 
probability and statistics both for research design and for understanding 
learning models based on probability.* The biologist who wants to bo 
competent in the field of genetics had better be acquainted nith Jl/arkeu 
clwms, which in turn leans on probability concepts.* The future develop- 
ment of the theory of games, also dependent on probability ideas, is 
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likely to jneld more applications in devising strate^es in military affairs 
and in business competition J Statistical mechanics is already a standard 
course in the preparation of engineers and physicists. The astronomer 
is applying the theory of probability to the statistical study of the dis- 
tribution of star galaxies.* The Monte Carlo method, an offspring of 
probability, has been .succc&duUy used in the study of the neutron.* 
Such diverse subjects as heat and information theory seem to be governed 
by similar laws of probability. It is well known that the insurance com- 
panies depend on laws of probability in dealing with the duration of 
human life. 

The question about the ability of precoUege students to understand 
certain statistical ideas, not ^ven much attention at present, can only 
be answered by classroom experimentation. In our opinion many of 
these concepts are simpler than some mathematical topics already in 
the curriculum. The strangeness of some of the new ideas can be re- 
moved by the abundant use of familiar illustrations. It is a primary pur- 
pose of this chapter to make these educational b^'potheses of ours more 
plai^ible, and to encourage classroom experimentation with the sta- 
tistical ideas we present. 


now .MUCH STATISTICS IS N'OW TAUGHT 
If we ask whether the development of problem-solving ability is one 
of the principal concerns of the elementary school, we would almost 
certainly be aimered in the afiSrmative. If we inquire whether the col- 
lection of data U part ot the proccae of solving problems, we would prob- 
ably be granted another “yes.” If we follow up our two successes by bmo- 
^tly Mtag whetber any of the data gathered are in numerical form. 
It a quite bkely that we would receive an “of course” reply. Since the coU 
of numerical data to solve problems is part of so-called descnpiice 
elnlisli^ we would almost have to conclude that statUlics in a crude 
fonn had already inatratod the elementary school. 

vnttnrri,'°n“.’ “‘O'® attention could profitably be de- 

AM ^ orjnnirotfcn of data into tables and 

“O'* “ 0“ ^ 

sX ^ ooUechon and organiaation. The median as a mid- 

s“i reZ?' ** “Unidnced quite early in the grades to ob- 
had been learned (b oco“a for a group of scores. After division 
could be aDDliGd tn the mean (arithmetic mean) 

tendency Even th IT another kind of measure of central 

te^sTuS al we 1 “““ o“ tte mean could 

?c^S; “ ““‘1 ■“Ode under similar 
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As is pointed out in Chapter 6, (page 247) the relative frequency con- 
cept of probability as the ratio of the number of cases favorable to the 
occurrence of an event, to the total number of possible happenings, could 
be used after fractions had been presented. Numerous familiar illustra- 
tions, such as the probability of a girl’s name bemg drawn from a class 
list by chance, could be used to develop the concept. Questioi^ of the 
form “^Vhat are the chances that . . .?” applied to a variety of such 
examples would precede the introduction of the word probability. 
Weather information about the number of stormy, cloudy, and fair 
days in a given month could also be used in illustrating the concept. 

If we next turn our attention to the junior high school, we note that 
the ability to interpret data in tables and graphs is frequently a serious 
objective of instruction. However, not much attention is given to fre- 
quency graphs, such as the histogram, the frequency polygon, the ctimufo- 
tive frequency graph, and the graph of aimulaiive per cenU. These would 
not be difficult to teach. These are the kinds of graphs which are concrete 
and basic to developing more sophisticated statistical notions. With 
them is initiated the concept of du/nhu/mn and the idea that the area 
under certain curves may be used to represent either the total frequency 
or a per cent of the total frequency. 

Unfortunately, we would tod that these jumor high school students 
are rarely given experiences in starting with a question or problem, de- 
ciding which data need to be collected, planning how to organize the 
data, and actually collecting them. All that we would usually see would 
be canned data in tabular or graphic form. The only tasks left for the 
students are to read and interpret them. We think that it would be 
possible and desirable to give these students experience with the whole 
problem-solving process instead of just its terminal operation. 

It seems to us that histograms should be introduced not later than the 
7th or 8th grades of the junior high school. The histogram is merely a 
vertical bar graph in which the areas of the bars of constant width arc 
proportional to the frequencies. Along the horizontal axis are placed the 
measurements or categories of the \'ariable whose frequencies are being 
studied. The frequency of measurements based on the body, like the span 
of a student’s hand or the length of his stride, might be us«l to study the 
distribution of different sizes in the class, or, in the case of categories, 
the frequency of different eye colors in the group might bo sur^•eyed. 
Questions about the most frequent or least frequent value of the variable 
could be framed. The probability notion (Chapter 0, page 205) could be 
pven attention by asking the students wliat the chances are that the 
name of a student with blue e>'cs, for example, miglit be dra\VTi from a 
well-shuffled pack of class cards. The probability idea could be extended 
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by asking what the chances are that the name of a blue-eyed or a brown- 
eyed student be drawn. Questions of this type lead to the summing of 
probabilities to answer “or** questions, and, under proper guidance, to the 
obvious fact that the sum of the probabilities of an entire set of mutually 
exclusive events equals 1. Incidentally, the students can be provid^ 
with further experience in choosing appropriate scales to represent data, 
and, in the case of the histogram, Icam the importance of always speci- 
fying the location of zero on the vertical axis. Finally, the tables which 
provide the raw data for the graphs can be extended to show in decimal 
form what proportion each frequency is of the total frequency (see Table 
1, p. 297). A partial check on these computations is that their sum should 
eq>ml 1. There is also an opportunity here to get the students used to 
seeing probabilities expressed in decimal form. 

From the histogram it is easy to obtain the frequency ■polygon for the 
same data by drawing a broken line graph through the midpoints of 
the top bases of the vertical bars, and connecting the endpoints to points 
on the horizontal axis one-half unit to the left and right of the limits of 
the histogram. (Fig. 1.) It is not difficult to get students to see that the 
total area of the bars equals the area under the frequency polygon. Only 
some intuitive notions of congruent right triangles are needed. 
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many and what per cent of the students are taller or shorter than a 
given height be posed and answered from the graph. Furthermore, 
the use of cumulative per cents ^ves a natural introduction to the per- 
centiles, deciles, and quartiles, including the median. 

This also gives an excellent opportumty to point out that the average 
height or weight of a group of normal students is not necessarily the 
height or weight of a normal student- In fact, variability from the aver- 
age is much more likely to occur than identity with it. Not only should 
we be acquainting children with the uses of statistics but also W’e should 
be pointing out to them some of the misuses and misconceptions of sta- 
tistics which are all too common. 

How To Lie vnth Statistics is the title of a 1954 book by Darrell Huff" 
which brings out very cleverly some of these misuses. In their Siatklics, 
a New Approach, Wallis and Roberts devote a whole chapter to misuses 
of statistics.!’' They cbssify some of these misuses as due to (I) shifting 
definitions, (2) inaccurate measurement or classification of cases, (3) 
methods of selecting cases, (4) inappropriate compari^ns, (5) shifting 
composition of groups, (6) misinterpretation of association or correla- 
tion, (7) disregard of dispersion, (8) technical errors, (9) misleading state- 
ments, and (10) misleading charts. Beginning not later than the Sth 
grade teachers of mathematics should seek to make their students more 
critical of some of these distortions of the truth. One of the best pro- 
cedures is for the teacher and the class to clip from newspapers and maga- 
zines material whose conclusions or methods of arriving at concluriorw 
seem doubtful. Not aU of these wiU be useable, for frequently the ma- 
terial being discussed requires spccbl knowledge or a degree of sophisti- 
cation not yet attained by the students. 

Under misleading charU Wallis and Roberts show how a broken line 
graph might be used to exaggerate an increase in the cost of living. Thb 
was done by choosing a few years during which the inertsL-e occurred 
and ignoring earlier and bter years, and by magni/j-ing the vertical 
scale. In another example the purchase and redemplion of U. S, bonds 
was compared by using a scale for the redemption data three times as 
brge as that for the sales. Other misleading devices are to omit the zero 
point on the horizontal or vertical scales, and to the tame intervab 
on the horizontal scale for umts of different size. 

In the elementary algebra course of the nmth grade we find that in 
some schools a unit of dcscripth'e statistics has been irjbcrted, probably 
last before the graphing of linear cquatioas. This unit UfuaJIy invohes 
tables, hbtogranis, frequency pob'gons, the arithmetic mean tlie 
dian, the mode, and the range. But this material i$ often an uVtn d us-'* 
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in that its concepts do not appear later in any of the other units of 
instruction. 

Ninth grade students may be asked to write a formula for the mean. 
There may be story prohlema about finding the score or grade needed to 
obtain a desirable scholastic averse, but the rapid method of finding a 
mean by taking deviations from an arbitrary score is rarely mentioned. 

Let us stop a moment to illustrate this useful method by an example. 
Suppose that the amount of cliange in the pockets of five boys is 23jf, 
36^, 19ji, 31}!, and 21}!, respectively. The problem is to find the mean of 
the five amounts. Suppose we guess the mean to be 25}!. Subtracting 25 
from each of the five numbers wc obtain —2, +11, —6, +6 and —4. 
The sum. of tb^ five deviations is +5. Tbeir mean is +5£ = +1. Add- 
ing this mean of the deviations to the guessed mean, we get (+1) + 
25 =■ 2Q. This is the mean of the five amounts, for 


(23 + 36 + 19 + 31 + 21) 
5 


Getting class averages this way gives useful drill in simple operations 
with signed numbers. 

It seems that the mean equals the guessed mean added to the mean of 
the deviations. If we want to prove this for better students it may be 
done as follows: Symbolizmg the mean by x, the guessed mean by g, 
and the mean of the deviations by d, we want to prove that 5 = 3 + ^* 
To show this for any five scores, represent them by xi,xt,xt,xi, and 
ii.Then 


a _ (3=i - g) + (xi - g) + (i» - g) + (x« - g) + jxt " g) 
5 

^ (Ji + + z« + 3rd — 5g , 

5 

tive laws 


- by the associative and commuta- 


^ + l4 + Xt 

5 " 


— X — ghy substitution of equals. 

Hence, i = }? + d by the addition axiom for equations. The same argu- 
ment ^n be used with any number of scores. A further important ob- 
Mrvation is that if the real mean is equal to the guessed mean, x = g, 
then d-x-g = 0 hy substituUon of equals. This means, %vriting di 

for X. - , etc, tlurt (A±A±^±±±jU ^ eubslilution of 



STATISTrcS 


279 


equals, and that di 4* dj + dj + di + ds — 0 by the multiplication 
axiom for equations. We now have proved that the sum of the devia- 
tions from the mean of five scores is zero. Again, this result can be 
proved for any number of scores by the same kind of argument. 

FURTHER CONCEPTS OF STATISTICS IN THE SCHOOLS 

Symbolism is an important concept in the study of statistics as in 
many fields of mathematics. But even among college students inability 
to interpret symbols is a serious block to their progress in mathematics. 
Some of the casualties might be prevented if experience with a variety 
of symbols was given diuing the secondary school years. The symbols 
used to represent variables and constants in elementary algebra are 
pretty well confined to lower case letters and capitals of the Roman type. 
There is practically no use of subscripts, primes, and Greek letters which 
are used so frequently in statistical formulas, 

Approximaiion is also an important idea in statistics. Not only is this 
reflected in the way probability deals with uncertainty but also in the 
fact that the data of statistics are frequently measurmfiiti. We know 
that all measurements are approximate. If the heights of ninth grade 
boys are being examined, a score of 65 inches could not be represented 
by a point. Instead, a line segment extending from G4.5 to 65.5 would be 
necessary. If a mean height is to be determined from such data, the 
principles of computing with numbers which represent approximations 
must be known. Evaluation of mensurational formulas, involving the 
addition, subtraction, multiplication, division, and square root of such 
numbers, and other geometrical and trigonometrical problems in which 
attention must be given to the concept of approximation should be em- 
phasized. 

Discreteness and cmtinuiiy are essential ideas in statistics. Dots, and 
unbroken lines and curves arc the respective graphic pictures of these. 
In the past, we have in ninth grade algebra either restricted ourselves 
to the continuous kind of variation, or ha\‘e blithely assumed continuity 
for variables wliich are discrete. We should use more relations which 
require dot diagrams for their study. We should have the students clearly 
define the domains and ranges of variables by means of sets. 

In the tenth grade we concentrate on deduction as the method of mathe- 
matical proof. The conclusions are certain if correct logic is applied to 
the accepted definitions, postulates, undefined terms, and previously 
proved theorems. Induciion is used sparingly to arrive at hypotheses to 
be tested by deduction, and the danger of basing conclusions on it is 
emphasized. 
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Among the ten misuses of statistics listed by Wallis and Roberts were 
shifling dffiniiiona, methods of sdeciing cases, and misleading siaUments. 
The tenth year with its emphasis on logical thinking in nomuathematical 
as well as mathematical situations is a good time to spike these misuses 
of statistics. For example, when unfriendly nations criticize the amount 
of unemployment in the United States, it is to their advantage to shift 
the definition of number of unemployed to mean all of those workers who 
do not work full time. 


In the eleventh or twelfth grade a unit onpcmuhitiorw and combinations 
13 foUowed by one on probabilily. The latter is defined in terms of relative 
frequen^. ProbleiM of the a priori type, in which the probability of an 
event IS assumed in advance of an experiment, engage the attention of 
the students. Examples suchas coin tossing, dice throwing, card drawing, 
and hftmg balls from an urn are used. Too many of these problems in- 
volve the equal probability of events. Life insurance tables are used to 
Illustrate the necessity of o postmen probability. 

The modern concept of probability as a measure of a subset of the 
set of all possible events of a certain kind does not appear. The postula- 
tiorial approach to probability is avoided. Independent events and mu- 
considerable attention but conditional 
probabiUty is usuaUy concealed behind dependent events. The binomial 
^ mutually exclusive events. Due in large 
me^e to the lack of systematic treatment, the students find the text- 
book problems very frustrating. 
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If we were concerned about this problem in our o^ti community we 
would probably try to collect infonnation about all births over a period 
of years. In other words, we would collect ‘population data; we would 
hardly be satisfied with a partial census. On the other hand, if we wanted 
to estimate the national need for new schools, we almost surely would 
have to deal with a part of the population. In this case we would select 
a sample. From such limited data we would hope to predict with an ap- 
propriate degree of accuracy the national need for additional classrooms. 

This is a problem in induction. From the information given by the 
sample we would want to obtain certain tentativ'e generalizations about 
the population of which the sample is a part. A major problem is how to 
select such a sample so that our estimate of the population characteristics 
possesses adequate accuracy. 

In selecting the sample we would certainly want to eliminate bias. 
In other words, we would want to be sure that we did not draw our 
sample from a very special part of a population, and then attempt to 
draw conclusions about a whole population. For example, in drawing a 
sample on a national basis we would hardly limit our sampling to states 
east of the Mississippi, or to cities, or to the wealthiest states, or the 
coastal states. 

We would also be concerned about the sise of our sample. What per 
cent of the population should constitute our sample? If we chose a very 
small per cent, we might worry about the reliability of our prediction, 
for small samples are likely to vary much more than large ones. If we 
selected a very large sample, the cost of collecting the data might ex- 
haust our financial resources. 

Even if we were satisfied with the size of our sample, we would still 
have the problem of determining the best way to use the information 
to arrive at sound estimates of the population's characteristics. Unless 
we had used randomness somewhere in the process of selecting the sample, 
we would be blocked. For example, we might di\ddc each state into geo- 
graphical areas and in some random manner select communities from 
within each of these areas. If we had used the random process in the 
appropriate way, we would have satisfied one condition for using proba‘ 
bilitrj theory to help us make our estimates. 

A second condition is that we must know the distribution of certain 
measures calculated from the sample data. For example, we would prob- 
ably want to know how the birth rate raried from one sample of the 
population to another. In somesomplcstbisratc would bcrelativelysmalJ, 
and in others fairly large. The essential information needed is how fre- 
quently birth rates of different sizes would occur if all possible samples 
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had been drawn from the populadon. If the relationship between the 
size of the birth rates and their frequency is or at least approximates a 
known mathematical function, like the bell-shaped normal curve, the 
problem of making the population estimates can be readily solved. 
When a knowm distribution does not appear, other more complicated 
statistical methods may be found applicable.^ 


TIIE RELATION BETWEEN PROBABILITY .kND STATISTICS 


Under conditions like these probability teams with descriptive sta- 
tistics when inferences are to be made from a sample to the population 
of which it is a part. Whereas the statistics of 30 to 40 years ago used 
to be lifted pretty much to descriptive statistics, modem statistics is 
a combination of descriptive and inferential statistics in which proba- 
bility is an integral part. Statistics and probability can no longer be 
separated. 


\ye have been talking about the application of probability to sta- 
tistical data. Certainly probability as a branch of mathematics has an 
existence independent of its applications.” This aspect of probability is 
treated in the preceding chapter. 

^ Probability and statistics, as pure and applied mathematics respec- 
tively, exhibit all of the themes or all-pervading concepts discussed in 
other chapters of this book. Both real and complex numbers, and of 
worse the operations on them, are involved in the theory and applica- 
bons of probabJily and statistics. We have already iHustrated the ways 
measurement and approjimation permeate the union of the two sub- 
jects. Induction and deduction are both involved. EelaUon and function 
''‘''*‘‘f'™“"="®“E‘=*“'»i>ndEraphs,orcoiiaideringfui.c- 
dvmli r*' fi,”°i!™^ nurve, the t-carve, chi square, or regression lines. 

Symbol™, the bane of nontiates in the held, involves sigmas, large and 

a™ng othS. '“d integral signs. 
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How^ would you find out, and how would you convey the information 
to the inquirer? The answer to this question is easy and obvious, but if 
the question were asked in a school of 1000 students, how would the 
problem be tackled? And what if it u'ere asked in a school system like 
New York City’s with nearly a million students? 

Now the question might not only concern the total number of left- 
handed students in the system, but also how many could be evpected 
on the average in each class of 40 students. You may ask why anyone 
should be interested in such problems. Well, in the first case, it might be 
a manufacturer of sporting goods trying to decide how many baseball 
gloves to make for left-handed boys or how many sets of left-handed 
golf clubs are needed; or in the second case, it might be an architect try- 
ing to decide a question of equipping the classrooms in a new school 
with the proper number of left-handed writing chairs. Then the fact that 
one given class happened to have three left-handed students might be 
interesting but would hardly be helpful to the architect, particuhurly if 
in other classes in the same school he found that five bad no left-handed 
pupils, three had one each, and one had twelve. The study of a problem 
like this should be based on statistical considerations. No amount of 
algebra or geometry, arithmetic or trigonometry by itself is going to 
help. 

Suppose the architect determines that in order to build the school to 
best advantage he needs to solve this problem. How does he go about it? 
Are the methods be uses those which youngsters can understand, ap- 
preciate, and perhaps learn to apply to similar situations? 

STATISTICS AND UNCERTAINTIES 

It is easy to see that there are uncertainties involved here. Suppose 
in the school of 1000, 50 left-handed children are found. Does this 
mean that in each room of 40 scats exactly two left-handed chairs will 
be needed? Of course notl Maybe one room ^vill need none one year and 
ten the next. Is it possible that one room might need forty left-handed 
chairs some year? It certainly is possible, but is it probable? Far from it. 
After some thought, the suggestion fa made that it would be wise to put 
in 30 right-handed cliairs, 2 left-handed ones, and 8 rather inconvenient 
oncs^\hichcan be changed from right- to left-handed, and back as needed. 

Now, what are the chances that things will work out? Maybe, it would 
be bettor to liave 35 right-handed, no left-handed, and 5 interchangeable 
chairs. But all of tlu's seems so uncertain and so “up in the air." Is there 
any way wc can reach some decision which fa not based on pure guessing? 
The answer is “yes” and the metliods are those of statistics. 

Ei'cn though some well-formulated problems invoh-e so much un- 
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certainty that there is no unigtte answer to them, decisions must be n^de 
every day as best we can, orders placed, and money spent. Thus, it is 
of the utmost importance that youngster® Icam as early as possible 
that mathematics can be used to study problems involving uncerlainlies. 
Particularly, they should see that when one answer is chosen from several 
possible ones by statistical reasoning there is a reasonable assurance 
that it is belter than the others. 

All of this has been said many times and in many places. One state- 
ment that summarizes our rhscusslon especially well is the following: 
“The notions of probability, correlation, and sampling are among the 
fundamentals of modern social measurement. . . . Moreover, there is m 
all statistics a salutary concern for the uncertain and the incomplete — 
for the gray that is real more than for the black and white that is ab- 
straction. It is well for the student to learn both that mathematics has 
uncertainty, and that uncertainty can be mathematically treated. This 
knowledge is important in many fields; teachers of science and teachers 
of history alike have their troubles with students who are persuaded 
that all reasoning Is geometrical and all evidence conclusive.” 

CHARACTERISTICS OF STATISTICAL ANALYSIS 
What then are the characteristics of the statement and solution of a 
problem by statistical methods? It seems to us that most problems sub- 
jected to statistical anal>'sis involve decision making in the face of un- 
certainty, with the concomitant problem of what the chances are that 
the decision is right. That kiml of problem is faced by the architect in 
choosing the kinds of seats for classrooms in a new school. The same sort 
of problem confronts the purchasing agent for a flour company when he 
has to make up his mind whether or not to buy a certain carload of wheat. 
The manager of a baseball team in the World Series, trying to decide 
whether to use a winning pitcher after only two days rest, is in a similar 
forked road” situation. In the same “fix” is the buyer of mens’ shirts in a 
large department store. IVhat combinations of neck sizes and sleeve 
lengths should be stocked, and in what proportion? In the same quandary 
is the superintendent of a light bulb factory. IVhat percentage of defec- 
tive light bulbs can be allow before ordering the machine shut down for 
repairs, and how does he find out the percentage of defective bulbs it is 
making anyway? Even the scbAolboy who claims be can tell bottled 
coke from tap coke will not be acknowkdged as competent in tliat .<-kill 
imless he makes correct choice a certain per cent of the time. How many 
times must he be right to demolish the charge that he U just lucky? 

These are all problems wWch call for a derision. Furthermore, all of 
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them have a certain practicaKty in modem life. They are problems which 
are susceptible to attack by statistical methods, except that of the base- 
ball manager, and yet what student of elementary secondary school 
mathematics would have any idea of how to attack them? 

We shall now attempt to indicate how certain statistical ideas and 
processes, basic to the soIuUon of such problems, might be given more 
attention in the schools. 

OUTLINE OF A STATISTICVL ANALYSIS OF A PROBLEM 

The first and most important idea is the one we have been emphashing 
continually till now, namely, that problems of decision in the face of 
imcertainty are really susceptible to mathematical study. We state again 
the idea which may be unfamiliar to many, i.e., mathematics is not ex- 
clusively a matter of techniques of nnmencal calculation, algebraic 
manipulation, geometrical proofs and constructions, or even of analysis 
and deductive thinking. It may also ser\*e as a basis for inductive in- 
ferences from partial data and incomplete information. 

Too often we run across the idea that mathematics must be exact, 
idealistic, and certain. That a mathematical model of a physical situa- 
tion may not produce conclusions that are exact and certain should re- 
ceive more attention. 

After w'e have agreed that a mathematical approach to the solution of 
a problem is possible, the first step is to formulate the problem carefully. 
It is frequently true that a careful statement of the problem yields ideas 
about the best method of attempting a solution, and one of the first 
would probably be that the situation is too large or too complex to 
handle in toio. We find therefore that we have to draw a sample from the 
population we are studying and we must decide how large a sample is 
needed and how best to draw it. 

The next step would be the gathering of the rele^'ant data from the 
sample, recording and tabulating them, and organizing them in such 
forms as graphs and tables for the purpose of presentation. 

Following this we would have to interpret the data in the light of the 
formulated problem. 

Finally, we would want to infer from the sample, with a desirable de- 
gree of probability, conclusions about the population relevant to the 
solution of the problem. 

IIow many of the techniques and ideas involved in tliese procedures 
are in our present curriculum? Many of them arc now there and all tliat 
is nccc.s.sary is merely to point them out and emphasize that these al- 
ready familiar ideas and techniques are useful in statistical problems as 
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well as in others. There are also some relatively simple new techniques 
which we hope may become part of the regular work in elementary and 
secondary mathematics. We recognize, of course, that many of the ideas 
and mathematical methods of statistics are too complex and too subtle 
for any but specialists in the field, and these we shall either not mention 
at all or merely note briefly in passing. 


FORMULATING THE PROBLEIVI 
Often the original statement of a problem is quite vague. The first 
requisite in an attempt at a solution should be an effort to state the 
problem carefully, to define the key words accurately, to recognize the 
assumptions being made, to disregard irrelevant facts, and so on. For 
example, in the problems about the architect and the left-handed chairs, 
the word left-handed seems to be the key word. What is meant by lefi- 
handed? Well, in this problem we obviously do not care if an individual 
bats left-handed at a baseball game or eats left-handed at dinner, but 
only whether, for one reason or another, he writes with his left hand. 
Even this stipulation is not enough, for there are left-handed individuals 
who write ia such a position that they prefer right-handed chairs. Hence, 
in this instance, UfUhanded will be taken to mean writes left-handed and 
prefers a left-handed chair. With the aid of this definition we are in a 
better position to select the data for answering the question, “How 
many right-handed, left-handed, and interchangeable chairs are needed 
m each classroom planned for 40 pupils?” 

A much more complicated dtuaUon confronte the superintendent of 
the hght bulb factory. He reaUy has several questions to answer before 
he decides whether to shut down the machine for repairs or to leave it 
runmng. Some might be: “What is a defective light bulb?”, "How do I 
know how many defective ones I’m making a day?”, “How high can I 
let the defective proportion rise before I act?”, “Do I make this deci- 
Hon on the basis of profit and loss or on the reputation of our factory 
“ the industry?”, and inciden- 
tally, What does 6e<t mean in this situation?" 

o'^^emphasize the semlntic aspects. However. 
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bulb would be nearly exhausted. One result would be that the consumer 
would not get his money’s worth. 

The careful formulation and discussion of this problem by a class of 
students would almost certainly lead to the idea of testing a single bulb 
now and then from a ^ven run. That is, we would select a sample, test 
the sample, observe the results of the test, and infer from the observation a 
conclusion about the quality of the bulbs being produced. Finally, from 
this conclusion we would make our decision to stop production for repairs 
or to continue production, even though we know the machine is making 
a certain number of defective bulbs which will have to be replaced at 
the consumer level. This is an example of industrial quality control which 
is playing an increasingly important role in many manufacturing proc- 
esses. 

While the importance of carefully defining words like defective is 
usually stressed during the teaching of geometry in the 10th or 11th 
years, we should remember that the teacher of mathematics can make 
a contribution to the general education of students by using illustrations 
and problems outside of the field of geometry to indicate the equal im- 
portance of careful definition in many other fields of mathematics os 
well as in a variety of life situations. 

THE IMPORTANCE OF SAMPLES 

Usually a problem which can be attacked by statbtical methods will 
invols'e properties of a certain set of objects. It may be that the set is so 
numerous that it is impractical to examine every one or it may be that 
the property is of such a nature that its determination destroys either 
the object or the property. In either case we arc forced to consider only a 
sample of the population we arc interested in. Tliis concept of a sample 
is one of the most important in statistics. We shall, therefore, spend 
some time discussing some of the salient properties we want in our sam- 
ples and the wa>'S samples can be selected so as to insure these properties. 

The size of the sample must be suDSciently largo, ^\’hen samples arc 
d^a^vn by a random process, both experience and theory reveal that the 
smaller the sample, the greater is the variation from sample to sample in 
whatever measures are taken. This means, for example, that the error 
in the prediction of the mean height of all American men from the mean 
height of a small sample of men is much more likely to be serious than 
the corresponding error associated with a larger sample. We liavc to de- 
cide, in advance of sampling, the size of error ire are iriJIing to tolerate. 
Then we have some basis for deriding the size of the sample we should 
take. 

Usually it is important that the method of selecting the sample should 
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contain in it some kind of randomneit. The reason for this Is that ran- 
domness must be present if we are going to be able to use probability 
theory to infer characteristics of the population from the sample. 

This is the second time that the idea of randomness has appeared in 
this chapter. Perhaps it would be well to point out what is meant by 
randomness when referring to the selection of a sample. Intuitively it 
means that there has been no special selecting going on, tliat no favorites 
are being played. More technically, it means that every element in the 
population lias the same chance as every other clement to be selected as 
a member of the sample being chosen. I>ater we shall illustrate a few of 
the many methods of incorporating randomness into the sampling 
process. 


SAMPLES Di THE CLASSROOM 


In the next few paragraphs we shall offer some examples of sampling 
which might be appropriate at different school levels. Consider a class 
of 29 children about whom we want some information. We will try to 
get it by considering samples drawn in the following manner. Assign to 
each child a number from 1 to 29. In one box place three disks numbered 
0, 1, and 2, in another box place ten disks numbered 0 to 9. By drawing a 
disk frona each box any number from 0 to 29 may appear. After each 
drawing replace the disks, shake up each box and draw again. By drawing 
five numbers, ignoring the 00 and any number which has been drawn 
before, we get a sample of the class of size five. Similarly .samples of other 
sizes could be drawn. 


How might such a device be used? What kinds of questions might be 
asked? The key idea would be to see to what extent certain information 
about all the children could be obtained by taking only a sample of the 
c^. For mst^ce. what is the average time it takes to get to school? 
^w close wo^d we get to the truth if we took samples of o? 10? 15? 20? 
Ihe answera here would show what happened as sample size increased. 
How i]^y hours of sleep does the class get? How long does the homework 
tal^? These two questions provide an opportunity to point out the im- 
■'Vhat is the average height of the 

S.Tr s “ "■'= “>e measurements 

’'to entered the classroom? It we took only 
c W 3 “'t sample an equal 

“ tke vein would it make any difference it our 
sample contamed only boys or ^Is? 

ot^ii^ir demenlary school the mean ot a coUcction 

ot nunrbers a commonly obtained. IVhat we teel is needed here is only 
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an extension of this experience to answer questions like those above. 
By such procedures it should be possible to develop inductively some 
understanding of the concept of a random sample, the importance of 
lessening the bias in samples, and the effect of the size of the sample on 
the accuracy of predicting the charactenstics of the total group. As a 
less important by-product, there would be considerable practice in add- 
ing and dividing numbers. Tliere certainly would be no difficulty in 
providing enough practice. For example, there are over 140,000 different 
samples of 5 students that can be drawn from a class of 30. This is merely 
the number of combinations of 5 things that can be selected from 30 
things; each samjile selected will differ in one or more of its members 
from every other sample. 

At whatever level the study of fimctional graphs begins it could be 
emphasized that the points which are plotted are only a sample set of 
the set of all points which lie on the graph. In a linear graph a sample of 
size two is sufficient to determine the whole set. Is this also true for 
graphs of quadratic functions? Obviously not. The set of sample points 
must not only be greater than two in number but must be carefully 
selected if the sample is to be significant for the whole set. Discussion 
could follow as to the size of samples and how their selection should be 
made. 

In geometry the study of locus problems leads very naturally to ques- 
tions of sample points. How does one usually determine the locus of the 
Center of a circle of radius r passing through a given point P? Certainly, 
one very effective way to begin the study of the problem is to take a 
sample of half a dozen cases out of the infinitely many possible ones to 
See what common property tljey possess. This is not a statistical problem 
but it will provide an alert teacher with an opportunity to discuss the 
notion of a sample. 

A basketball coach determining the makeup of his team by watching 
his boys practice is using the idea of sample. The coach assumes that the 
reactions of his boj's in practice arc a good sample of their reactions in 
the game. Sometimes he is riglit but not always. In order to improve Ins 
Sample he makes practice sessions as close to the real game situation as 
possible. A baseball player’s batUng average for the first month of the 
sc.ason is determined from this s.amplc of his pl.ayitig for the season. 
\Vliether the nhole season will be consistent with the sample is always 
the question the coach faces. This is also the question the statistician 
must always consider, i.c., “Is this sample a true sample of the popula- 
tion I want to study?” 

The trouble with these samples is that they arc not really representa- 
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live of the population the coach is interested in. Out of all possible re- 
actions of a boy on a basketball floor the coach is interested in those par- 
ticular reactions which occur in a game. But the sample he considers U 
made up of the reactions he obscrv'cs in practice which is not in fact a 
sample of game reactions, but only of the total reactions and not even a 
very good sample of tliat because game reactions have been excluded. 


BIAS IN SAMPLES 

In order that the theory of probability can be applied to statistical 
data it is necessary that every possible sample that can be drawn has an 
eqxial chance of being selected. When the method of selecting samples 
does not satisfy this condition, wc say that the sampling process is 
biased. Sometimes it is obvious that a given sample is biased. One ex- 
ample is the one in the last paragraph. As another, we note that it is 
usually true that a rookie’s batting average during his first swing around 
the major league circuits has little relation to his average at the end of 
the season. By restricting the measure of batting success to the first 
month of play we prevent other samples of the rookie’s batting prowess 
during later months from being selected. Hence, biased sampling is 
present. 

A television raring service wanU to find out what fraction of the tele- 
vision audience in a certain city are watching a particular program on 
Chisel X at 6 p.m. of a certain day. Starting with a name selected at 
random m the phone book, the raters caU every hundredth name and 
which station is being watched. Since the sample selected is limited to 
those who have both telephones and telei-ision sets, who have their tele- 
vision sete turned on, and who answer the telephone call, it is rather 
obvious that the sampling process is biased. 


randojiness and representativeness 

Randommsa refers to a method of selection in which each possible sample 
^ of being drawn. It is certainly pos- 

eontain ooly those who are below the min in 
wWe “o'’'' “ representative of the 

Mtv sX™ ? smde students. However, tL theory of proba- 

eof r r s^h possible 

sample an equal chance of bang selected. 
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is similar to the frequency polygon of the population. In this case the 
sample could be representative of the population but probability theory 
could not be applied to the sample data, for the method of selection did 
not permit each possible sample an equal chance of appearing. 

Let us examine some ways by which we might try to assure random- 
ness in selecting a sample. 

1. Suppose a door prize is to be g^ven to one of the fifty couples who 
are attending a dance. As the couples enter each is given a ticket bearing 
a certain number. Toward the end of the evening one of the numbers is 
drawn from a container holding disks numbered from 1 to 50. If there 
has been a thorough mixing of the disks in the container, only chance 
should dictate the wiimer. This is simple random sampling. Each couple 
in the population had an equal and independent chance of winning. The 
same procedure could be used to draw samples of 2 or 3 or any number 
less than 50. However, the physical act of thoroughly shuffling large 
numbers of disks or cards or other objects and then drawing from them 
is much more difflcult to do than is generally recognized. This, of course, 
is one reason some card players can seemingly read the cards. They re- 
member the order of the cards which resulted from the play of the pre- 
vious game and realize that, with the usual poor shuffling of the deck, 
the probability of approximately the same order is better than that of an 
arbitrarily different order. 

2, You may think that by writing donm a series of numbers \vhich you 
select just by chance you would really get a random set. Unfortunately, 
this is not so, as most people will automatically tend to select numbers 
from the middle of the given group rather than at the end. An interesting 
experiment in a class might be to have each student uTite down ten 
numbers at random, these numbers to be chosen from the digits 1 to 10. 
You might expect that each number would appear about the same 
number of times. However, the results will surprise you. The chances 
are extremely high that the middle numbers 4, 5, 6, 7 will occur much 
more frequently than the extreme dipts 1 and 10. For these reasons 
better ways of assuring randomness liavc been developed. 

One such way is to use a table of random numbers.” Such a table of 
random numbers usually consists of rectangular ami's of 5-digit num- 
bers which have been prepared by using mechanical and electronic meth- 
ods which people accept as really producing a random series. Each num- 
ber is located in a specific row and column of a specific page. The otlicr 
numbers which arc in the same row or column occur in such a sequence 
that there is practically no cliancc of predicting what these other num- 
bers will be. By selecting a page at random, stabbing with a pencil at the 
selected page while the eyes are closed, to obtain an initial number, 
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flipping a coin to decide whether to proceed up or doivTX the column or to 
the left or right in a row, one can be fairly certain that any bias in the 
chosen sequence of numbers is quite thoroughly eliminated. 

Unfortunately, tables of random numbers are rather rare in school 
libraries and since they are fairly expensive, we look for a substitute. As 
a fair approximation to such a table of random numbers one may for 
classroom purposes use the columns of the fourth and fifth digits in a 
five place logarithm table. Suppose you want a sample of 10 children 
from a freshman class of 100. List the children alphabetically and num- 
ber them in order. Then refer to the table of random numbers, and pick 
an arbitrary starting point. One might open the book casually and stab 
at the open page with a sharp pencil without looking. Starting with the 
number nearest to the pencil point lake the next ten numbers in the 
columns ignoring duplications and calling 01, 02, 1, and 2, and so on 
with QQ to be lOQ. The children whose numbers come up in Ito way then 
constitute the sample. When wc tried this method wc obtained the ten 
numbers II, 73, 34, 93, 56, 17, 78, 30, 00, and 61. Such a sampling pro- 
cedure will bo much more truly random than putting all the names in a 
hat, shuffling them and drawing ten names.* 

Instead of taking a simple random sample of the whole population we 
may use other methods known as tlraliJUd samfiling or diuter sam'plinQ 
or systematie sampling. 

Slraiified sampling is the process of dividing a population into sub- 
groups and selecting a simple random sample from each of the subgroups. 
The total sample is the composite of the subgroup samples. The size of 
the subgroups in the sample is usually proportional to the fraction that 
the subgroups are of the total population. Sometimes this fraction is 
known; sometimes it has to be estimated. For example, suppose that in 
order to determine the college preferences of high school seniors we want 
to draw a sample but we feel that the sample should cont^ a number 
of seniors from each state which is proportional to the population of that 
state. Then from each state a simple random sample of predetermined 
size would be drawn. This would pvo a sample stratified according to 
area. The sample could have been stratified according to income tax 
brackets of parents or guardians. To do this we would draw from each 
income tax bracket a sample of size proportional to the number of people 
in that bracket. This kind of sample tliuBlrales best what is known as a 
representative sample. Of course, what is a representative sample de- 
pends on th e factors which are chosen to determine the representative- 


• On closer inspection we note that thia really gives 
since the alternate numbers differ by a constant. 


systematic sample, 
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ness. It has been found very often that a stratified sample predicts the 
population characteristics better than a simple random sample. 

An illustration of cluster sampling — any population can be considered 
as made up of groups of different sizes. For instance, suppose a public 
affairs organization wanted to get the reactions of high school students 
as to the question of going to college. Within a certain state a sampling 
of ten counties out of fifty might be taken by simple random sampling. 
Within each county five high schools might be selected by the same proc- 
ess. Neither the counties nor the schoob might be of the same size. 
This would be an example of cluster sampling. 

Systematic sampling. Suppose a survey is being made of telephone 
subscribers to find out which televirion program they are watching at a 
given day and hour. By simple random sampling a given page and line 
of the phone book is picked. Whether the left or right col umn would be 
used might be determined by flipping a coin. Then the conesponding 
telephone number would be called. Depending on the size of the listing 
every 50th or 100th or nth number after the first would be called until a 
certain number had been reached. The sample obtained would be called 
a systematic sample. 

In our left-handed chair problem suppose ^ e decide that from a popu- 
lation of 500,000 n'e want to draw a sample of 1000. We might do it by 
simple random sampling. Or wc might decide on a stratified sample by 
selecting at random two students from each of the 500 schools in the 
system. A systematic sample might be taken by selecting ten schools at 
random and then taking every tenth name on the roster of those schools. 
Another way of getting a sample would be to select at random 25 schools 
and then again select in a random manner one room of forty students in 
each school. 

Since in all the foregoing cases random sampling had been used some- 
where in the process, the principles of probability could be applied. 
Hence, statistical inference of some sort would be posrible in each of 
these cases. Of course, the conclusions that might be drawn would be 
limited by the nature of the population sampled in each instance. 

SAMPLE SIZE 

The size of the sample to select, as well as the method of sampling, is a 
problem of great importance in statistical inference. Consider the case 
of the boy who claimed that he could taste the difTercnce between coke 
from a bottle and coke from a tap. Wc him two glasses, one of each 
kind, and ask him to identify the two sources. By sheer luck be might 
make the correct selections. Is one sample of size 2 suflicicnt to either 
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confirm or deny his ability? If not, how la^c a sample should be used? 

Suppose you are willing to admit the tester has the ability he claims 
if he succeeds in judpng the contents of a number of glasses correctly 
80 per cent (4 out of 5) of the time in the long run. Suppose you demand 
that he must not score below 75 per cent correct on any trial involving a 
certain number of glasses. How many glasses must be used at each tasting 
trial? 

There are two kinds of errors of decision that might be made. One is 
that the taster may actually possess the ability but on the trial scores 
below 75 per cent; another is that he may not possess the ability but 
scores above 75 per cent. What can be done to minimize the risk of these 
errors? 

What the statistician docs is to select a level of confidence. A common 
one is the 95 per cent level of confidence. This means that if you con- 
ducted many trials of a specified sample size and made a decision about 
his 80 per cent ability each time, you would be correct, in the long run, 
95 per cent of the time. If we tell the statistician that we are testing 
ability of an 80 per cent order, that we \7ill accept on a single trial a 
score as low as 75 per cent, that we want to make decisions with a 95 
per cent level of confidence, he will, in this kind of problem, be able to 
tell us the number of glasses we should use for our sample trial. The 
explanation of how he can arrive at that number is, in our opinion, be- 
yond the ability of most lugh school mathematics classes." 


ACCUMULATION OF DATA 

Once a problem and the population with which the problem is con- 
cerned ^ve been weU defined, and a sample is carefully selected in as 
unbiased a ^ner as possible, the characteristic data we want can be 
accumulated. This taldng of data and recording it is something with 
which we are faimliar to a greater or less extent. For example, consider 
our sample of lOM obtained by selecting all 40 pupils from oni room in 
each of 2o schools, ^ow the number of left-handed pupils per room is 
obtained merely by counting. Remember we count as left-handed for 
^ acUiaUy write with their left hand and pre- 

vLn ^ do wth these numbers 

r n™'!,’' nst the 25 numbers, each of which is 
Mv W t “ timple iLting is, however, 

oUhem as “ f Set as much iuformaliou out 

■nTuZbem ft ' "\‘''“H”»“ethi„g better than a simpie lUting. 
numbers through wh.eh we reeoM the data from our imple may 
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be obtained in two ways, depending on the type of problem. We may 
obtain them by counting, e.g., the number of left-handed students in a 
class, or by measuring, e.g., the length of life of an electric light bulb. 
Though we might ivant to check the accuracy of the coanl by having it 
repeated, there is not much disa^eement as to how to make a coimt. 
About measurement, however, there is much to be said (Chapter 5). 
In the schools there is ample opportunity to discuss such ideas as the 
units of measurement, the accuracy, and the variability of the same 
measurement taken by different people, or by the same person at differ- 
ent times. However, in some cases even a single measurement must be 
considered as a sample of one of the many measurements that might be 
made. Such would be the case if an inspector were measuring the diame- 
ter of a piston in an airplane engine, or a physical education instructor 
were determining the weight of a boy in a gym class. 

ORGANIZATIOxN AiND PRESENTATION OF DATA 

We come now to the question of the organization of our data. As 
stated above, a mere listing of numbers is almost of no value. We must 
order them in some fashion before we can get much understandiug of 
the information which is contained in them. This is usually done by 
making tables of the figures, which are often accompanied by graphs and 
diagrams. If there are large amounts of data, these must be summarized 
in convenient form. This is the sort of task which many junior high school 
classes would find fairly easy. 

For example, suppose we have the foUomng coimt of left-handed stu- 
dents in 25 classes of 40 pupils each: 

5, 3, 4, 3, 2 

2, 0, 2, I, 2 

3, 5, 2, 0, G 

4, 3, 0, 0, 1 

2, 1, 3, 4, 2. 

A useful summary of these data mi^t he obtained by making a table 
of the number of classes having a certain number of left-handed pupils. 

Number of Icft-liandcd pupils in class 0I 234567’*-40 
Number of classes 337 63220*--0 

From this table what is called a dot frequency diagram can be prepared 
which gives the data additional clarity (Kg. 2). 

A still more useful method of presenting these data graphically is 
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through the use of the cumulative step graph illustrated in Figure 3. 
This graph is obtained by letting the ordinate F, for any given abscissa 
X, be the number of classes which have in them X or fewer left-handed 
pupils. Step paphs like this one may not be as familiar as bar graphs 
or straight line graphs, but there is no reason why children cannot 
learn to ^ke them. There is a surprising amount of information which 
can be obtamed from them. 


For example, questions like the following could be asked; Which class 
contnbu^ the greatet increase in the number of left-handed pupils? 
the least? fn which X-intcrvab was there an increase of 2? of 3? Why is 

hekrgestfrequ™ey25?Whatdothedofamean?fVhatsetofi.umbeKis 

a>s median to be? 

U WWeh pereentUe is 3? 5? What 

mSter ° pupils is less than 2 or 

greater than 4 in any one class? 

if T**’ ®®P®*Puliy when measurement data are in- 

o^vtn ‘^r ? r ^ o' ’'Woh may occur 

only once or, as a statistiemn says, has a frequency equal to 1. In sum- 
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marizing such data we may find it more efficient to group the scores into 
classes. 

For instance, the life in hours, to the nearest hour, of a sample of 40 
light bulbs might be: 


1043 

976 

989 

1422 

1053 

891 

1122 

1236 

1425 

1213 

1092 

1321 

943 

985 

1217 

1212 

1453 

897 

1213 

972 

1312 

1114 

1031 

1172 

132Q 

1317 

937 

1501 

1211 

1113 

1215 

1063 

973 

1421 

1210 

1231 

J0J2 

1311 

1422 

1342. 


In order to simplify this array we can ask how many of these numbers lie 
between 875 and 925, how many between 925 and 975, and so on. In 
doing this if any score occurs which is exactly at a class endpoint, we 
must agree in advance to wUch class it should be assigned. In this in< 
stance we agree to place such a score in the lower class. For example, 
1425 Is assigned to the class with the midpoint 1400 rather than to tho 
class with midpoint 1450. To do the grouping easily, a tally sheet may 
bo set up as shown in Table 1. ^Vhat we have done, for example, is to 
replace each of the three values 943, 972, and 973 in our original array 
by tho midpoint of the class (950), do this for each class, and proceed 
to present this condensed picture of the original data. 

A bar graph may bo used to represent these data, as showm in Figure 4. 
This kind of bar graph is called a frequency hislogram, a forbidding name 


TABLE 1 


CUu 

Jilidpoiot 

T*Uj 

Fn<iuciiC7 

RcUlive 

frequcBcf 

Cumulative 

frequtBcy 

Cumulative 

Kelauve 

Irrqueacj 

875-925 

900 

// 

2 

.05 

2 

.05 

925-975 

050 

/It 

3 

.08 

5 

.13 

975-1025 

lOOO 

//// 

5 

.13 

10 

.28 

1025-1075 

1050 

//// 

5 

.13 

15 

.39 

1076-1125 

1100 

/// 

3 

.05 

18 

.44 

1125-1175 

1150 

/ 

1 

.03 

19 

.47 

U75-I225 

1200 

I HI // 

1 

.18 

20 

.05 

1225-1275 

1250 

// 

2 

.05 

23 

.70 

1276-1325 

1300 

nn 

4 

.10 

32 

.80 

1325-1375 

1350 

// 

3 

.05 

34 

.85 

1375-1425 

1400 

HU 

4 

.10 

38 

.05 

1425-1475 

1450 

/ 

I 

.03 

39 

.98 

1475-1525 

1500 

/ 

1 

.03 

40 

1.00 
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Fia. 4 

for a familiar graph. The frequencies for each class are proportional to 
the areas of their respective rectangles. 

When data are grouped in this way, it is customary to use a cumula- 
tive polygon graph, mstead of the cumulative step graph, for further 
analysis of the data. This is done as follows: Take as abscissa the right 
hand endpoint of any class and determine the corresponding ordinate 
as the total number of members of all preceding classes. This is the num- 
ber in the Cth column of Table 1. Thus, corresponding to 925, the end- 
point of the first class, wo plot 2, and corresponduig to 1125 wc locate 18, 
and so on. A starting point of 875 and 0 gives us the complete polygon 
when the plotted points are Joined by straight line segments (Fig. 5). 
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weights of class members, the batting averages of the best 50 batters 
in the American or National licagues at the end of the season, the total 
number of dots showing on each throw of three dice when they are thrown 
many times, the number of letters in each word of a page of a book, the 
distance students live from the school, the frequency of 0, 1, 2, ••• 9 
in the last digit of street numbers, the number of calories in the food 
consumed by the class during a meal at home, and the number of chil- 
dren in each family of the class. The study of such frequency distribu- 
tions will provide the students with procedures which are of considerable 
value in later work in statistics. 


MEASURES OF CENTRAL TENDENCY 

In addition to using the cumulative polygon to determine the median 
and the various percentiles of the set of observations, there are other 
ways of lool^g at the set to get more information. These are primarily 
concerned with two questions: What single score best represents the set 
of data as a whole? To what extent do the scores bunch together or 
scatter out? 

There are at least three common answers to the first question; each 
of these has its advantages and disadvantages. The first is the median 
dLScussed above. This measure Is easy to understand. It is easy to com- 
pute once the scores have been arranged in order of size. It is not usually 
mfluenced by a few scores which are much larger or much smaller than 
tUe other scores in the set of data. 

To illustrate this last point, suppose you were considering the salaries 
paid in a certam factory. There were two janitors at $2000 each, 10 
V™™'" S5000. and the owner who received 

’ r niedian of S4000 gives a more representative 

SS? ialaty which 

i. example was $5367 

distinEniish technical name for it is arithmetic mean to 

mean and the ZmZic m ‘‘'a 

prtrpmp e!/./v^ra= V i •. i_ anthmetic mean is influenced by 

We list a couple.*^ ' advantages which outweigh this fact. 

size. However^U without arranging the scores in order of 

ditdsion than 'dnp tl, multiplication, addition, and 

SmmLlitr important, if the population is 

P puUtion can be determined from this information without 
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Bob’s average is 

70 + 70 + 73 + 62 + 86 _ ^ 

5 5 ' 

and so forth for each boy. On the other hand, if the average grade in the 
mathematics class is wanted, we find that it is 

80 + 86 + 92 + 71 + 63 + 50 + 80 + 75 + 77 + 81 755 . 

10 10 ® • 

^Vhat we did to obtain the average or mean of these mathematics 
grades was to divide the sum of them by the number of boys in the class. 
Suppose now we let n represent the number of boys in the class, and a, 
b, c, and so on stand for the mathematics grades of Allen, Bob, Charles, 
and so on. The class average in mathematics could then be symbolized as 

a + 6 + c+ -*-+j 

mean , 

n 

The • • ■ indicate the same ideas as the and so on witten above, i.e., 
the grades of the other boys in the mathematics class. 

We would want to use some other letters to represent grades in French 
or English. Would it not be simple to use the letter M to stand for a 
mathematics grade with an identifying subscript to indicate the boy in- 
volved? For example, is Allen’s mathematics grade, iU Bob’s, and 
so on. Even more simple is the idea of numbering the boys in some order. 
Thus, Let Ml stand for Allen’s grade, il/i for Bob’s, and so on. Then the 
mean could be >vritten 

^ Ml + it/i + + • ■ ■ + Mn 

n 

In this formula M represents the mean of the mathematics grades. The 
mean of the grades in French would similarly bo 

^ _ Fi + Fi + F» + • • • + F, 
n 

However, the mathcmaticLan’s passion for conci.Bene.s.s goes even fur- 
ther. In the case of the mathematics grades wc obscive that we added a 
group of terms of the form il/, , in which ilf indicjitcs a mathematics 
grade and the subscript i refers to the boy whose grade was added. To 
give the command sum all mathemalics grades for all boys wc could more 
briefly say sum all Mi . As an abbrmiation for the words sum all wc mil 
uec the Greek capital 5 which is written ^ and read as siymo. Hence, 
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adaptable to the expression of generalizations, and more tractable for 
the production of new relationships not pre^ously percei%-ed. In mathe- 
matics we must say exactly what wc mean and only what we mean; we 
must be precise and concise. If we say too much, we are likely to mis- 
lead by causing the student to read into the excess language meanings 
we did not intend. If the kind of communication we use permits a sjun- 
bol to have more than one meaning, then we are transmitting a message 
that is ambiguous. 

As an illustration of the eymbolism of statistics, consider the formal 
definition of the mean of a set of grouped measurements, such as the life 
of light bulbs we have used so often. This is 



Certainly the first sight of this formula is enough to terrify anyone who 
does not know the meaning of its sjTnbolic components. A very important 
contribution that teachers could make to an alleviation of situation 
wouid he to introduce gradually some o! the notations and symbolism 
which are really very useful even at early levels. We illustrate with a 
particular example. 


SIMPLE MEAN 

Suppose we want to compute average grades for indiriduals in a class 
and for a class as a whole. For illustration let us take a class of ten pupils 
each of whom takes English, Mathematics, History, French, and Art. 
We tabulate their grades a.s shomi in Table 2. Allen’s average is easily 
obtained as 


69 -f 68 -f 85 + 73 + 80 _ 375 _ 

6 ' " T “ • 


TABLE 2 






XfUk 


Fred 

Geerce 

Bnuy 

Tkt 


Art 

m 

70 

65 

82 

91 

66 




SO 

English 

6S 

70 

78 

€3 







French 

S5 

73 

75 

G8 

65 





90 

History 


62 

73 

85 

SS 






Math. 


86 

92 

71 

63 

50 

80 

75 

77 

81 
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sum all Mi will be ^Titten as ^Mi. To show exactly which boys’ 
grades are being added, we will specify which values of t are involved 

by ^Tiling ^M{. This means that i takes all integral values from 1 to n 

i-i 

« * 

inclusive. Again ^ A'i means X» + Xi + Xt + Xs .Also, 2 (-^ ” 

<-i (_i) 

means (X - X,) _+ (X - X.) + (X - X,) + (X - X,). 

By using this kind of symbolism many sums can be written very con- 
cisely. Thus, the mean of the mathematics’ grades is given by 

In like manner the mean of the French grades is 

In this illustration we have omitted the brackets since they add nothing 
to the clarity of the formula. This last formula would be read: “F bar 
(or mean French grade) equals one over n times the sum of all F sub i 
where i goes from 1 to n.” In like fashion we could express Allen's mean as 
^ ^ Cl + oj 4- a* 4- a< -b 

and Bob’s as 

i* “'’'rage for all grades. We can get 

It by adding the 50 grades and diriding the sum by 50. On the other 

divided by 5, or the 10 means of the 
whirl.' d''odedbylO.Itisiustthispropertyoftheniean 

to tt' .7 r’" 7"’ ">«■” very useful 

h there wer ra'" ''7*''''' developments. We note that 

^eS to r. thef', , “ the different classes we would 

This we develop to theTi^^it^Uo^^" 

WEIGHTED MEAN 

f^nnula for the mean given at 


-ita. 

5 <_i 
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Each of the three rows of numbers has the same mean (5). Howe^-er, the 
second row of numbers is grouped more closely about the mean than the 
other two rows. The numbers in the third row are more widely dispersed 
about 5 than those in the other two rows. 

A first suggestion for finding a measure for the \’ariabiUty of scores 
about the mean might be to subtract each score, A', , from the mean, A', 
and sum these differences for each row of scores. In s^unbols what we will 
do is represented by 

±(A-x.). 

For the first row we obtain (+4) + (+2) -f 0 + (—2) -f (—4) « 0. 
For the second row we get 1, 1, 0, —1, and —1. This sum is also 0. 
For the third we have (+4) + (+4) + 0 + (—4) + (—4) = 0. Evi- 
dently, our first suggestion for a measure of scatter is useless, since it 
seems to always give us the same result, namely zero. 

The students may think that the result is just an accident. They can 
obtain some interesting practice in dealing with signed numbers as they 
sum the deviations of scores from the means of such sets of scores. More 
important, the teacher has a good opportunity to discuss inductive think- 
ing. (See Chapter 4.) How many sets of numbers must be studied in 
this way before some student will conclude that the sum of the devia- 
tions from their mean is always zero? What would constitute a satis- 
factory proof of such a theorem? As a matter of fact a proof of this 
statement, which we obtained inductively, can be given deductively. 
In the process valuable experience in the use of sjunbolism is pro\’ided. 
Briefly it goes like this: 

ins-x.) = E-Si - nX - rsX = 0. 

However, this proof requires some c.xplanation and justification. First, 

2 (X - x.) = (X - X.) + (X - X.) + (X - X.) + ■ ■ ■ + (X - x.) . 

By regrouping and using the associative and commutative laws of addi- 
tion, we obtain 

Z (X - X,) - (X + X + X + ••• + -X) 


- (X. + X, + X. + ■ • • + .Y.). 
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The interesting thing about this is that we obtain the same result for 
the grand average no matter which way we compute it. Another simple 
example of a grand average would be the batting or fielding averages of 
a team from the averages of the individual members of the team. 

A more complicated situation of the same general pattern might arise 
if a statistician were interested in a problem like the following: What is 
the average height of adult (over 20) males in the United States? He 
might take a sample of 100 men in New York City and find that their 
mean height is 68.3 inches. Another sample of 100 men in Philadelphia 
might peld a mean of 65.9 inches. He may proceed thus with 25 samples 
in 25 different cities, obtaining 25 sample means. Suppose he finds the 
mean of all of these sample means. Does he now have the true value of 
the mean height of all adult males in the United States? Obviously not. 
The problem confronting him is how close is be liJcely to be to this true 
value. Will it pay him in time and effort to seek to obtain a value closer 
to the true mean by taking more samples, or larger samples, or samples 
in a variety of places such as suburbs, rural communities, and other 
cities? 

These problems are not at all simple and are bound up Intimately with 
theories of probability, as the use of the word likely in the previous para- 
graph suggests. We will disciLss these problems later. Actually we are 
suggesting again a fundamental problem of statistics, that of predicting 
the properties of a population from those of a sample. This prediction, 
however, will be v’alueless unless we can accompany it with some indica- 
tion of the probability of the accuracy of the prediction. This reminds us 
of the confidence level we mentioned when discussing the trials of coke 
tasting ability. 


VARIABILITY 

A second qu^tion we promised to discuss was the bunching or scatter- 
ing of scores. For example, every teacher knows that the means of two 
classes on a test i^y be the same but that the scores in one of the classes 
^ ^ together while in the other cla&s there is a wide 

fcattermg. What we will seek now h a good method for measuring the 
jrage amount of scattering from the mean. A., our intuitive notion 
rariatior >”»cascs or decreases, so should our measure of this 

Coadder, lor esaraple, the following three set., of observations: 

I, 3, 5, 7, 9 


4 , 4 , 5 , 6 , 6 

h 1, 6, 9, 9. 
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TIIE VARIANCE AND STANDARD DEVIATION 
The property that made the AD. superior was the fact that absolute 
deviations are always positive. Since the square of either a positive or 
negative deviation would be a positive quantity, we can obtain the same 
advantage as the AD. by squaring the deviations from the mean before 
summing and averaging them. However, since this would magnify the 
measure of variation, we take the square root of the average of the sum 
of squares. The name given to this measure is the standard devialion. 
The average of the sum of squares of the deviations from the mean is 
called the variance. Hence, we can say that the standard deviation is the 
square root of the V’ariance. In more advanced work in statistics the 
variance plays a much more important part than the standard devia- 
tion. 

A general definition of the standard deviation is 

In the symbolism we have adopted this formula can be expressed as: 




We will now applj' these formulas to determine the standard deviations 
of the three sets of numbers we used above. 



The standard deviation is the roost widely used measure of the scatter 
or variability of a set of observations about their mean. One of the princi- 
pal reasons for this is that it is defined in terms of mathematical opera- 
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Since the first parenthesis contains n terms, the sum = nX. Since 

X = + Xa + X, + • • - 

n 

we see that + Xj + A% + • • • + Xm = nX. Tiierefore, the sum in 
the second parenthesis also equals nX. By substitution, then, 

A second suggestion for a measure of variability might be, “measure 
bow far each Xi is from X, ignoring the direction, and add up the re- 
sults.” In the three cases above this would give 

(1) 4 + 2 + 0 + 2 + 4 = 12 

(2) 1 + I + 0 + 1 + 1 = 4 

(3) 4 + 4 + 0 + 4 + 4 = 16. 

This seems much better, since we agreed that the second set of obsen’a- 

tions is much less variable than either of the other two. Mathematically, 
this idea of the difference in size of two numbers without regard to the 
sign of the rrault is koomi as Ihe abioluU mlm of Ihe digermce and is de- 
noted by 1 X, -- X |. Note that it is customary to UTite X, first; the 
saine result would be obtained, however, it X had been given the first 
position. It IS the sum 


ZlX.-Xl 


wUch we are considering here as a measure of variability, 
lor a large set of observations, widely scattered, the sum 

i;ix,-xi 


eTnl by n we obtain 

of tSTf ‘ rage vairntron of each score from the mean. For each 
l n'® ™>’'= 'bi3 ooerage ohsolule devia- 

seeThT.t- ’ '’■®- “"-I respectively, 

variation Xlnfortunnt measure of average 

extensive way As a result treated mathematically in a very 

ure of variation which^’the ^ another meas- 

troubie With signs b?atlSnS‘"“ 
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of problems which are susceptible to the methods we can develop easily. 
These methods are those that inTOlve the use of the binomial theorem 
which is a familiar part of intermediate algebra. The development of 
such methods is known as budding a mathematical model for the prob- 
lem. 

Two important uses of statistical inference are: (1) to test hypotheses, 
and (2) to obtain estimates of population measures from what we find 
out about a sample. In the first case we make a guess about a population 
measure, take a sample, observe the results of making that measure in 
the sample and then decide to accept or reject the guess. In the second 
case we start with a sample, obseire the measures in the sample and then 
assert that the corresponding measure in the population h’es between 
two numbers called the confidence limits. For example, (1) In a coming 
election for president of the junior class Jack’s campaign manager may 
predict that his candidate will receive 60 per cent of the vote and Bill, 
his opponent, the remaining 40 per cent. The campaign manager's hy- 
pothesis is that Jack’s per cent of the class vote I^•ill be GO. To test Ws 
b}*pothesis he questions a random sample of the class and finds that 55 
per cent of those interviewed say that they favor Jack. As we will show 
later, with this information and the knowledge of a little mathematics 
he can determine at a certain level of confidence whether a sample of a 
certain size might give a value of 55 per cent if the true per cent were 60. 
(2) Instead of testing a hjTWthesis the campaign manager may want to 
obtain a lower and upper limit between which he can predict, nith a high 
level of confidence that Jack’s percent of the vole will appear. To do this 
he takes a sample as before. Knowing the size of the sample and the per 
cent obtained from the sample, he can calculate a confidence intcrvTil for 
the true per cent by a method that gives correct decisions a high per 
cent of the time. We shall also illustrate this procedure later. 

Another example of the first kind is the problem of the coke tester. 
The hj*pothesis might be that the claimant has no ability and the prob- 
lem would be to decide how big a sample should be used and what re- 
sults will enable the tester to say that his hj-pothesis is valid with a cer- 
tain degree of confidence. The left-handed chair problem will give us 
another example of the second kind. From the rc-sults of the sample we 
want to predict the percentage of left-handed children in classrooms in 
the vvhole sj'stem within a certain margin and with a specified degrt?c 
of confidence. 

We liave implied the need for a mathematical model in order to solve 
problems involving statistical inference. We have al«o indicated that we 
must restrict ourselves to a model associated vrith the binomial theorem. 
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tions which are easy to manipulate both arithmetically and algebraically. 
Another reason is that in many ca5%s where large numbers of measure- 
ments are distributed approximately according to the so-called normal 
or bell-shaped cun'c the following results will bold, although we make 
no attempt to state precisely what conditions would have to be satis- 
fied nor to prove the statement. Nevertheless, it is true that about 68 
per cent of the obser\'ations will fall within one standard deviation on 
either side of the mean, 95 per cent within two standard deviations and 
99.7 per cent (or nearly all) within three standard deviations.’^ 

SUMMARY TO THIS POINT 

We have, so far, outlined the importance of: 

1. The careful statement of the problem wluch is going to be ap- 
proached statistically. 

2. Careful definition of thewordsused in thestatementof theproblem. 

3. The necessity in many cases of drawing a sample. 

4. Properties of samples and methods of drawing them to insure these 
properties. 

6. The collection of data from the sample. 

6. Methods of tabulating and oinking the data. 

7. Symbolism and its advantages of precision and conciseness. 

8. The use of the mean and the standard deviation to summarize the 
data. 

^ We eliaU next consider the reaUy fundnmenlnl prohlem-how to make 
mtcrences from the sample to the population. The solution of this prob- 
lem will give ns a sound basis for making the kind of decision the problem 


STATISTICAL INFERENCE 

The problem of statistical inferences involves such questions os; Under 
nircnnistan^ can w-c make inferences from the measurements in 
^ “ Eood sample from which to make a 

? -7 ” “ P^lictinn? Is the prediction a 

certainty and if not, how reliable is it? 

^erence which involves generalization from 
n is sSitn aase of inductive reasoning. 

neS to t 1 ° ^Wdy it we 

iSta 00 ^ 0 ^ A however, we should note 

atLcM bfstalt’ ■ "■r” °u' ‘'“= which can be 

IS impossible here smee we must restrict ourselves to those kinds 
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any one element is independent of any other, i.e. whether a given child 
is left-handed or not does not depend on what is true of any other child 
in this room. This would in general be true unless there were a large 
number of identical twins or siblings of nearly the same age in the sj-s- 
tem and we would simply have to ignore this possibility in our study. (5) 
We are interested in the total numbers of i.e., not which individual 
child is left-handed but onlj’ how many left-handed ones there are in 
the room. We see that our problem satisfies all these conditions. 

TIIE IlSrPORTANCE OF PROBABILm' 

To construct our binomial model we are going to have to draw on some 
postulates of probability introduced in Chapter 6 so let us review them 
here. 

1. We assume that if an experiment, which may or may not succeed, 
is tried repeatedly under exactli' the same circumstances, there is a prob- 
ability associated with the experiment winch tells us how likely it is to 
succeed. This probability is a number between 0 and 1. We write 

0 S P(m g 1 

where E refers to the occurrence of a specified event. Thus if E is the 
event of throiNung an ace with a perfect die we assume P{,P) = Jf. 
Empirically we would say that this probability could be approximated 
by making n trials in which we obtained m successes and determining 
m/n. Of course n should be fairly large. Thus if a particular coin which 
is old and irregularly worn is tossed 1000 times and 435 heads arc ob- 
tained we would say that the coin has a probability of approximately 
.435 of falling heads on any one toss, i.e., P{E) m .435. This is, of course, 
a dilTerent situation from that where we look at a coin before to'^ing it 
and after seeing that it looks sjunmctric and unbiased, assign a mathe- 
matical probability of or .5 for its falling heads. In the first ca-^e we 
avume that there is a fixed but unknown probability which «e are trj*- 
ing to find. We attempt to determine it b 3 ' repeated trials and a care- 
ful study of the result. In the second case wc assign a fixed probability, 
in this ca^e Another familiar example of this kind is that of a well- 
made die where even before it is cast we assign a probability of H to 
the appearance of a particular face, say a 3. Probabilities assigned in 
advance of experiment arc called a pnori probabilities. 

2. If the probabilitj' of one event is not influenced by tlie occurrence 
or nonoccurrcnce of another event, the two events are said to l>e inde- 
pendent in a probability sens:. Tlias two succes.rivc toi'^cs of a coin, or 
two successive ca-sts of a die, arc.assumed to be independent. The postu- 
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To use other than a binomial model would require a greater mathematical 
background than high school students possess. There are other statistical 
models or distribution functions, but a glance at the algebraic form of 
some of them, let alone an analysis of the assumptions which must be 
satisfied before they can be applied, is sufficient to reveal the necessity 
of our restriction. Some of these follow. 

The Normal Distribution: 




1 



The Poisson Distribution: 


< X < » 


fix) : 

The Chi Square Distribution: 


-,i = 0,1,2, 3, 


/(«) » 


«.i \ ffi ) 


* X*« and “ the number of degrees of freedom. 

^ The Mneept oi model is not a difficult one. For example, multiplication 
is a model for rapidly finding the sum of any number of identical addends. 
The Pythagorean theorem is a model for finding the length of any side 
of a nght triangle, if two of the rides are known. 

SPECIAL PROPERTIES OF A PROBLEM 
We must oeit observe that when wc restrict ourselves to a himmial 
model tor the purposes of soWng problems of statistical inference, we 
thereby limit oureelves to a certain t^Je of problem. The nature of the 
restriction can bo described by statins the five conditions that must be 
“‘I •» used. (1) There must be a 
Se th ^ r“"’T “ ‘'■u Thus iu the last example 

^uh«^ t° ® F” 'U'l- dement of the 

vrs or no as f sample is drawn we must be able to decide 

tin IheTr^se 1 W- each child is left-handed 

t^thr^frali “et'Tilnl-- 

fixed orobahillK* r,f i r* v 5 *" that there is a 

“ “"y individual. (4) The elements 
pe ent m the sense that possession of the required property by 
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P(3 and 2) = P(i23 and G2) + P(G3 and P2) 

= P(P3) - PCG2) + P(ff3) • PCP2) 

6 6 I ft ft 
“ A- 

These four probability postulates underlie the mathematical model 
we are building as the postulates of geometry underlie its structure. 
The applications of the model to the problems of statistics are like the 
application of geometrical theory to practical problems of measurement 
of physical space. 


THE BINOMIAL MODEL 

Before we study our main example let us consider a somewhat simpler 
one where the samples are of small size. We could start wth a problem 
in coin tossing but it is a special case with a known probability of 
for heads on a true coin. Instead of a coin let us consider thumbtacks 
and investigate the determination of the probability of their falling 
point up when tossed. Since a thumbtack is far from sjTnmetrical, we 
have no a priori basis for assigning probabilities to the possible events. 
We want first to analyse the situation theoretically and to make it 
reasonably easy we consider a case where n = 3, i.e., we toss three 
thumbtacks. Let P(U) stand for the probability of a tack falling point 
up. If the tacks all are identical we may assume that this PIU) = p 
is the same for each tack on each toss. We assume that there are only 
two possible positions of the tack, point up and point down. Let P{D) 
mean the probability of a tack falling point doom. Then by postulate 3, 
P(D) = 1 — P(U) — 1 — p which we will call q for short. Finally, let 
us label our three tacks with red, white, and blue paint for identifica- 
tion purposes. 

Now think of all of the possible events that might occur if we tossed 
the three tacks a very large number of times. Think of each toss as a 
random sample of all possible samples of size 3. On some of the tosses 
all three tacks might fall up. We will represent this outcome by the 
symbol UUU. There will also be cases in which we pet outcomes like 
UUD where the sjTnbols indic.ate in order the fall of the red, white, 
and blue tacks, red and white up and blue do\\-n. Besides these two 
there mil be outcomes like UDU, and DDD and DDU. 

By our second postulate the probability of UUU = P(U) • P{U) ■ 
P(C7) = p ‘ p ‘ p = p*. For the event UUD we obtain p • p ■ q => j?q. 
For UDU we have p ' q • p ~ and for DUU we aLeo get p*?. Hence, 



314 


GROWTH OF MATHEMATICAL IDEAS 


late we need is that the probability of two independent events both hap- 
pening is the product of their probabilities. We write 

If and are independent: P(EiandlJi) = P{Pi)'P(J?j). 


Thus if a coin is tossed twice, the probability of thromng two heads Is 
(.5) *(.5) or .25. If tossed three times the probability of getting three 
heads is (.5)* or .125. If a coin is tossed and at the same time a die is 
thrown, then the probability of throwing a bead with the coin and simul- 
taneously a 3 with the die Is {M)'{M) = (Ka). Again, if the probability 
of a vote for Jack in a certain election is then the probability that 

bothoftwo arbitrarily chosenstudentsirill vote for himis%*% = ^ 3 . 
Once more, U the probability is that a treatment will bring about a 
cure, then the probability that when two patients are given the treat- 
ment both will be cured is 'Hs- 

3. Two events are mutually exclusive and exhaustive if both of them 
cannot happen but one or the other must happen, Thus beads and tails 
are mutually exclusive and exhaustive. In tossing a die the cast of a 2 
and the cast of a 3 are exclusive but not exhaustive. But the cast of a 
2 and faQure to cast a 2 are exclusive and exhaustive. In this situation 
the sum of the probabilities is 1. We write: 


If El and Et are mutually exclusive and exhaustive P(Ei) + PiEa) = !• 

A special case ot this U when E, is the fad that E, does not happen. 
We can wmte PiE) = 1 - P(nol E). As an iUnstratioa the probabUil)- 
of throwing any face of a die except a 2 can be found as foUows: 

P (not 2) = 1 _ P( 2 ) = ] _ j ^ , 

4. It there are several mutually cxetoive events, Siy E,. E, , E., 

ponsl to lb” ^ Other of these events will occur is 

equal to the sum of their separate probabilities. We write: If , Ai , 
A-j, ., ., ., are mutually exclu-sive, then 


P(Pic 


■ A. or A. or . . .) = p(£;.) ^ ^ ^ , 


“ ”p"“ ^ a 3 or a 2 

‘o to'find the probabUity ot 

one die is red and * ■ thrown simultaneously. Assuming 

Tee 3 "til 

two dice are independent, we'S.ay ™ 
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is common in statistics to use the symbol (^) instead of to repre- 
sent the combination of n things taken a: at a time. In this notation we 
would write 

(p + ?)* = (o)p* -f (l)p^q + (l)p^ + (l)f . 

If we call falling point up a success we can summarize the results we 
have obtained in a table showing the probabilities of 0, I, 2, or 3 suc- 
cesses in a toss of three tacks 

X 0 1 2 3 

P(x) ^ 3?p* p* . 

Such a table is called a binomial probability distribution and is a special 
case of the many probability distributions which may occur. If we 
throw five tacks at a time the probabilities would be 

X 0 1 2 3 4 5 

Pix) g* 5q*p lOgV 10g*p* 6jp* , 

Finally we can m-ite the probability of getting exactly x successes in a 
binomial trial of size n in the functional formt/Ci) *»> Here 

the domain of z is 0 and the positive integere from 1 to n while the do- 
main of n is the positive integers. 

To illustrate the use of the functional formula suppose we toss five 
tacks and assume that P(C/) •» p » To find the probability of 
getting 3 t/’s and 2 D’s on a single toss we compute /(3) when n « 5. 

/(3) = (!) - (i)* ■ (J)* = 10 • A • A » .OSS 

Similar computations show that when n = 5, /(O) = .237, /(I) = .395, 
/(2) = .264, /(3) = .088, /(4) » .015 and /(5) = .001. Of course these 
probabilities add up to 1 as they should. 

Using this illustration and postulate 4 we can determine the prob- 
abilities of other interesting events. For instance, if x denotes as before 
the number of U’s, we have/(x < 2) = /(O or 1) =* /(O) /(I) = .237 + 

.395 « .632. Also, /(x & 3) = /(3 or 4 or 5) « /(3) + /(4) -f- /(5) = 
.088 4- .015 -f .001 = .104. We think that this kind of application of 
the binomial model might be interesting and motivating to students. 

The binomial /(x) is a function in the same sense that the linear 
function /(r) = mx -f 6, with x real and m and b real constants, is a 
function. One principal difference is that the latter is a continuous 
function while the former is discrete. Functions like the binomial /(i) 
are usually called distributions in statistics in the sense that they re\'eal 
what part of the total probability is associated Mth each value of x. 
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Up Down 


Fio. 6 


by postulate 4 we find that the probability of two U’s and one D equals 
P*3 + P*3 + p*3 = 3 j^g. 

One U can occur either in UDDotDUD or DDU. By the same reason- 
ing aa for two U’s the probability of each of these is p ■ 2 *. Hence the 
probability of the first or the second or the third tack falling up is 3 p • fi*- 
Finally, DDD can occur in only that way. Its probability is g*. 

Again, by postulate 4 the probability of any one or the other of the 
four kinds of outcomes equals p* + Zfq + 3pg* + j*. Notice that this 
equals (p + g)'. This is the reason why our model is called a binomial 
model. If we had used four tacks, we would obtain 

(P + 9 )* =* p* + 4p*g -I- 6p*g* + 4pg* -f g< 

by the same land of argument. Note that the coefficients in order from 
left to right equal 


4 

I’ 


4X3 4X 3 X2 4X3X2X1 

1X2’ 1X2X3’ 1X2X3X4‘ 


These are also equal to the number of combinations of n things taken 
r at a time where r = 0, 1, 2, 3, and 4, respectively. Hence, they may 
be written as ^Co , 4 C 1 , tCi , iCt , and 4 C* , respectively. That 4 C'o - 1 
IS justified by the theorem that , Since 4 C'. = 1, then 4 C '«-4 = 

4 C 0 - 1 . By BiraUar reasoning if the sample size is n we find that 

(P + 9 )- = p- + „C. - p"-g+ + ... „c„_. . pg"-^ + 9-- 

5 ^ couple of observations that may give us more insight 

into t^ bmomial model. Since by postulate 3 , p -f g = 1 , (p -f g)* = 

expansion of (p + ?)’ 

the four V.' wv^- because this expansion is the sum of 

to<w of t L* ^luch measure all of the possible outcomes in the 
DDDl h »”« of the four (UUU, UVD, UDD, 

to occur is 1 Anot^'^^'^^f probability of an event which is certain 

one of the fni Y ” that the number of different ways 

one or the four events can occur is mven in terms of combinations. It 
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we should find out the probabilities associated with different numbers 
of successes from 0 to 20. Then we will have a better basis for a 

decision. 

What we need to do is to find the values of 

/M = O ■ (f)' - 

as X varies from 0 to 20. The computational work here would be very 
arduous. Fortunately, tables of the binomial distribution function are 
available.'® In Table 3 we have included not only the values of J{x) 
but also the cumulative probabilities repr^ented by F(j). To illustrate 
how the table should be read, suppose we want to know the probability 
of 18 successes in 20 trials. Find x = 18 in the first column and read 
.1369 in the second column. The probability of this event is, then, 
1369 

approximately .1369 or To find the probability of 12 or fewer 

successes find x = 12 in the first column and read F(x) ** .0322 in the 
third column. Care should be exercised in using the tables in the refer- 
ence after using ours, as the entries are 1 — Fix) instead of either /(x) 
or F(x). 

Our sample of 20 trials which showed 14 successes is only one of the 


TABLE 3 


« 



0 

.0000 

.0000 

1 

.0000 

.0000 

2 

.0000 

.0000 

3 

.0000 

.0000 


.0000 

.0000 

5 

.0000 

.0000 

6 

.0000 

.0000 

7 

.0000 

.0000 

8 

.0001 

.0001 

9 

.0005 

.0006 

10 

.0020 

.0028 

11 

.0074 

.0100 

12 

.0222 

.0322 

13 

.0545 

.0S67 

14 

.1091 

.1958 

15 

.1746 

.3704 

16 

.21^ 

.5SS6 

17 

.2054 

.7940 

IS 

.1369 

.9309 

19 

.0576 

.9SSS 

20 

.0115 

1.0000 
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Another illustration is the application of the binomial model or dis- 
tribution to batting average. Ty Cobb’s batting average reached .400 
several times in his career. Suppose in a given season this is true. We 
interpret this to mean that the probability of his getting a hit any time 
he is at bat is What is the probability that he gets exactly 2 hits 
on a day when he is at bat 5 times? We write 

/(2) = (!) • («’(«■ = 10 • A • A’r = “ .346 . 

Hence, the chances are only about one in tlirce that on a given day he 
will get just two hits. Of even more interest might be/(0). This is 

(o) ■ (bI'CS)* = 31^ = .077 . 

This means that the chances are about one in thirteen that even a .400 
batter will go hitlesa in a given game when he comes to bat five times. 

A different question from the one above is: What is the probability 
he gets at least two hits? The answer to this last question would be 
/(2) + + /(4) + /(5) or more simply, 1 — /(O) - /(I). The reader 

should find it interesting to work out this result and compare it with 
the /(2) found above. 


TESTING HYPOTHESES WITH THE BINOMIAL MODEL 


In an earlier part of this chapter we discussed in general terms a 
student’s claim that he could distinguish between tap coke and bottled 
mice 80 per cent or of the time. Suppose we put one kind of coke 
in 10 glasses and the other kind In 10 other glasses and then have the 
student demonstrate his tasting ability. If in the 20 trials he is very 
unsimcessful in discriminating between the two liquids, we will reject 
the h^othesis that the student’s probability of success is 80 per cent. 

he IS successful a little less than 16 times out of 20, we may either 
gi^t that he has the tasting ability he claims, or make no decision 
ei er way. Of course, we must admit that sometimes in samples of 20 
tnals he might score above or below 16 successes, since what he is claim- 
ing 18 an average ability of 80 per cent. We know from our study of the 
mean that there are bound to be scores above and below a mean, unless 
every score is the same. 


^ binomial model. Since on 

®“c®essful or not successful, we have the 

of Sn ? ^ 5 is M. The value 

Of n IS 20 since t^t is the size of the sample. 

6 failu^q*^^ ^periment that thi student scores 14 successes and 
dot that the taster 

e 0 per cent ability? Before we answer this question, 
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decisions. The second kind of error is to accept the hypothesis when it 
is false. In the more advanced study of statistics tlic problem is to keep 
both of these errors as low as possible. Since each problem is different 
the expert statistician will find it necessary to set a diffcitmt level of 
significance for different problems in order to minimirc tiie two kinds 
of errors. 

You may wonder why in our test of hypotheses we concentrate on 
rejection instead of acceptance. One reason is based on the idea that 
one exception to a general rule throws it out. It would be a tremendous 
task to take every instance and test for the correctness of the rule. For 
example, to test the misconception that the square of a number is alwaj-s 
greater than the number, all we have to do U to show tliat the square 
of a number less than 1 is less than the number chosen. Wo do not liavc 
to run testa on all numbers. 

ESTIMATING POPUL.VTION .ME.VSUUES 
WITH THE DINO.MIAE iMODEL 

In testing hypotheses wo start with a guess about a popuhtion nuxis* 
ure (parameter), take a sample, obscr\-e (be results, and then make a 
decision to accept or reject the hypothesis. In estimating population 
parameters wc start with a sample, obsen'c the results, and then nvikc 
a bet that the population parameter lies between two numlicrs called 
confidence limits. 

For example, suppose wc try to determine the unknown prohibility 
p of a tack falling point up. Obviously, if wo throw a Lack once, it may 
land U but this is no sure sign tliat it will ahvays l.and U. So wc throw 
a tack five times, or throw’ a set of five tacks once, to get a sample of 
size n = 5. 

Wc find that 2 tacks land U, When a tack is thrown 10 times, point 
up may occur 5 times. MTicn thrown 20 times, it may tind point up 9 
times. Wc recognize tluit the Larger the Kimple, the better the cluance 
we Imve of eajdng wlut p is with some degree of accuracy. However, we 
must also remember (hat any given sample may ho one of (ha.‘c ciscs 
which are extremely unlikely but yet may perfectly well liappcn on 
occasion. Thus, witli Ty Cobb and a p knoavn to be .1 wc found llut in 
a sample of size 5 the prohabilityof gcttingnolutsat all wa.'* .077, which 
is not at all insignificant. Wc see tliat we would not l>c ju‘tifi«l in going 
to a ball game and after watching a jpiTn l«tlcr gi> hillcfS mj’, “Ho 
must be a very Ivid hitter Ijccau-sj he flidn’t a thing today.” 

To sec how much difTcrenco the size of the .sample can make in our 
problem suppose we first watch a .-iOO Italtcr |>at five times. In thU 
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and 1 — F(i) to aid us in certain interpretations. For example, if p = 
.04, the probability that we will need at least 3 chairs is the probability 
that we will need 3 or more chairs. This is /(z ^ 3) which equals 1 — 
(the probability that we will need 0 or 1 or 2). Hence, f{x S 3) = 1 — 
F{2) = 1 — .788 = .212. In general, the probability that we will need 
c or more chairs is gjven by 1 — P{e — 1). 

On the basis of these figures and the analysis of them the architect 
is in a better position to make a decision. Of course, we must realize 
that these figures are not certainties. In the first place, we are only 95 
per cent sure that the p we sought is between .04 and .06. Furthermore, 
if p =* .04, the chances are 2 in a thousand that we will never need more 
than 0 left-handed chairs. If we were satisfied with chances of 2 in a 
hundred, we would need only 5 chairs. On the other hand, even if p is 
as high as .00 and we installed only 5 left-handed chairs, we would be 
on the safe side a little better than 9 times out of 10. We might well 
decide that this is good cnou^ and tell the architect to go ahead and 
install 5 left-handed chairs in each classroom. 

However, some critic may justifiably say, “p may well be only .04. 
If it U, then w c are going to need even thr^ of those left-handed chairs 
only 20 per cent of the time. Better put in only 2, and in the one room 
out of five where you need more, bring in some makeshift arrangement.” 

\Vhat shall \se do? Well, at least our analysis hns given us some basis 
for discussion. The decision for action can be made much more intelli- 
gently than if nothing were known, and the only idea pre%'alent was, 
"Let the left-handed children shift for themselves. There aren’t enough 
of tlicm to create a problem.” Wc have now arrived at the long sought 
after n&ult. We may l)e dissatisfied with the iffy quality of the proposed 
solution, but we must keep in mind that life is full of uncertainties. If 
statLsUcai analysis can help us make better decisions in the face of 
these uncertainties, we and our students should Icam how to put it to 
use. 


CONCLUSION 

Ihe fact that statistical mcUiods provide valid means of studjing 
problems should not blind us to the concomitant fact that numerous 
ermra can creep into statl'lical reasoning. Not for nothing lias it been 
fmd that can U proved by Oatitiia. It should also be realized 

l^t wc liavu sketched here only the simplest kinds of situations, e.g., 
tho^ Ikit can be studied by the use of a binomial model. 

Acn m as simple a case as Uic kind wc have outlined, many mistakes 
can c, particularly if sampling errors are made. A sample may 
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be biased. It may not be large cnougli to yield results tlut arc as preebe 
as we need. Furthermore, we must remember tliat statistical results 
are uncertain as far as a single individual or a single case is concerned. 
Statistical results are I'alid only in the large. Again statistical measures 
are too often presented without clear definition of the terms Used, or 
any statement about the reliability of the data offered. Wliat docs an 
average salary of $4150 in a ^ven factory mean? Is it a mean, median, 
or a mode? Docs it include the .salaries of the c.xcciili\cs, or only ilutc 
of the union members? 

The fallacies of statistics are common, and liard to delect. However, 
tliis fact should not keep as from rcxlizing the great utility and f.ir* 
reaching importance of the subject and its methods. The following 
quotation well summarizes our feeling about the place of statistics in 
education: 

Uncertainty dogs our every step . We must act on incomplete or unsure 
knowledge. . . The idea of sampbng is an essential dement for making sensible 
decisions, indeed it may be the bads of thought itself. We send out mental 
antennas to fed or taste the universe and from these samplre which give us 
only partial information we learn to form sound judgmenU about the total 
populations they arc supposed to represent. 

Our system of education tends to give children the iaprasioa that e>«y 
question has a single answer. This is unfortunate because the probluns Utey 
will encounter in later life will generally an Lndciiaitc diarocter. It Kcms 
important tiiat during their years of schooling children should bo trained to 
recognize degrees of uncertaioty. to compare their private gucs»cs and extra- 
polations with what actually takes place — in short, to interpret and become 
masters of their own uncertainties.** 

jSc« Chapler 11 for biLliographits and suggestions for Uie further UuJt/ 
and use of materials in this chapter. 
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Language and Symbolism in Mathematics 

ROBERT S- POUCH AND EUGENE D. NICHOLS 


. . and that ehons that there are three hundred and sixty- 
four days when you might get un-birthday presentj — ” 

“Certainly,” said /Uicc. 

"And only one for birthday presents, >ou Lnow. There’s 
glory for you!” 

‘T don’t know nhat you mean by ‘glory’,” vUice said. 

Ilumpty Dumpty smiled contemptuously. “Of course j ou 
don’t^till I tell you. I meant there’s a nice Inockdon-n argu- 
ment for you 1” 

“But 'glorj'’ doesn't mean 'a nice knockdown argument',” 

Alice objected. 

"Ifhca 1 use a nord,” Ifumpty Dumpty said, in rather a 
scornful tone, "it means just uhat 1 choose it to mean— neither 
more nor less.” 

"The question is," said Alice, "whether you can male 
words mean so many diffcrcDl things." 

“Tlie question is,” said Humpty Dumpty, "which is to be 
master — that’s all.” — Lewis CaiuioU/— 

THINGS VS. NAMES OF THINGS 
The cENTiiAii theme of this chapter is tlut of the difTcrence between 
things and names of things and the implications of this difTcrence for 
the student of mathematics. It seems tliat children and adults alike firid 
it rather easy to distinguish belxvocu thmgs and names of things in 
their everj'day affairs. In mathematics, however, there is evidence to 
the effect that such distinctions arc difficult to make. For example, the 
student who cancels 


^ + 3 
^+10 

and, therefore, concludes that “ ?fo dh|>Iay.s a >iTnptom of such 
difficulty. 

In the example abo\c, crassiny out the ‘4’ above the line arid 

the symlwJ ‘I’ below the lino signiffes Mibimcting the numl>cr 4 from 
327 
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the number 7 in the one case, and subtracting the number 4 from the 
number 14 in the other case. Due to the nature of division, the result 
obtained by dividing 3 by 10 is not the same as that obtained when 
dividing 7 by 14. Thus, the opcrolion of crossing out symbols must be 
checked by interpreting what is being done with the things (numbers) 
named by these sirnibols. 

The student, using the same procedure in the case 

3X2 

3X5 

and concluding that Jfj = meets with the approval of the teacher. 
It miglit appear that using cancolUUion in the same way leads to an erro- 
neous result in one case and to a correct result in another case. 

In the last ciamplc, the operation of croistng out needs to be also in- 
terpreted in terms of operations with numbers. Crossing out the sjTnboI 
‘3’ above the lino mcaas dividing 6 by 3. Similarly, crossing out the 
symbol ‘3* below the lino me.an3 dividing !5 by 3. Due to the nature of 
divifion, Urn quotient is Ihcaamc vrhen both the dividend and the divisor 
arc divided by the tame number. 

'Fhc kind of diilicully cxcmpIiHed above in the case of arithmetic Is 
even more intensiGed when students encounter algebra. For example, 
a student who timpliJUs os follows: 

5r — ar *» 5 

cx{>cricoccs the fcaine dilHcuIty. In interpreting the above to mean 
Take away the symbol *t' from the symbol ‘5r’ 

he laili lu rvalirc tlial there U a difference between operating on syTnbols 
and operating on things named by the symboU. Thus, the timplification 
of Uie example alxjvc might l>e done as follows: 
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When we wish to write cfcoui a uord or oi/itr tymbol, we shall put sbsle 
quotation marks around that word or symbol. 

Thus, ue can now say correctly and m'thout amhiguity tliat Uiero is 
no student on the preceding page but ‘student* occurs in several places 
on the page. 

A few simple illustrations should prove to be of value at this point. 
Look at a children’s puzzle which has gone the rounds of many a school. 

When does half of tnclve equal seven? 

Answer; tVhen it’s written ‘XJI’and one takes the upper half. 

Consider another puzzle of similar nature. 

^Vhat is half of 18? 

Answer: 10. It is obnous when you draw a horizontal line cutting ‘IS* in lialf 
and take either one of the two halves. 

Perhaps no one takes these puzzles seriously but we want to utilize them 
in illustrating the use of the single quotes we sliall employ throughout 
this chapter. 

It is easy to detect an analogy in a way in wluch one arrives at the 
erroneous answers in the three examples alxivc: 

It is not true th-nt 5r ~ r •• 5, but it is Irvo iltat the njtnhoi V mnoicd 
from the symbol ‘5x' results in the symbol 'S\ 

It is not true that lialf of Inclvo equals seven, but it is true tlut taking the 
upper Italf of the symbol ‘Xll* gives one the symbol 'V'/I'. 

It is not true that half of IS equals 10, but it is true tliat taking either Uie 
upper or the lower half of the symbol ‘18’ leaves one with the symbol ‘10’. 

Now we are led U) a topic vvliich is of importance in the study of 
mathematics, viz., distinction between a numher and a name of a numl«T. 
To introduce tliis topic to a class of students, one may write symlwls 
like these on the blackboard 


3 

and then ask: "Wliicli is biger?” A cautious student will imbt tlut he 
aumot an.srter (he question until he knows whether the fjue'tinn i*! 
about the mark-s he sees on (hcblackboaitl or alx>ut, a.s he nuy put it, 
"the numbers which arc represented hy (he nurL'.” "Ihc student, of 
course, is correct in not giving a simple answer. 

We are making the following point. It is a simple matter to l>c able 
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which are intimately connected with the subject of the disiincUon 
between things and their names, ia particular, between numbers and 
their names. The teacher who might think that this matter is of little 
consequence should attempt to uncover a good reason for students’ 
frequent mistakes when they say that, for example, the number .0S7G 
is larger than the number .7. 

NUMBER— NUMElLiL 

The teacher in a little backwoods school nas at the Llackboonl CAipbinIsg 
arithmetic problems, and was delighted to see that U>e gangling lad, l.cr dullest 
pupil, was giving slack'jawcd attention. Ifcr happy thought was that, at last, 
he was be ginnin g to understand. So when she had finished, she said to liim, 
“You were so interested, Cicero, that I'm certain you want to ask more quea- 
tiona.” 

’'Yea’m,” drawled Cicero. “I got one to ask — ahere do them figures go uhea 
you rub ’em out?” 

In considering numbers, it is important to numtoin Ibo distinction 
between things and their names. Numbers, being aUtractioas, cinnut 
be perceived by any of the five senses. It U impossible to distort the hhape 
of a number, for it has no shape. It is impo.s5ib!c to shoot a hole Uirougli 
a number, for there is nothing physical to shoot a hole tbrougln On Uic 
contrary, names of numbers can be seen, they can be erased, their 
shapes can be distorted, they can be moved, and many oliicr sorts of 
physical actions can be performed on them. 

Zero. Once awareness of this distinction is aclucvcd, one must recog- 
nize that the statements to Ibe effect llrnt zero is not a number but 
merely a place holder are incorrect. Such siafcments are open to criticism 
on two counts. First, zero U a number (Cliaptcr 2), for we write 
5 + 0 » 5 

when we want to express the fact that the number zero added to the 
number five equals five. Second, if wc consider zero os a place holder, 
meaning that it actually heW* a place, then we are referring to a mark 
on a piece of paper, for it would be absurd to talk about a number, w hich 
is an abstract entity, holding a place for some thing. The mark which 
we call a place holder is a name for the number zero. 

To recognize this means also to recognize Uiat devoting a great deal 
of attention to the numeral ’0’ as a place holder is much-ia^ia^ul- 
nothing. Moreover, it is misleading, because of the failure to dL-o^^ 
other simple numerals like ‘I*. ’2’. and so on, as place holder^ fn 
sense, for example, in 7005’ each of Uic numerals 7’, ‘O’, ‘0 , and ‘a 
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holds a place. ‘7’ signifies the presence of 7 thousands, ‘O' the presence 
of no hundmLj, ‘9’ the presence of nine tens, and ‘5’ the presence of five 
ones. 

^STien looking at the statement 

Ten divided by three is 

one sees the sjTabola ‘ten’, ‘three*, and They are names of three 
different numbers. But one also is able to recognize that the phrases 

Ten divided by three 


and 


name the same number. (Tlie reader by now has probably noticed that 
instead of including a phrase wiUun single quotes, we occasionally dis- 
play it.) 

general point is that when one makes a statement about some- 
thing, then it U normal for this statement to contain a name for this 
thing, rather than this thing itself. Or, expressed in other words, in order 
to mention something one uses a name of it. 

It follows, then, that in making a statement about a number, it is 
natural that this statement should contain a name of the number and 
ttol the number iUclf. At different times, one may use different names 
of the same number. The choice of a name may be completely arbitrary 
or Uicrc may I* a good rca.«oa for uang one name in preference to tome 
other name. For example, in books intended for German children the 
name ’uhn' w much more appropriate than the name ‘ten’, although 
each lumcs the same number. Or, urdtnanly, the name *10’ U considered 
to 1^ simpler tlun the name — 'Jfs’. Similarly, the name ‘9’ 

u Usually crjn.-idercd to be fimpitr than the name ‘2 + 7’, although the 
latter may W fimplcr for fconoe purposes. For example, when adding 9 
to 2S, a child nill probahiy find it easier to do this: 

2S + (2 + 7) •= (23 + 2) + 7 = 30 + 7 = 37 

tlian thia: 


23 + 9 - 37 . 

a nar*~<r hai nony nar-.ax, IF* cJiMit tfn mm£ uA.ic^ u tioipief or r\ort 
nrntTiic’J fjf Gi har»L 
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Here are some of the names of the number 10: 

30 - 20 5 X2 ViW X 

7 + 3 diz zchn. 

It should be pointed out that vIot is the principal square root of 
100, which U the number 10. The second square root of 100 is —10. 
Siraiiarly, -^1^ is the principal cube root of 1000, which is 10. The 
other two cube roots of 1000 arc complex numbers. 

Some of the names of the number 3 are: 

three drei ■>/*) 7 + 4 — 8 

207 ■ 

Some of the ruimcs of the number *$3 are: 

ten-thirds 10 ^ 3 3^ — 

3 51 



Since the names in the last line above arc names of the same number, 
we may write, for example, the following: 



This statement implies that ‘3J3’ and are names of the same 

number. Similarly, 

ten 10 

implies that ‘ten’ and '10’ arc names of the same number. /Vnd 
ten = the sum of 0vc and five 

implies that ‘ten’ and ‘the sum of five and fiv c’ arc names of the same 
number. . . 

Correspondingly, the sign V’, %vhicl» is read it not equal ia is mter- 
prclcd to mean that two names cormccted by it name two diiTcrent 
entities. For example, 

means: ‘V^lOO’ and ‘*53’ arc names of two different numbers. 
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The reader is referred to the sectiou on equality toward the end of 
this chapter for a more detailed discussion of the concept of equality. 

Fractions. If we now turn our discussion to numbers which are frac- 
tions, we first realize that the word ‘fraction’ may at times be ambiguous. 
For the sake of clarity, we will use here the phrase ‘fractional number’ for 
the number and the phrase 'fractional numeral’ for the sjTnbol for such 
a number. For example, the fractional numerals ‘5^’, and 

are different names of the same fractional number. On the other 
hand, the fractional numeral is not a name of the same rational 
number as the fractional numeral 

Thus, a fractional numeral is a symbol naming a fractional nuTnber. 
IVe use the phrase ‘fractional aumber* to be sjmonymous with ‘rational 
number’. Since in common usage the word ‘fraction’ is used to refer to 
a number, we may abbremte and also use ‘fraction’ to be sj'nonj’mous 
uilh ‘fractional nuraber* or ‘rational number*. You will recall the dis- 
cusdon in Chapter 2 in which a rational n>xmber was defined to be an 
equivalence class whose elements are number pairs (page 43). An exam- 
ple of such an equivalence class may be 

l(l,2),{2,4),(3,0),(4,8), •••!. 

The fractional numeral is one of the inany names for this equiva- 
lence class. The class itself is a rational number. 

The discussion of the distinction between names of and the 

things themselves, in particular, the disUnclion between a fractional 
numeral and a fractional number, has many implications for teachers. 
Let us examine a number of statements currently occurring in arithmetic 
textbooks and see how they should be modified in the fight of the pre- 
ceding discussion. 

(1) Parts of whole things, such as Si, and Si, are called fractions, or 
fractional parts. 

In the statement above, it appears that the phrases ‘fractions’ and 
‘fractional parts’ arc used as synonjins. Also, fractions are conridered 
to be parts of something, e.g., parts of objects, like parts of an apple. 
At the same time, it is said that and % are fractions; thus, they 

ate parts of objects. ^Vhctbcrone considers fractions to be parts of either 
common objects or mathematical objects, i.e., numbers, one should 
experience a feeling of uneasiness about ib For, first, no number can be 
a part of a common object, and, second, a rational number should not be 
considered a part of a number. 

.\, dearer statement saying what was apparently intended by the 



L.\.NGUAGE A.VD SYMBOLISM 


33o 


statcmeot above would be: 

(10 Numbers such as Hi and H are called rational numbers; more ex- 
plicitly, a number is a rational number if it is the quotient of two whole num- 
bers. The symbols ‘H’. Oi’, and ‘H’ are cvamplcs of fractional numerals. 

Let us consider another statement: 

(2) The figure written below the line b called the denominator of the f^- 
tion and the figure written above tlic line b called the numerator of the fraction. 

According to this statement, the numerator and denominator of a 
fractional numeral arc chosen to be symibols. One should not quiirrcl 
with this choice, except for the fact tliat those who make tliis choice 
go on and perform operations on numerators and denominators, that is, 
on symbols, instead of on numbers named by the s>TnboIs. Since it is 
quite convenient to speak of, for example, multiplication of a numerator 
by a number, it is easy to agree that the numerator be the number named 
by tho top part of a fractional numeral and the denominator the number 
named by tho bottom part. Thus, the sUatement above would be wntten 


(2') A fractional numeral consbts of two parU. The top part namea the 
numerator, and the bottom part names the denominator. 

Now, since n numerator and denominator arc numbers, wo ran trccly 
speak about multiplication of the numcralor and denominator by a 

"“l”*'lhe light of tlic discussion above, Ihe following commonly used 
definition: 


(3) Fractions which have the same denominator, such ns «, and H. 
called like fractions. 


should read: 

(3') Fractional nnmcials with the same denominators are called ‘hl-e frac- 
Uonal numcraU*. 

Thus Arnes, is not a property of numbemi it is a property of numerals. 
For example, the fractional numctals ‘?a’ and arc hie fraclmiual 


numerals because their bottom parts lume tho same mnnimr, i c.. Hay 

Imvc the same dciiomiiialor. .. . .• i ii.n minibcr 

In order to test wheUter or not thU dnlmct.o,. between the number 
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and the numeral has been successfully taught, we would suggest trying 
on students exercises like the following. For each statement below, tell 
w hether it is true or false. State the reason for j'our answer. 

1. 2 > 3. 

2. '45' comists of two numbers. 

3. 'y is smaller than *5^. 

4. 5 kirgcr tlian 5. 

5. 'Five' lias four letters. 

0. 100 is made up of *1’, ‘O’, and ‘O’. 

7. Joluiny can erase ‘5’ in 35. 

8. In writing ‘17' we write 1 first, then 7. 

0. In • *5^ is bigger tluin ‘O’. 

10. Four lias four letters. 

11. If ^5^ U bigger tlian ‘0* m ^5^*, then 5 > O- 

13. ‘O.OOOOo’ is larger tharr ‘0.5’. 

13. 0.5 is larger tlian 0.00005. 

14. The fractio:ul numeral ^ bstnallcr th:in the fniclional numeral 

‘i’* 

15. Numbers can be found on this page. 

IG. ’Numbers’ can bo found on Uus page. 

17. ‘V and _ j are like fractional numerals. 

18. '} jV' means Uiat *J* and */<?' nrc names for two dilTcrent 
numbers. 

19. It is true that 7 < 

20. There arc nine letters in ‘one letter'. 

/Answers: 

1. Fabc. The number two is not greater Uun Uio number three. 

2. False. No sj'mbol consists of numbers. 

3. True. It U easy to stt Uiat the Cn>t sinnbol Is smaller than the 
Koond sj’mbol. 

4. Fabc. Tl»c niual«r five is mA larger tliaa lliu number five. 

5. True. Oao verifies this by simply counting Ujc letters ia the word 
'fnc*. 

G. Fabc. No r.imbrr is made up of «)7ntoIs. 

7. FA*.}e. No »>-niU,l can be erased in a numUr, becau>c i.o number 
U ujwlo up of »>7r.boIt. 



L.VKGUAOE AND SYMBOLISM 


337 


8. False. It is impossible to ivritc numbers. 

0. True. Tho symbol ‘5’ « biEEW ‘k" sj-mbol ‘O’. 

10. False. Numbers do not have letters. 

n. False. It is true that the symbol ^5^ is bigger tlian the symlwl 
‘9’ inthesymbol Hisfahe tliat 5 >0- Thus the total state- 
ment is false. , . , , 

12. True. It is easy to see that the first sjTnbol is larger than the 

13. True. The number 0.5 is larger than the number O.OOOOj. 

14. False. It is easy to s« tliat the first sjTnbol is larger than the 
second. 

15. False. It U impossible tor numbers to appear on a page. 

10. True. The nord ’numbere’ U cap.iblo of being found on a page. 
Furthemioro, it is found in problem 15. 

17. True. Tho two fractional numerals liavc tho same denominator, 

since '7' and TO - 3’ name the same tramlOT- 

18. True. Tho statement is about the mconuiil of the slateraenl, 

i i’t A- 

It is true that tho meaning of this statement is tliat T and 
are names for Uvo different numbers. However, Uiostatcmcnt 

i 5^ 15 

iUcU is a false statement, because we know tliat ’tj’ and ’He' 

20. tI sratement is about Uio phr^ ;™e leUerh 

the letters in “-J-X^aVLtitin ^ur^ and their 
Further importance intereliangeably 

names, especially m by the following crample 

that the statement ^ 

implies tliat <ran be ta'slmc sucli niiibigii- 

aecordaiiee with the ^ tor cipuL, in any erl.rcs.-ioii 

OU3 fashion .as Equals may bo - ^vinn ” 

without eliangiiig the value of the csp.es.iou. 
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Now the statement 

The denominator of is exactly divisible by 3 


becomes 

The denominator of ‘i* is exactly divisible by 3 

when ‘K 2 ’ ^ replaced by The last statement is clearly false. 

To avoid this difficulty, it is essential to note first that the statement 

The denominator of is exactly divisible by 3 

is a statement about the number 12. Obviously, what is true of the 
number 12 does not have to be true of the number 8. Similarly, what is 
true of the siTnbol ‘A’ Is not necessarily true of the symbol ‘J’, because 
they are different symbols. For example, the statement 

'4* is a part of *i’ 

describes something which is a property of the symbol but is nci 
a property of the sjTnbol ‘Kj'* 

The fact that a given number b a single abstract entity suggests that 
Uio properties of a number are not subject to change determined by the 
form of a name of the number. Consider, for example, the number 7. 
The symbol *7' U one of its many names. It b a Hindu symbol in our 
iVrabic numeration system to the base ten. One of the properties of the 
number 7 b that it b a prime number, i.e., it b divbible by only 1 and 7. 

Numeration. A word of explanation of the use of the phrase ‘numera- 
tion system' as contrasted with ‘number system' b of importance here. 
The phrase ‘numeration q'stcm’ refere to a fij'stem of vriting numcrab. 
Tlnis, we may liavc a numeration sj-stem to the base ten employing ten 
syiubob; or a numcratiou system to the base two employing two sjTti- 
lx)b, and so on. For example, ‘15’ in the numeration system to the base 
ten, ‘30’ ill the numeration system to the base five, and ‘1111’ in the 
numeration s^'stem to the base two name the same number. 

TIic phrase ‘number system*, on the other hand, refers to a system of 
classifying numbert. Thus, we may speak of natural numbers, or integers, 
or rational numbers, and so on. 

Consider now a name for the number seven in the binary numeration 
system, i.c., numeration s>‘btcxn to the bate two. The question b: “Is 
the imml>cr whose name in tlie binary system b '111' a prime number?” 
CcrtiinJy to. Friincncas b a property of a number and therefore docs 
not depend on Uio particular name wo liappcn to choose for thb num- 
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ber just as whiteness of snow does not depend on whether it is called 
'snow', ‘schnee’, ‘neige’, or ‘nievo’. 

Let U3 now consider another example. Frequently the following ques* 
tion is asked: "Is x an exact number?" First, we hasten to ^int out 
that such a question should not be asked, because it suggests that num- 
bers can be classified into exact numbers and inexact numbers. Hut 
there are no numbers which are inexact- „ i . « • i 

Our concern here is, of course, rrilh »hat is commonly ailed dccual 
approximation’. We know of many numbers wluch dillcr "j” 

number x by a very small number. Thus, 3.14 m an exact "“"tber I 
differs from the number x bya smaU number-; thcrefom, we 
to it as being on appmxfmalmn o/ x. We also krrow 
many decimal places wc use in a decimal, we wall 

a naL for the number x. Furlhermoro, we know that qooUent of 

the circumference by the length of the diameter of “"y 

This number has no name in ourllindu-.Vrabrc numeral »wtcm. It was 

PeZ^sTt il'a case that the habit 

immerala is so strung that wc arc tempted niulocv for teaching 

name of this kind, then there is no number, r g translation 

purposes is the foreign language word which E"6lnh ruu^U^ ■ 

orZfacttlrattbcr^mnoI^yn.-^-^^^ 

case, the absence of the Lngiisn ira f,,,,,,;*,! Kiitmnco In 

docs’uot exist an Obiect rurm^ by^vo"^.n .be tergrr lan^ago.^^^ 

the latter case, the absence of a 

saow docs not imply ", “ugh school level, with a reverse 

This suggests „™riy, the m.ark ’ • ’. This nuirk 

twist: namely, the symM, or P pointed out Ural 

names no number. In *j„J^„othavoaUmita3iapproacbM 

the function described by y 1/ of ‘z’ in ‘l/z*’ by ‘O', 

rcro. It is not only Into tliat, “^“^P , , o„j il,crcforc, dexvr not 

w-o obtain ’>5’, which m a „he„ ’x’ is rrpl.wad 

name a mtmlicr, but also, num , „„ml,crs. Ttiis fact 

by names of sm.all nonrero Irumlwrs .are ver> r rg 

U often do-eriW by saying that ".-w x approaebrw rcro j; Im, no ban. 
because it iueroaK. wiibout Imund." ’nrls sfatement rs wr.t.cn .bus 
symbols: 
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So far all is well. But the student sees the mark ‘ « ’ appearing in 
precisely the same kind of riluatlons in which numerals are used. He 
is soon treated to the sight of such expressions as ‘ <»/«>’, ‘m — 

‘1**, and so on. Since the mark *«’ appears in contexts in which the 
student is accustomed to seeing symbob such as ‘5’, ‘1’, and so on, he 
eventually ends up by believing that also names a number. The 
truth here b that contexts in which ‘ « ' occurs, although formally s imil ar 
to some in which numerab occur, actually refer to facts concerning 
limits, and so have quite different meaning from those of the simibr 
expressions containing numerab. The mark ‘ ’ in the context of limits 
does not name a number. Thus, we have, in thb case, what looks like 
a name of some thin g but no thing to be named. 

Our remarks here need to be interpreted in rebtion to the real num- 
ber system. In thb chapter we are not concerned with the extensions 
of the real number sj’stem, called ‘trai^finite numbers’. Our remarks 
here are only applicable to the simple theory of limits and to the system 
of real numbers as treated in the introductory calculus texts. 

It b now time to bring out in the open a concept which has already 
been much used in the above. Thb b the matter of the symbol and its 
referent. We begin with a simple example. We all know that there once 
cxbted a flesh and blood person whose name was ‘Euclid’. The name 
‘Euclid’ b not flesh and blood but merely printer’s ink in a certain pat- 
tern on thb page; it is a symbol and the man b the referent of the sym- 
bol. In the same way, 'United States of ^Vmerica' b an approximately 
two-inch long set of black marks and a symbol, but the referent of thb 
symbol b a very large nation of many millions of people and several 
millions of square miles of land. 

As long as the referent of a symbol b a physical entity, it seems easy 
to avoid confusion — one can often rely on an index finger and point to 
the referent and point to the symbol naming thb referent. In mathema- 
tics, as well as in many other areas of intellectual endeavor, troubles 
arbe when the referent of a symbol cannot be pointed to or even imag- 
ined %'isually with any accuracy because that referent is abstract. Num- 
bers arc such tilings. The symbol, however, b always tangible, perceiv- 
able cither by the eye or the ear, and there b therefore a strong tendency 
to think atiout the symlxil in place of its referent. Thb b the .source of 
Mich practices as juggling numbers and an explanation of why transposi- 
tion is such a favored method of sohing equations. 

It b not our intention to condemn such practices as transposition and 
cancelling. We do believe, however, that students need to understand 
llwt transpo'ilion is a process of manipulating symbob and net of operate 
ing with nuralicrs. Thus, a ty’pical statement of a transposition rule to 
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the effect that a number can be moved to the other side of the equation 
if its sign is changed is not correct. 

We feel it important that the student who learns to do this: 


3i + 5-2=*0 

understands what is being done. Wc further believe that Uie use of the 
word ‘transposition* contributes to neither understanding of the process 
itself nor proficiency in solving equations. _ i « u .1 • 

If we were to make a pracUcal suggestion to teachers, it would be tlus. 

Let the etadeete obsene ho» eqmtioee are so'vrf- ^ 

— and ob- 

Krve their work to see whether they ate dome it rorreetly. 

For more deloUod Ircotmeot of solution of f 

render to tho section on oqunUty toward the end of tins ''“P'"' , 

Cnncemn,Unnc..n.p,ooU„o*crproc^^^^ 

thi eTclrth=°« r *7" 

beginning of this chapter. Thus, he wi cance . 

i + a 

and oondudo erroneously lint Er«rs of the same typo com- 

milled where variables are involved such as. 

j! + 5 

^+88 

M I . *rwl Thov stem basically from the confusion 
may not be as casJy ^ ^3 discu:>scd bter in tho chap- 

about tho meaning of ‘vanablo . 1 ws topic « 

ter. 

MsVTUEAUTICVL GHsVMMAU 

Tlio study thJ^is commonly 

ing far more lifiht on a grammatical distincUoa 

supposed by . ^ 

caSSTlxi UDcnUic.-UJy cvifJcncc of 



342 


GROWTH OF MATHEMATICAIi IDEAS 


Gninmar is concerned with the structure of language. The person 
who has had formal training in one or more foreign languages is aware 
that each language hfis its o%vn grammar, that different languages have 
different grammars. So it is with the language of mathemalics. In this 
section we shall attempt to develop a very brief mathematical grammar 
with certain parallels to conventional English grammar. 

First, however, we want to point out that our choice of the phrase 
‘the language of mathematics* is not without purpose. We believe that 
one should not speak of mathematics as a language because it is not a 
language in the same sense as Chinese is. Mathematics is a science 
studjing a variety of things such as numbers, lines, and so on. A mathe- 
matical bw such as the commutative property of addition can be ex- 
pressed in many different bnguages. For example: 

The sum of one number and another number is equal to the sum of the second 
and the first. 

U one English expression of thb bw. There arc other English wordings 
and tiansbtions in most foreign bnguages. An expression of this in the 
bnguage of mathematics might be: 

X + i/ = y + x. 

Our point is tliat the matbcmatics is the same in each case but the 
bnguage is different. The Arabs were able to do a surprising amount of 
algebra without spccbl sj-rabols. However, contemporary mathematics, 
within certain limiU, docs have a fairly uniform method of expression 
and this can, rougliiy speaking, be called ‘the bnguage of mathematics’. 

It should be understood that in this section we are discussing that 
part of mathematics which w expressed, not in ordinary English words 
which must follow conventional English grammar, but in that abbre- 
vbted sjunbolism which Ls spccbl to mathematics. 

It is u-sual in grammar first to discuss the various parts of speech, e.g., 
nouns, pronouns, verbs, adjectives, and so on. For most bnguages, such 
aiialj-su U fairly complex and the different word forms arc ver>’ numcr- 
ou-s; this U partly due to the natural c\‘oIution of a bnguage and partly 
to the grcit v-aricty of concepts a bnguage must express. On the other 
liand, the bngmigc of mathematics has been developed, at Ica.'-t in part, 
in a con.‘cious, artificbl way and abo is used to express far fewer and 
pndjably far simpler concept-?. An a result, we can identify only three 
rather rhariy definwl part.4 of mathematical bngmge. 

Tlie first is almrtst cemiplctcly comparable to the ordinary noun or 
pronoun, wliich U commonly said to Ijc a name of a person, pbcc, or 
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thing. 4Vhile we have no persons to talk about in mathematical dis- 
course, we do have places, such as the points of geomctr>‘, and things, 
such as numbers, sets, and so on. Tlic phrase ‘mathematical individaih’ 
is sometimes used for these places and things. So, uur fir>t part of 
mathematical speech is the symbol for an iiiduidual; the >imple.'t exam- 
ples are the numerals such as ‘O’, *1', and so on, and the letters ‘j’, y, 
‘d’, ‘J3', and so on, used as \-ariables in algebra and geometrj*. 

The second part of n\alhematical language, the relation .‘•yanlwl, Lh 
very similar to the ordimiry verb, uhich is said to axpre-N# an action or 
a relation. Mathematics is not concerned with actions but there are 
very many relations of concern to the mathcmaticun. One of the fin-t 
naathematical things the young diild Icams, 1 + 1=2, involves the 
relation of equality and this relation is never disairded even in the most 
advanced mathematics, even though many other rebtions arc intro- 
duced. Other examples arc the relation of being larger (e.vprc.s.^id by 
the congruence relation (c-tpressod by ‘S’), and the mcmbcMiip 
relation (expressed by ‘t’). Just as the English teacher imUts tliat a 
correct sentence nmst have a verb, so the niathcmatics teacher must 
insist that a correct mathematical sentence mu.«t liave a rebtion sjTiibol. 

It is difRcult to compare our third part of mathematical language, 
symbols for operations and functions, with anything in traditional 
grammar. Wo are concerned here with such sj^bols as '+’, 'X’» 

‘•f**, ‘v^’, ‘sin’, ‘tan’, 'f\ and so on. It teems best simply to ex.imiiie 
tile Way in which they arc used. Forexarop)e,‘+’i« a symbol forabhwrj’ 
operation, that is, if a numeral is written on each tide of the sign, the 
resulting compound sjuibol is a name of tome number. Some imight 
may be gained by translating ‘3 + 3' as ‘the Fum of 2 and 3’ and compar- 
ing it with the ordinary English phrase ‘theclder son of Adam and Cve’; 
conceptually, there is very little difference but the usual symlwlism InJcs 
thesimibrity. The dilTcrencebclwecn a binary operation (as 5>-mboliied 
^y ‘-c + y’) and a function of two variablc3(as tymbolircd when writing 
‘/(z, y) = j* — y*') is largely symbolic; certain functions arc to la.de 
or so mucli used tliat they Ime acquired a .‘•pedal sjmbolism and the 
title of an operation. There arc also important .‘'jmibob which combine 
with a single individua!-.symboI to produce a comtwuficJ u.imo of aiioUicr 
individual; c.xamplcsare ‘-v/"’, 'laii'. Here, wcluvcsingubry* ojwratioiw 
or functions of one variable. In each ci>c, if an imlividiul-pj-mbol U 
put in the proper pface, tlic result w a compfiirnd /‘ymM funiht; an 

• Unfortunately, there « ho agreement io Unninology for llU tinJ of 

tioo; the wonla ‘uaitar)''. ‘mt»naor‘ «« »t»® 
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indiudual; for example, 'V^’ is a compound name for the number 2. 
A worthwhile comparison is to the English phrase ‘the mother of Na- 
poleon'. We shall call sjTnbols of both operation and function ‘operator 
SiTnbols’. 

The use in algebra of the symbols ‘-h' and * in front of a nun^eral 
is an example of a misleading use of symbolism. The symbols ‘+5' and 
‘—5’ arc frequently read ‘positive 6ve' and ‘negative five’, creating the 
impression lliat *+’ and ‘—’appear here in the role of adjectives rather 
tlian merely as a part of the name of a number. Tliis is a source of con- 
fusion to those students who think that —x is a negative number. It 
fcems preferable not to use the sign at all, except possibly for em- 
phasis in some cases, and to view the ‘— 'sign assjTnbolmngasingulary 
operation. Thus ‘—a’ should be read ‘negative of x’. It is unfortunate, 
for some reasons, that ' sjTnbolizca both a singulary and a binary 
operation; for the mature person, this is a convenience because of the 
close relation between the operations, but for the immature, it can be a 
danger which the teacher must be prepared to handle properly. Similar 
remarks bold for the word ‘ocgat!\c’ and the phrase ‘negative of’. 

Each of the three kinds of 8>TQboIs (individual, relation, and operation) 
may be classified in either one of the twofoHowing categories; constants 
and variables. Thus, we shall speak of individual constants or in- 
dividual variables, relation constants or relation variables, and operator 
constants or operator variables. Table 1 shows these categories more 
clearly, together with some examples in each category. 

.Vlthough relation variables and operator variables arc at present 
used mainly only at a rather advanced level, there is considerable op* 
portunity for Ihcir advantageous use much earlier. For example, in 0th 
grade algebra, after one lias cxpkuncd that addition and multiplication 
arc commutative, one can use an operator variable'*’ to make a general 
definition of commutativity; 

A binary o;>cration sj'mbollzed by **’ is conunutitivc if and only U at b ^ 
6 * a, for all o and 5. 

In a similar way, a better understanding of algebraic and geometric 
relations may be produced through a general discussion of reflexive, 
si^nmctric, and transitive properties. For example: 

A rcLvUoa lymboktod by ‘R’ i« i^mttrie if and only if: if aRb, then bRa, 
lot all a arvj b. 

There is some value In further anal>‘sLs of the concept of compound 
names. Suppo'C Uiat we use the phrase ‘atomic constarit’ for an individ- 
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TABLE I 



CoBiUnt* 


Individuals (symbols 

2 

* CTbo range of may be the «<l 

for things) 

the point 0), 0 
(the null set) 

of complex numl^rs ) 

d (The range of ‘d’ may be (he 
set of points in a plane } 

B (The range of ‘fl’ may be a speci- 
fied collection of sets.) 

Operators (symbols 

+. X 

(Generally found only in advanced 

for functions and 


mathematics.) 

operations) 


o (The tango of 'o' may be the cn- 
titiea named by; ‘-f’, ‘X’, 

and •+’.) 


sin 

/ (The range of '/* may be the en- 
tilits named by: 'sfo’, 'cos’, ‘tan’, 
•cot’, and 'log’.) 

Ilelatioa symbols 

_ 

(Generally found only ia advanced 


< 

mathematics.) 


> 

/? (The range of Vf’ may he the ea- 



titles named by: 



V, 'S’, and 'C' ) 


ual constant niiicb is a singic s>*iQboI and uhicli cannot be mcaningfuliy 
broken down into smaller parts. Sucli atomic constants 5ccm to l>e \cry 
few in number; there arc the decimal digits 'O’, and so on to '0‘ and 
then there are a few letters used as constants (almost always as abbre?- 
viatioiis [of compound indhidun} constants); examples o/ the litter an? 
‘i’ (for ‘\/— 1’) and V (as a name for the base of natural logarithms). 
^Vny fraction is thus u compound individual cgnsLint, us is any numend 
for a number greater tliau 9. It is especially interesting to us lliai wo 
cannot find any individual constants for geometric objects in synllictic 
Euclidean geometry. (It is true that ‘f’ is an individual constant, but 
it names a number, not a point, line, or other geometric figure.) Tlic 
letters 'A\ 'B', 'C', and so on, at© generally individual variables for 
points. If 'C is used for circumference, it Can l*est Ixi analyzed as a 
function sjTnbol; the Kimc is true of many oUicr words (and their 
related sjTubols) such as ‘length’, 'bbcctori, and ‘area’. Wo thus Live 
an c-xamplo of nlrat IlusscJJ probably meant in the quotation at the 
beginning of this section. Geometry is rcve;ilrd a.<i the study, not of 
particular geometric objects, but of rcLvtions between and [auction* v[ 




350 


GROWTH OF iLA-THEMATlCAL IDEAS 


The displayed sentences are essentially sj-nonymous and in each case 
the correct reply is 2. Emphaas on this ^onymity is an important 
teaching deidce and should not be ignored. "With this in imnd, certain 
aspects of 9th grade algebra can be taught far earlier and to good ad- 
vantage, as illustrated by the En^h writers Bass and Dowty who 
advocate this as early as the English equivalent of our 2nd grade.* 

At this point, the phra'^o ‘value of a variable' becomes especially im- 
portant. Because of its frequent use, it is essential that it have an un- 
ambiguous meaning. This meamng should be simply ‘a member of the 
range of the variable’ or ‘a referent of the variable'. There is nothing 
unusual about this, but vre want to emphasize that a value of a variable 
is a thing and noi a name of a thing. In the same way, we can extend 
the meamng of ‘value’ so that we can say that the value of a fractional 
numeral is a rational number and, even more generally, that the value 
of a numeral is its number. 

Perhaps this is the time to focus our attention on the grammatical 
function of variable. ThU function ts similar to that of indefinite pro- 
nouns and general nouas in everyday language. B'e shall make tUs clear 
by the u«c of an illustration. Consider the following sentence: 

She said be was a member of it. 

This sentence U neither true nor fal«e, that is, it has no truth value. 
Only upon repbeement of each ‘she’, ‘he’, and ‘it’ by a name of a person 
or an object ''■ill the sentence result in something which may be judged 
to be either true or false. 

B e shall call a sentence like the one above ‘a propositional function'. 
This proporitioral function will jield a sentence capable of being judged 
either true or fal«e only if each of the pronouns in the propositional 
function is replaced by a name of a unique person or object. Replacing 
only some of the pronouns by such names will result in other proposi- 
tional functions. Tor example, each of the following is such a derived 
propositional function: 

Nancy said he was a member of it 
or 

She said John wa.s a member of it 
or 


Nancy said John was a member of it 



Nancy said he was a member of Tallahassee ICiwanis Club. 

To obtain a sentence from the propositional function, each of the 
pronouns in it must be replaced by a name of a person or an object. 
Thus, 

Nancy said John was a member of TalIalLas.«cc Iviwams Club 
is a sentence which is either true or false. 

Analogous to the concept of a range of a variable, the pronouns ‘she’ 
and ‘he' have a range which is the set of hunvan beings, and 'it' has a 
range coaristing of organizations. For the sake of cmplia.ris, we would 
like to point out again that the range in each ease is a set of things and 
not names. 

This leads us to seek aaalogous c-samptes jn the area of mathematics. 
Consider the following: 

For ever}’ ar and for every if, — y* = (z — + y). 

The intended meaning of this c-spression is that ‘j’ nnd y in it can be 
replaced by names of numbers to obtain, in cverj' case, a true sentence. 
Thus, ‘2’ for ‘z’ and '3' for ‘y’ jaelds 

2* - 3* = (2 - 3>(2 + 3) 
which is a true sentence. 

In conventional textbooks expressions like the one above arc aiiltcn 
without (he use of quantifiers. TTiey arc commonly callwl 'identities’. 
Thus, 

z* - y* ■= (x — y)(x + j/) 

is an identity lx:cau«c, no rmattcr what numeral is put in pbee of ‘x’ 
and in place of 'y*, ‘z* — y-’ and '(z — y)(x + vY yield tnn names for 
the same number. We would have no serious objections to deleting the 
quantifier, proridcxl the meaning of such cxprc<-'ioas is m.ide quite rlenr. 
TTiis, unfortunately, is seldom nehicvecl. 

I>et us consider another example: 
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Again, ‘x’ in this expression can be replaced by a name of any number. 
In this cas^, however, we will find that most of the sentences obtained 
be false. For example, repladng V by *\/2’, results in 

V2 + 2 = Vs 

which is a false sentence. We know that the only number whose name 
inserted in place of ‘a:’ in ‘2 + 2 = V^’ yield a true statement is 

Vs - 2. 

We need to pause here for some elaboration of the phrases, *for every 
X and every y* and ‘for some x*. The first phrase is usually called ‘a 
imiversal quantifier* and the second 'an existential quantifier’. The 
universal quantifier 'for every x and every y* is frequently replaced by 
its synonym ‘for all x and all y*. The existential quantifier ‘for some x’ 
has the synonyms: ‘there exists an x such that’, and ‘there is at least 
one X such that’. Abbre\’iation3 are frequently employed for the quanti- 
fiers. ‘For all *’ is written as ‘Vx’, and ‘for some x’ as ‘3z’. So much for 
the notation. Now, what is the purpose of quantifiers and are they 
necessary? 

The quantifier ‘for every x and every y* serves as an abbreviation for 
the phr^: 'where ‘x’ and ‘y’ may be replaced by a numeral naming a 
number from a specified set of numbers’. In this sense, it serves a definite 
purpose — it places expressions, which may be otherwise meaningless 
and isolated from all context, in a meaningful retting. 

At the be^nning of this seclion, the advantages and economy gained 
through the use of variables were illustrated. The Distributive Principle 
of Multiplication over Addition is an additional illustration of this 
aspect of a variable. Let us state this principle as follows: 

For every a, every b, and evciy c, a(6 -f c) = at -f oc. 

In the first place, tWs expression covers a multitude of statements like: 
2(3 + 7) « 2 X 3 -F 2 X 7 

-}(-• \/3 + « = -J X (- V3) + C-}) X i 
(3 - 201(-5 - }i) + (-7 + V30I 
= (3 - 2i)(-S - JO + (3 - 20(-7 + V^O 
and so on. 

Secondly, this expression conveys to us something which would be 
difficult and cumbersome to describe in the Engli'h language. Kcverthe- 
less, let us attempt to do it: 
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The product of a number and the Eum of two numbers is equal to the sura of 
the products of the first number by the second number and of the first number 
by the third number. 

After we have said it, we arc still not sure whether wc said wlmt wc 
wanted to say or whether anj'body understands what we said nr wlmt 
we wanted to saj’. 

Perhaps one more illustration bearing testimony to the adontagw 
gained through the use of variables should prove of smlue. \ ou recall 
that earlier in this chapter wc agreed that a fraction-al numeral is a 
sj^ibol (page 334). In order to describe what kind of symbol it i«, wc 
must resort to variables. We can do it as follows: 

We call a sj-mbol a 'fractional numeral’ if it is of the form 


A 


a-d can be obtained by rcplacias •»’ afJ'A' bJ 
'A' is not replaced by a name for the number tero. 


Thus, replaced by '-2' and ‘A’ replaced by ‘T yields tl>o traction 

‘"vr^will note that wo have extended the notion ot n, Ictlcra 

to other syn-bols, like '* ’ and 'A’ above, ttc W.cvo tlanUncb practm 
should be cncourapcd in the cIa.x«room. Tliu-S in i ■ , 

in this section, it is immaterial what Icltora are uuid. For example, 

For every l and every y, i’ - s’ “ (v - »>(* + V) 


could have been written as: 

For every m and every m* - 


or as: 

For ovoiy O nnd every O- O’ ' 

Similarly, the Distributive Principle could be written a,.; 

For evciy o, eveiy f. nml ''-“F t. a(d + v) " + "F 


or as: 


For every O, every <CI>> ''’"F 

0 ( 0 +^)“°^^+°^^' 
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In concluding the discussion of variable, we should remark that 
it is our belief that the view of the ^-ariable we attempted to convey 
in tins section is quite adequate for the purposes of high school mathe- 
matics instruction. Teachers deriring to pursue this topic to a much 
deeper extent are encouraged to study references found in the notes 
at the end of this chapter. 


DEFINITION 

... A definition is no part of mathematics at all, and does 
not make any statement coacernhig the entities dealt with by 
mathematics, hut is rimply and solely a statement of a sym- 
bolic abbreviation: it is a proposition concerning sjTnhols, not 
concenung what is gymholiz^. I do not mean, of course, to 
affirm that the word definition has no other meaning, but only 
that this is its true mathematical meaning. 

— BEBTaAJfD Russell 

Perhaps the most appropriate way to be^ this section is by defining 
‘definition*. Examination of a variety of written materials shows that 
there are three easily distinguishable uses of the word. There are two 
different processes called ‘definition’ and, third, the end product of 
rither of the processes is also called ‘a definition’. One process is that of 
examining the uses of a word or symbol and extracting from this a state- 
ment about the meaning of the word. This is approximately the process 
used in writing dictionaries. On the other hand, there is the process 
mentioned by Russell above of creating new words or symbols to serve 
as abbre%*iations for less convenient language or symbolism. 

Despite the difference in the processes, they produce essentially the 
same residt, namely, a statement that two words, phrases, sentences, or 
symbols, have the same meaning. This may be called ‘a definition-state- 
ment’. When written in ordinary language, definition-statements may 
appear in a considerable variety of forms. "When written completely in 
mathematical sjTnboUsm, they are considerably more uniform, although 
having some variety . Even vririun thSa vari^y , three essential paris 
can always be discerned. Let us consider several examples. 

(1) ‘2’ is defined as ‘1 + 1' 

(2) ‘a — 6’ means ‘o -1- (—6)’ 

(3) ‘x < y’ will be used for *z < y or * = y’ 

On the left of each of these statements is the piece of language being 
defined (technically known as the d^niendum). On the right is the Ian- 
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guagc which does the defining (the definiens). (Note tlut right licre are 
examples both of definition and of the value of definition. We intnxlucc 
these Latin words not to be high-brow but because wc anticipate a con- 
siderable amount of reference in the next pages to the hng^l;l^e being 
defined and to the language that does the defining and wc should like a 
more convenient way of doing this.) Between the drfmauium and the 
definims always appc-ars some word, phrase, or sj-mlwl winch cxpre^i-^ 
the idea that the definiendum and dffinims lave the Siimc meaning. In 
our opinion, one of the best sj-mbols for this purpose i** tint u^l by 
Whitehead and Rus.<iell. ‘= df. It may be read, eqial by dfjinUioru If 
the reader is of the opinion that there is some \-alue m undormity, then 
this symbol has much to recommend it. Thm the three definition, above 
would be written: 


2 » d/ 1 + I 
a — b = d/ a + (—W 
X < v “ d/x < yorx « y- 


Thoro U considerable disaBreement nbout Mvcral 
One U the matter of whether wc define wo^ or thmss. ^1" > 

opinion nmons current mathematical losicians is m 
trards and symbols. Driefly their argument is that ' 

ence independent of tlie names we may use for 
do is to decide how we shaU use words nnd syrabols 
Dumpty, in our first quotation, wasa mathomatie.an . W e concur m 
judgment and also feel th.at it is pcd.ngopca j • nmnrr 

■Z second place lor disagraement is in enicraa for a ^ 

definition. One po.sition, which slem-s from An=lot le “™ 

is still followed in most high school geometry 's, modern 

and species, of no nvoidable negath-e terms and » on. ^7;^ 

position ela ms, among other things, that wlulc this may 
^any or most indivndual terms, it is not applicable » 
relation symlbols. To be specific, wc do not Wicsii th-at the g 
matter can be applied to any of the three defini ions . 
and most important criterion of the modem posi lo nrcriou.iy dc- 
shall contain only words and symbols which have been prevaou Ij 

fined or accepted as undefined.* which Ic-ad 

tVe mentioned earlier tliat there arc two different prorc-<es 

• Tlirre «ie other raueh mow cnleri. 

Tho intewsled wsder 1. wlrrwJ to Swre. 

SIS ol little eoneeni below Ibe .demieeU m.wmlr I'*''- 
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nique is suggested here — namely, to explain 'poIjTiomiar as derived 
from roots meaning ‘many’ and ‘names* can be helpful to the student. 
(It can also be the source of worse confusion if not handled carefully, 
i.e., unless it is explained that the original definition of the word is no 
longer u'«d but that mathematicians have found it convenient to use 
‘poljmomiar for expre^ons with as few a.s a single term.) That this is 
not explained in so raanj’ introductory algebra books leads us to an in- 
teresting speculation: are these authors overly influenced by the notion 
that a word has a real meaning? Perhaps it was this kind of thing that 
led Carroll tohaveHumpty Dumpty ask: “WTio is to be master, the word 
or I?" Taking an example at an earlier level, it seems both interesting 
and helpful to 3'oung students to see that our numeral ‘3’ is probably 
derived from an earlier form with three horizontal tallies, thus ‘=’. It 
is further ^'aluable to show them the munerals for 2 and 3, used by 
modem Arabs, namely T' and ‘r’, to point out that this was probably 
derived from vertical tallies ‘l|* and ‘H|*. An especially clear example of 
this is the creation of our sign ‘ * *; Robert Recorde’s report of his choice 
of this as a sign for equality because he could think of no two things more 
equal than those lines certainly shows that there was nothing random 
a^ut his choice of a s^mibol. 

Geometry is an especially good source of symbols of this general kind— 
for example, the use of ‘A’ as an abbremtion for the word ‘triangle* 
and the use of as in 'AB’ to indicate a circular arc joining A and B. 
To summarize, while mathematical words and symbols may be arbitrary' 
in one sense, thej' are frequently suggestive of their meanings. 

An important teaclung technique is a consequence of the above. It is 
our feding that students also should be encouraged to create new words 
and symbols if they are to imderstand fully the nature of mathematical 
symbolism. For example, the ninth grader who suggested ‘ = ' as a sym- 
bol for ‘approximately equal’ had made a great deal of progress. This is 
not a difBcult thing for the teacher to achieve, if he or she has the right 
attitude. Very young children are apparently fond of making up names 
(in sophisticated language, of making definitioas). That older children 
do not do this so easily onij’ indicates to us that they have learned some 
wrong things about words and symbols; in particular, that there is some- 
thing sacred about the dictionary, or even that God created names for 
things a-s well as the things themsel\'es. Many teachers may feel waiy 
about allomng students to create their own names and synnlwls, for fear 
that they mil not learn the standard terminology’ and sy-mbolism. This 
seems to us to be ^Tong on two grounds: (1) there is frequently no such 
thing as standard mathematical i^ge (witness ‘billion’ as meaning a 
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thousand million in the United States, but a million million in Enpland 
and the several different notations for the decimal separntrix '2^\ ‘2-5’ 
or ‘2^’)- (2) it Ls our impression that students who create their on-n 
sjTnboJism, even if different from some standard si-mboIi-Tn, are actually 
better equipped to learn the symbols created b}* others. 

EQUALm' 

The central theme of this cliapter, viz., the distinction bclnccn things 
and names, is of paramount importance in con.«idcring the concept of 
equality. 

^Ve begin ndth an e.TampIe of a commonly u«cd phra.«e .stating that a 
quantity may be substituted for its oqu.al. A moment’s reflection leads 
us to the quc.stion: "How is it possible to have two equal quantities? 
Aren’t we really talking about the same quantity?” Our answer to the 
last question is: “Yes, wc are talking about only one thing!” Clarifica- 
tion of this statement is a goal of this section. 

Following our favorite approach, wc shall again sock e.tamplcs in (he 
English language. Let us examine the following statement: 

Mamie * Mrs. Dwight Eisenhower. 

\\liat assertion is made by this statement? It i« that ‘Mamie’ and *^^rs• 
Dwnglit Eisenhower’ are (wo names of (he same person. Xo a.ssertton is 
made that the two names are the .same — it is verj* ea,«y to sec (hat one 
name is much shorter tlian (he other. 

Mluit is true of things is seldom true of the names of these thing*. 
It is very casj* to find examples where the opposite of wliat L* true of 
things U true of the names of the*e object.*. For e-xamplc, the name 
‘Nile’ is half as long as the name ’Oka\Tingo’, but the river Nile i* several 
times longer than the river Okarango. 

Tliu*, a statement of equality docs not assert that the n.amcs appear- 
ing on (he two sides of (he sign '= ' arc the same, hut tlwt the mimes 
refer to the same thing. 

tt'e all know that George Wa.*hing(on was (he lTf*t president of the 
United Smtc«. The statement wc ju^t nwde nwrtvS that (he two name*: 

George WVlungton 
and 

the first president of the United States 

are names of the .«amc person. Tl)ere will be no emtr commi(t«l if, In 
any statement, one name should be substituted for the other. \Wieihrr 
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we write ‘George Wasbington’ or we write ‘the first president of the 
United States’, we are referring to the same person. 

What does what we have said so far have to do with mathematics 
and, in particular, with equality? The answer will be forthcoming im- 
mediately if we consider a simple example from arithmetic: 

To be consistent with what we have said previously in this chapter, 
is interpreted to mean that and are two names of the 
same number. This number happens to be a rational number (page 335). 
There are many other things we can say about this number. For ex- 
ample, one of its names is the numeral another name is the nu- 
meral still another name is the decimal numeral ‘0.5’, and so 

on. 

The statement =» does not assert that the names and 
are the same. Just as we decide by sight that the names ‘Mamie’ and 
‘Mrs. Dwight Eisenhower’ are different, so do we see that ‘H’ 

*%’ are different. 

Furthermore, just as we may correctly say that Mamie is Mrs. Eisen- 
hower, we may also say that the number H is the same as the number 
%, or that H is equal to or simply that is In each case we are 
spealdng of the same entity: in the former case of the bdy one of whose 
names is ‘Mamie’, in the latter case of the number one of whose names 
is ‘M’. 

In order not to Ignore the subject of geometry, we shall consider some 
examples commonly found in plane geometry textbooks. You are, no 
doubt, familiar with the usual definition of a line; A line is the shortest 
distance between tico points. But, if a line is a distance, then it is a number 
indicating how many imits of length there are in the line in question. 
In the same textbook in which a line is defined in this fashion, one is 
qiute likely to read that a straiffhi line can be extended indefinitely in 
either direction, meaning then that the shortest distarice can be extended 
indefinitely. 

Many difficulties stemming from an incorrect use of language, we feel, 
can be corrected with a slight amount of effort. The difficulty above, for 
example, can be avoided by taking 'straight line’ as an undefined phrase. 
Then we can correctly say that the distance between two points in a 
plane is the shortest when it is measured along a straight line. We should 
point out that this statement is true in the Euclidean geometry’, but it is 
not necessarily true in other geometries. For example, in a geometry in 
which the plane is the surface of the sphere, the shortest distance between 
two points is measured along a great circle. 
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The failure to distinguish the line from the distance has many unpleas- 
ant implications. For example, after defining a line segment ns ‘a portion 
of a straight line between two points’, tc.xtbook viTitcrs u«c a common 
abbrexiation for a line segment which is of the form ‘AD\ Tlicn they 
proceed to make statements such as: 

AB A.CD 
and 


AD = CD. 


Obviously the first statement h about two line fctnnrnts. From it wc 
know that the lino segment A Bis perpcndicnlar to the line segment CP. 
^Miat about the second statement? 

The second statement is not about line .«=egment«5, for it would mean 
that MB’ and ‘CD' are names for the s.amc line segment and ttat is 
obviously not what is intended by Uiis statement. \Miat is wanted is a 
statement to the effect that the measure of the line segment 
inches, is the same as the measure, in inches, of the line segment CD. c 
shall Introduce the following notation to express this: 

m*- (/IB) = m" iCD) 

•m<’ {AB)’ is n name tor the nnmtwr of inches contnined in the line 
segment AB. Hence, 

AB XCD 

means: The line !e,menl AB is jxrpendieuhr to the line rrymml CD. 
And, 


m" (AB) - m” (CD) 


means: The number d inches in the line eesmenl AD it l*r x>me ns the 
number of inches in the line segment CD. . .nt.Ji'nt- 

The sj-mbolism ’m‘- (.iBY. we mu-t ndm.t, is 'f,;™,'; 

yet, we feci, it is worth pacriricing some cfiicienej or * 
we consider to be .an understanding of t*,'**'^ suggest 

Etudent-s achieve this understanding, it is qm e OPF ' .jj . j 
that they «s.k better sj-mbolism. Thus, they nvay 
place nfm- (AD)’. Of course, the,- trill have 
that ’AB’ means tluat the line segment is 

The difiienlty creatcl by the failure ‘V’';;'*";'' of 
eegment nod the mrnsnec of the line ergmrnt i e rmanat- 

names for angles. An angle is tluit which is formeil b) two rat's rman 
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and 

u + l| = -2 

can be considered to be propositional functions. In exactly one instance 
the propositional function ‘2z — 1’ jields a true sentence, whereas in 
no instance does ‘1 x + 1 j *= —2’ jneld a true sentence. 

So much for the concept of equation. Illiat about the solution of equa- 
tions? First, we should remark that it is sensible to talk about the solu- 
tion of only those equations wluch contain at least one variable. It is out 
of place, for example, to talk about a solution of an equation like = 
0.79’. We can quickly classify it as a false sentence and the case is dis- 
missed. 

Now let U3 turn our attention to the equation 
2x = 1. 

Wuit does it mean to solve this equation? It means, to find all the num- 
bers such that if any one of their names U put in place of 'x' in ‘2x = 1’, 
a true sentence is obtained. In this case, this number is and we call 
it ‘the root of the equation’. Note tliat a root is a nvmhcr. Thus, the equa- 
tion ‘2x »» 1’ lias only one root, but that root, as any other number, 
Ilis many names. It is immaterial which one of the many names for the 
numl)cr wc choo«c to replace by— in cverj' instance we obtain a 
true sentence. Thus, 

2XH - 1 
2 X 0.5 = I 
2X50% = 1 

arc all examples of such true sentences. 

It is our Ixjlicf th.at such ca.sy equations n.s the above should l)o used 
when first inlnxiucinK the idea of equation. Tlie students, after paininff 
an undcrstinilinc of what U means to solve an equation, should be cn- 
coumRcd to u*c an intuitive way of solving Ihwe simple equations. For 
ex.'imple, w>icn cncoxinXcnoz an cquatmn like; 


the student should rra.son a.s follows: 

Two limres what numlx'r equals one? 

Ah.a,ilV t<Iand.«o the equation ‘2 j «» I’Kas the root J<. 

It is only proper to rrrrark tlial wc are aware of the fact tkat a pT«t 
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many teachers make an excellent use of this intuitive approach to the 
solution of equations. It is also appropnafe to suggest that more work- 
can be done in the early elementary grades, preparatorj* to the formal 
treatment of cquatioas, than is presently the practice. For c.TampIe, it 
becomes quite appropriate to have young children liandic questions like: 

Wliat number added to 5 gives 8? 

and write it as: 

?-b5 = 8 
or 

□ + 6«8 

or 

1 + 5 = 8. 

Each of the symbols *?’, ‘Q’»®od ‘r'isa variable. Voung cliildren, hntv. 
ever, do not need to even sec the word Srariablc’ in order to be able to 
properly understand the role it plays in this context. 

Given an ample amount of practice in solving equations in the intui* 
live fasliion discussed above, given a more complicated t^Tic of on equa- 
tion, the student will soon dbcovcrtluxt his intuition can carr>’ him only 
a short way toward proficiency in solving equations. He nnll soon learn 
to desire more efBdcnt methods. This is the time to suggest acceptance 
of the following properties of numbers (which may be labeled as 'Mioms' 
in some developments); 

PnoPERTT 1 : For every o, every 6, ond erery c, a ^ b if end only if 
o + c = 6 + c. 

pROPERTT 2: For erery a, every h, and every e, o = b (f ond only if 
a X c = b X c (c 0). 

Ju-st a word of c-xplanatlon of the phrase ‘if and only if’. The sLatement 
of Property 1, for example, is actually two sL-itcmcnts in one: 

For everj' a, every 6, and c^-cry c, if c = b, then 
o + c " b + e 
and 

For cverj' a, cverj' b, and every c, if o + c " b + c, then o b. 

Once the student has accepted these properties, ho is ready to liandle 
more complicated equations. I>pt us soh-e, for example, the cqu-ition 
2x + T = 3 3x. 
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Solution: 

2r + 7 =3-3i 

2j + 7 + (—7) = 3 — 3i + (—7) 0>i' Property 1 : ‘2x + 7’ for ‘o’, 
‘3 — 3 j’ for 'b\ and ‘—7* for V) 

2r + + (-7)1 * ~3r + 13 + (-7)1 (by Commutative and 

Associative Principles for Addition) 

2r = — 3x — 4 (l)y arithmetic facts of signed numbers) 

2r + 3r =* — 3x — 4 + 3r 0>y Property 1: ‘2r’ for 'o’, 3x — 4’ 
for ‘h’, and '3i’ for 'c') 

2z + 3x « — 3x -f- 3x — 4 (l)y Commutative Principle for Addi- 
tion) 

Hz = —4 0>y Dislrihutive Principle) 

* " '“’fi 0>y Pniporty 2: 'ox’ for 'o’, ‘—4’ for ‘6’, and for ‘c’). 

It should Ik* pointc<l otit that in the step from *— 3x — 4 -f 3x’ to 
'—Sj + 3x — 4’ the Oimmutativc Prindple for Addition is used ns 
follows: 

-3r - 4 -h 3r « -3x + (-4) + 3r 

» -3x + 3r -h (-4) = -3x -h 3x - 4- 
In going from ‘2x + 3x’ to ‘."ix’, the rtep^ arc as follows: 

2x-h3r«»x*2-f-x*3 (by Commutative Principle for Multipli- 
cation) 

X • 2 -f 3 • r " x(2 + 3) (l>y Pi«tributive Principle) 
x(2 -h 3) •» X • 5 (hy nn arithmetic fact) 

X • h "• oi (by Oimmutativc Prinnple tor MultipViration'). 

Ily placing the Kilution-* of c<|uatinns into 5uch duluctive framcMork, 
wlierc nkal U done ii on l«a«ic principles and axiom*, ruch rnean- 
ir.gle** a* •tnnxp'eilion* oiwl 'cltanging rigrin of nunilKT?*' 

am fTTilm-il ««nc*T~*ar>'. 

Cl-erly rchtrtl u> the cxinccpt of rqtnhty i« the cf>riccpt of nn i'Jc:itity. 
0>ti«M<-r, fnf cxarr.pV, the foU'rwiitg which i* or\liaariIy virwr«l a* nn 
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identity: 

sin’x + cos’x sa I. 

As it stands, the sentence is neither true nor fal«e i)Ccau«c of the rariaMe 
X and the way it occurs. Wliat should Iiavc l)Ocn written to make a true 
Sentence is: 

Tor every x, sin* x + cos* i = I 

which means: 

For every replacement of ‘x’ by a numeral, 

‘sin* X + cos* X = 1* yields a true statement. 
Thus, if ‘x’ is replaced by ‘t’, the senlenec 
sin* T + cos* r a* 1 

is true. 

This and other examples lead us to the conclusion (really, an explica- 
tion, in the language of the section on definition) that an identity is 
8irapl>' an equation with one or more variable*, all of w)in«c repiicrment 
instances are true. It is our claim tlwt the kind of treatment dc'cribed 
here can remove some of the d^flicuI(ic^ students encounter in connection 
with equations and identities. 

MUbTI-MrAMNGS OF WORDS 
It is sometimes pointetl out lb.at imathematics harlwrs amhipuities 
because common words are a*e<l to describe extremely di/ficuJt m-alhc- 
matical ideas. Hence a boeby-prue definition of mathematics: “M,itlie- 
matics is the science nhicli uses ea«y wonls for Iiard ideas."* TIu* »* a 
reversal of a situation which one finds in, for example, chcmbtiy where 
such simple things a.* sugar, stareli, or alcohol go by puch uancmly look- 
ing names as '‘methyJpmj>enyJenedihydroTycinmrornyl.icr>‘J»c ariri, or 
O-anhydroMilfaminolwiiroine, or, protocateclmicaldehydemctliylme."* 
Thu«, 'root' is u«cd in the context of equations and luis nothing to do 
with tlic picture of a thin elongated part of a tree buri«l in llie ground 
which a youngster may cnvbion when he fir^t cnonnifers tlie worth 
Here, a thoughtful te:»cher will cxerciT caution by developing the 
mathematical idea firmly Ix-forc nltempUng to teach the child to «"->• 
ct.atc a word with this idea. rJirfljeTTnore, the pjght of 'a pqam* n-’t' 
should not set one to thinking nliout equations lioeauv ‘nstt’ here i* 
iL'csl to denote another malhemalieal idea. Tlie preference for 
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ins the idea before assomting a word with it becomes still more manda- 
te rj'. 

'Product’ should not send one dreaming about the many wonderful 
fruits of the manufacturer’s labors, but should immediately bring on a 
thought of multiplication. But, beware, it isn’t the multiplication of 
Inctcria according to the rules of nature, but multiplication of numbers 
following tlic rules laid down by the mathematician. ‘Function’ should 
not bring on thoughts of pleasant social affaire or the processes in which 
a healthy gall bladder should engage. And ‘table’ used in connection 
with function should not make your mouth water at the imagining of a 
grand Tliankspung dinner, rather it should turn your thoughts to a set 
of jjairs of numbers. 

‘Power’ is not intended to suggest the sway of some potentate over his 
subjects, or the dark of a room dispelled by the flick of a light switch. 
Rather it ought to turn one's attention to something like 'a** where 'a' 
goes by the name of ‘base’ and ‘n* by the name of ‘exponent’. 

We cnuld go on to the point of weariness In suggesting simple words 
which are used in mathematics to name quite abslmct and rather difli- 
cull Ideas. Pcrlap:^ the mathcmaticiaas should take a Ic&son from the 
rnctlical nun and the chcml«t and invent their own words for matho- 
nutical Ideas to avoid danger of Uic associations already present in the 
case of many words. 

Ir\'in n. Bfunc pointe<l to the d.ingrr of learning words without 
prenous experiences to which to nttneb the wonls (2l8t yearbook, page 
185). Tlius, fccmingly brilibnl redtation of such phrases as ‘Invert the 
dUwf and multiply'; 'Cro^muUiply'; 'Cancel'; Transpore*; ‘Reduce’; 
‘Bring down’; 'Drop the per rent sign and move the decimal point two 
places to the left'; 'Annex the p^r rent sign and move the decimal pwinl 
two places to the right'; ‘Factor complctrly'; 'Double the width, double 
the length, and add'; ‘Dindc the nomlptr following is by the number 
following efi ‘Add the nurnlK-rof decimal placrs in the multiplicand to 
lltc Tiutnl-cr of decimal places in the multiplier’, and ‘fublrari the ntim- 
lirr of decimal places in the divi-^w from tlie numl>er of decimal places 
in the dividctvl, jwJding irrn* to il.e dividend if ncce-'.arj-’ may lie ju<t 
empty trTl»a!l*m«.Tl»cu*erfif tlx**#* phra.*es nuy !u\p no undcfrt.anding 
whst*'^»nrr of tltc xlcas anil prt»^‘»-« which he is ablcfo grncrwi«ly and 
fl.iently to nan.e 

In s-nrious pUers thrvmghoat this clupter, we Lave indicated the im* 
p.rtanfe of umlenUanilirg the distinction U-tween tilings end riames of 
ll.irr*. In the d.'«<-u‘’l.in in lh:« eecri'ia It p>intefl out tint the »tu- 
iLf.t may l«e able to nttrr names t,[ thU^is without ever Vr>/-wiii- any- 



L.\XQtJAOE AND STJtBOLlSM 


309 


thing about the things thcmscK'cs. It is one of the more important re- 
sponsibilities of the teacher to acquaint the student ivith the nature of 
such things in mathematics as number, operation, function, triangle, 
circle, and so on. 

Much of what was said in this chapter was suggestive of f crehing which 
discourages students from uttering phrases which arc devoid of meaning. 
The ability to repeat what one has read or heard the (cachcr s.ay is an 
indication of good memory, but it docs not olTcr a proof of the under* 
standing of the ideas. Learning which is to last and lead to more learning 
must be based on an understantling of things. 

See Chapter 11 for bibliographies and suggestions for the further studg 
and ti$e of the materials in this chapter. 

NOTTS 

1. Mesqer, Kasu The Basie Concepts of Mathemnties. Chicago: The Poolatore« 

Illrnoh Institute of Teehnologj’, 1957 p. 7. 

2. Bass, W. G., and Dowtt, 0. S. Counting and Arithmdie in Uj Infants SeKoal. 

I/)ndon’ George G. Ilarrap A Company, Ltd., 1950. Chsplen VI and X. 

3. Kasver, EoTTAnn, and Newman*, James R. “New Names for OM.” Ths World 

of Halkematies. New York: 6imoo & Schuster, Inc., IWO. Vol. III. p. 1W7. 

4. fin'd., p. im 
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It la convenient to keep tlieold cUsalficntloQ of mathematics 
as one of the sciences, hut It la more just to call it a game.. . . 

Unlike the sciences, but like the art of music or the game of 
chess, mathematics is a free creation of the mind.... 

It is an Independent art, hut, as it happens, it can be 
applied to the intcrprelalion of nature,. . .Everj’ new generali- 
zation giv'cs a sense of power. . .One discover}' suggests another; 
it docs in fact create another.... Mathematics lias a 6clf<rcat- 
ing cnergj*; the direction of nd\-ancc Is determined by the 
point that lias been reached.— J. W. N. Soluva.n* 

THE I.MPORTANXE OF DISCOVEKV 

XnE oncATEST need in our present-day scicntliic age is for men and 
tvomcn who can use their minds as well as their knowledge of mathc- 
m.itics; for men and women who can u.«e their undershanding of the uses 
tliat have already been made of mathematics and apply it to new and 
un.»olvcd problems in phj'sics, biology, astronomy, the social sciences, 
and to new fields of technological knowledge still to be identifiixl. Note 
th.at it is not merely neccssarj' that the individual acquire a Lirge amount 
of mnlhcmalical or scientific knowledge, but Uiat the real test of h» 
ability comes when he Is confronted with a difTicult problem-situation 
in science or further mathematics and is alile to suggest or discover ways 
of finding an answer or the complete solution. 

Understanding of mathematical concepts and some skill with its tech- 
niques an* neccs*.ary to both the appUc.'itlon of mathematics in new situn- 
liom and to the creation of n«*w mathematics, but these undcrsLindings 
and skills are five from fufTicicnLToapply and to invent mathematics one 
tnu«t al*o develop proficiency in ftrehUm Wn'nj or rr/Tertfre MinJh'ny. 
To apply nuthcmatics, and evTn more so to create new mathematics, 
one tnu't not only l>e inlcrr«tcd ond curioii*, but alv> aide and alert to 

• J. tv, N. Fclutsw TA* llitltrf •/ «» E\iropt, /re-i fall tf 

<7'e*t Pipn*r. l/r>n’!fln‘OtfcTil UslTpnitjr 

17:5. P T-10 
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perceive interrelationsbips between apparently different concept?, eager 
and able to see generalizations, analopcs, special cases, and idcalUci- 
(ions. 

Just as there is no single set of rules for problem polving nor any in- 
fallible technique for creation so there is no neat prescription for teach- 
ing them. In general they must be taught implicitly and continuously 
by exaropleand repeated cxercisesrathcr than explicitly by precept. Some 
suggestions for doing this are implicit both in the first part of (^.iptcr 4 
on Induclive Reasoning and in the discu.?sions of discoroi/ teaching tech- 
niques in Chapter 30. In the present chapter rve wish to examine cr- 
plicitly the mathematical modes of thought which lead to successful 
applications of mathematics and to the creation of new mallicmatica. 
We shall do this largely in terms of examples which we hope will simul- 
taneously illustrate the principles we propose and suggest cLvsroom 
procedures which will cultivate in students the ability to create and 
apply mathematics. 

In this area of creation and application, individual differences will 
probably be even greater than cL«cwhcrc. 'Hiis does not in any 6cn«c 
mean, however, that teaching designed to ftimiilate thought and de- 
velop problem-solving ability should be rcserv’cd only for the gifted. It 
docs mean, howet'cr, that it is p.irticubrly ImporUtnt (h.nt the superior 
and gifted students be taught with these objectives in mind. Tor this 
reason wc begin our discussion with comments on some chamctcrl«tic8 
of Ihcfse children and we include In our examples problems and rupgr-i. 
lions which arc particularly appropriate for them at all gnulc levels. 
However, wc would like to emphasize that with proper modifications 
in the amount of help given by the teacher, the rizc of the perceptive 
leaps expected of the students, and the time allotment given to the vari- 
ous steps of the procc.<5.s, off students should rcpeaiedhj and ccmiinumsly 
be "led" to diseover or “invail” mathematical ccmcepls and ideas far then- 
selves. *‘Discor(ry’’ classroom procedures can be u«ctl in developing st.nnd- 
ard c?as.®room materials as well a.? in solving special problem? such a.? 
those we trc.it in this chapter. Such di«co%xrj- tecimiquw help students 
to develop in their ability to think nuithenuitically a.? well as in thHr 
Understanding of the m-ithematics so developed. 

Teachers of mathematics arc facet! with the question of how to iilcntify 
students at an early age who will some day l>o aide .»ucccs*fully to at- 
tack problcmsin the varioassrionce? or branrhe? of knowledge. Tlie well- 
known intelligence quotient appear? to 1« one mean? for identifying 
student? with ability, rcrhnp? in the very nc.ir future, however, it will 
be found Uiat there also e.xL«ls some sort of science or problem-solving 
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A second type of problem is one which may require a certain arnount 
of experimentation and assembling of pertinent data before convincing 
the student that a solution is possible. In case the solution is not unique, 
fuitber consideration may lead to the need for acquiring new techniques 
and operations which have not been studied previously. In his primary 
school days, the writer recalls that his mother received a game which was 
given away with the purchase of a pound of nationally advertised coffee 
(still being sold). The gift conristed of a small square cardboard box 
contaiinng nine counters numbered from 1 through 9 with the directions 
that these should be placed in nine cells of a 3 by 3 unit scjuarc in such a 
way that the sum of every row, column, and diagonal of three counters 
should always equal 15. Every reader will recognize this a.5 the simplest 
of ma^c squares. The game can be presented in such a way that it is a 
challenge to able children at any grade level. It does not require the 
discovery of a formula such as the one found by Gauss but does involve 
examining sets of three numbers, instead of two, whose sum is the same. 
Once the combinations which add up to 15 are listed, it ^rill be found that 
there are only ei^t. Four of these contain the same number 5 w’hicb by 
coincidence fits the observation that the center cell of the 3 by 3 array 
requires a number which must be added in four dillcrent combinations. 
Examination of the other combinations soon indicates why the remain- 
ing odd numbers 1, 3, 7, and 9 cannot occupy the comer cells. ThU type 
of problem has merit in that it suggests the pos.sibility of thinking about 
other sets of nine numbers which would add up to the same sum and 
whether these numbers have to be consecutive or even form an arith- 
metic progression. A radio contest a few years ago made use of this 
modification when it required its participants to list as many different 
gets of magic squares as possible whose key sum for the rows, columns, 
and diagonals was 25 or less. 

The tlurd type of problem arises from situations which result from 
changing the conditions of a simpler one, for example, by adding another 
dtTTKnsion to the problem, or requiring the study of a complete generali- 
zation or abstraction. For example, suppo^ in the lemon problem stated 
earlier we require the purchase of other frmt os well and state a problem 
such as Ihb one: 


oranges 5 cents each, and we insist on spending 

burine^t ‘“i! to 8 or more) and on 

bujrng at least one of each item, arc ots alwasn able to spend it all, and il so 
ntet sets ol combinations of fruit can rce cupect from our original wealth of n 


Similarly, instead of couBniug our attention to the 3 by 3 celled magic 
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are =faiilar, semicircles, segments oC dUpses and parabolas, or arches of 
sine curr-es and cycloids? Will the student who has heard about Fermat s 
last theorem be fooled when asked to replace Pythagoras’ squares with 
cubes? Couldn’t he also he stimulated to generalize the theorem to 
oblique triangles and discover the geometric form of the cosine law? 

A fourth of problem is the one ■which leads to the formulation of 
general principle, or to the conjecturing and eventual proof of specific 
theorems. For example, since the general quadratic can be solved by a 
formula which expresses both roots in terms of the coefficients, is it 
possible to secure formulas for all the roots of a general cubic and quartic? 
Once Cardan and Tartaglia had published their solutions to this ques- 
tion in the sixteenth century, it still took several more centuries before 
the question about formulas for the roots of the quintic and higher de- 
gree equations was found to ha%'e no answer. The famous Xorwe^an 
mathematician, Niels Henrik Abel, at the age of 22, made the discovery 
in 1824 that formulas for the solutions for the quintic and higher degree 
equations were not possible, not realizing that just a few years earlier, 
the Italian physician, P. Huffini, had already found such a proof. 

In this chapter, -we plan to deal particularly with problems of the 
second and third type. Problems of the first type are found in many 
good texts, often at the end of chapters. They are usually more effective 
when they occur in general lists at the end of sections or in the appendix 
and, vshen properly used, become good teaching instruments. In the 
ca.«e of problems of type four, much more attention to the study of ad- 
vanced mathematics is usually necessary before the student and mathe- 
matician achieve the understanding and mastery necessary for dealing 
with them. 

It has already been noted that properly chosen problems not only 
are an effective means of identifying talented students, but that they 
may be instrumental in brining out the important facets of the entire 
thinking proces.s. Hence before describing some of the characteristics of 
other problems, it may be helpful if we ^vc careful consideration to some 
of the eta^ of thinldng that are present when we are attempting their 
solution. This may give us a better insight into ways in which thinking 
power m mathematics is developed. 

THE PROBLEM-SOLVING PROCESS 
The literature on problem eolving and productive thinking uses a 
number o! terms to desenbe some of the levels or stages of development 

Hot incenlim, orimta- 

Hot, OTOTbohm. cmlempUxhm, zUuminalim, aclutim, adaptatim, subsli- 
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luhm, and crcofere colUboraUm. We wiU agree that some 

fnf tanfrr t prominent 

and important in some problems than in others. Also, there are certain 
iwels which are not present in some cases at all. On the other hand 
there are also some problems in which the later stages have never been 
reached. For the purposes of our discussion we will concentrate on eight 
levels which mil be described brieHy iti the paragraphs which foUow- 

1. Presentation 

2. Attention 

3. Observation and Exploration 

4. Classification 


5. Further Exploration 

6. Formulation 

7. Generalisation 

8. Verification and Application. 

Presentation. How the problem-situation is chosen and how it is 
presented to the students are factors which require the closest attention 
in preparing for the development of the thinking process. Unless the 
problem both has the inherent qualities indicating that significant con- 
clusions or solutions are possible or plausible and it also becomes SrmJy 
fixed or registered in the mind, the successive stages in its solution will 
never be reached. There is a dose parallel which we can draw between 
the process of problem solving and the growth of plants in nature. First 
of all, the mind (the soil) must be so prepared or conditioned that the 
problem (the seed) can be easily implanted (sown) in it. Just as the soil 
must have certain composition, texture, food content, moisture, and be 
deep enough for the roots to take bold, so the wind must be in that sf.ate 
of readiness where it is receptive to the challenge, i.e., there is a sense of 
curiosity and a %villingness or desire on the part of the individual to deal 
with the situation. We also know that plants require sufficient sunshine 
and warmth of climate if they are to grow. In like manner we can say 
that the encouragement and interest of the teacher and the home in the 
child’s mental development can do much to encourage proper use of his 
natural curiosity in dealing with a problem. 

Suppose, for example, that we wished to introduce the notion of maxi- 
mum and minimum as found in problems in the calculus to children in 
the intermediate grades. As an inducement to listening to the proposal, 
we might suggest special honors (a blue ribbon for tiie best ansH-cr might 
do) to the student(s) who constructed the largest open rectangubr box 
wluch could be made from a piece of cardboard 5 by 8 inches by cutting 
a square from each comer and bending up the sides. If some reason for 
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producing such a box is required, we could add that we wished to fill it 
with some desirable substance (e.g., sugar or fudge) so that the box would 
contain the largest possible amount. The description of the problem must 
be presented so that a solution seems possible and at the same time we 
want the problem to register in the mind of the child. Also wo are as- 
suming that at the time the problem is stated, a certain readiness of the 
mind to cope with this problem has been attained, i.e., the child under- 
stands how to take measurements to eighths or tenths of an inch, he has 
mastered addition and multiplication of fractions and decimals, and 
knows how to apply the formula for the volume of a box when the 
dimmstons are known. We also assume that he has had experience in 
cutting paper and m making boxes by folding paper or cardboard and 
taping 0^ pt^bng the rfges together. mOe any other convenient dimen- 
sions for the cardboard may be chosen, we have selected the present ones 
because the maximum value for the side of the square is a rational 
mobtmf expelienting wito tUs 

bv uTneh^ t' t, of 8}^ 

of the cut-out square would be (5 -b 8 - 7)/6 -"rTl,’' 

ever, IS unlikely to arrive* if t i ^ student, how- 

haps not at all unless prodded and'^^lS i""*'' 

return to his process.^. nisults. Let’s 

the Icvd which Mows >'‘‘orcst, 

natural curiosity. lie may ask to bnc ^ stimulation to the child’s 

restated. As bU mind wL to 1- ‘ho Problem 

may wonder out loud or to himlilf on thc°n'^'“hT ’’''ohlem, he 

m.ny want to sec a demonstration or mav L “ “'"Uon. He 

a piece of paper and make a model of hi. ‘'^‘o bike scissors and 
have some pieces of paper, 5 by 8 ineh^ °T"’ ‘eeeher will 

tn order that even- chiirnlay- cx4i?„n^’ ''™«”'>lc 

folding up the sides of tlic box cutting out squares and 

-r sprouts i„ the fimt 

one should not tai concerned if ‘he same way, 

-■.oment a nen- a„d romcuhal dW™,t proMe" " “““ ‘ho 

t ‘’'“h'enr « proposed. Problems 
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require a period of time during which they can germinale in the subcon- 
scious or unconscious mind. Sometimes the teacher succeeds in hastening 
this period by raising certain questions which help to generate thinking. 
An attitude of inquiry and a flow of questions should always be en- 
couraged. 

Observation and Exploration. A angle attempt at a solution is 
usually not enough. After several trials, it is possible to compare results. 
In this box problem, calculation will show that the contents differ as 
the height varies. Small squares inch on a side cut out of the four 
comers of our paper will produce boxes which have large bases but are 
low in height. Squares 2 inches on a side will produce boxes mth a 
smaller base but greater height. Some limitations on the dimensions will 
soon be evident, such as finding that the height can never exceed 
inches. Such results should be recorded so that possible changes can be 
observed or new ways for exploration can be suggested. 

In using the term observations, we should note that we are not referring 
merely to what the eye sees, i.e., the actual cardboard box, but rather to a 
listing and examination of numerical and factual data which have been 
obtained from experiment and/or from calculations. The operation of 
recordmg these facta makes an impression on the mind which in turn 
may lead one to raise further questions or to make pertinent comments. 
Recorded facts can be compared with others. Euler stressed the im- 
portance of such observations when he wrote: 


It wiU seem not a little paradoxical to a great mportance ^ obsen^ 

tons even in that part o( the mathematical iciences which is usnally rall^re 
Mathematics, since the cuireat opinion is ttot 

nhvsical objects that make impressions on the senses. As we mu-t refer t e 

Sumbera to the pure intellect alone, we can hardly 

and quasi-experiments can be of nse in “”5 

Yet, m fact, . . . the properties of the numbera kno™ '“If 

discovered by o^servaton, and tog 

eonlimed by "S'd P ^ us to their knowledge ... in 

Even the secondary school student in ^ 

aware that there are some eSmpr^^ 

gone beyond ‘>‘= etren number he thought of was 

Goldbach observed m 1742 that ^ery 4 s 3 -fl, 

the sum of two prime "“f fhe obscr^-ation-s that this 

10-7-1-3, and so on. nor any other ma.he- 

was true of all even numbers. • 
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matician has been able to prove it or to find the single counterexample 
which would disprove it. 

Classification. At this stage, we take stock of our progress. Some 
sptematic way of organking or tabulating our results may help. Some- 
times a graph can be used to advantage. The individual who has acquired 
a desire to present his observations in an orderly and logical manner 
has found this stage to be an aid to a better understanding of the solu- 
tion(s) of the problem. 

In our bot problem, we would list the length of the side of the cut-out 
squares in one column and in parallel ones show the corresponding length 
and width of the base of the box. Another column would show the calcu- 
lated volurncs. A study of the variation of the successive items might 
even reveal errors in calculation or in measurement which might mt 
have been discovered otherwise. ^ 
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of the calculus is mereased. In the case of the lemon and orange problem, 
we could change the prices to those listed currently in the markets and 
again find patterns which involve arithmetic progressions. 

Formulation. This is the period during which various hunches or 
conjectures are suggested. Hence it might well be called the hunch- 
period. It is here that the mind b^ns to set up certain conditions and to 
draw some tentative concltirions which may result in theorems requiring 
proof. Some observations may suggest a single formula which will cover 
all cases. Possibly this is the stage that Polya has in mind when he 
says "Let us teach guessing.” On the other hand, at this point it may appear 
that the ori^al problem is too broad or involved and that it is advisable 
to examine certain subcases or to modify some of the conditions. Then 
again it may be here that some extensions of the original problem seem 


possible. 

We have already referred to the particular Diophantine equation 
which arose in our box problem. The possibility of the existence of 
this formula can be expected from the special case we have used and 
further knowledge of maxima and minima as studied in the calculus. 
Hence a by-product of this box problem is the study of this and similar 
equations. 

Generalization. This level may appear m a number of different 
forms depending on the amount of experience and knowledge which the 
individual has acquired, but teachers should always encoum^ students 
to look for generalizations and extensions of each realt obtamed or 
theorem studied. For example, when dealing with the relation 
a‘ + V = A one may desire those values lor a, b, and c which ore mte- 
gem such as the sets 3, 4, 6 or 6, 12, 13. In tlmt case, the rftimale generah- 

zation consists of the theorem that the setoftonumbem a 

*1, T +5 «t,o - n* 6 = 2mm, and c = m* + n» where m 

:"mll"^eandm> n,wiffai;a^ 

a" + h* = <4 anch further, all triples of integem having tins propc^ 

canVdete^ed\hiaway.However,some_studcnmwdu^^^^^^ 

that aU numlmrs n, b. c, it themselves 

have the Pythagorean ,1. ^ as they find a eet of 

does this give all the nllimatc fomiub will 

triples not of this simple tjTie, the searen lor 

be on again. . a ™ ronriderine the possibility that o 

Suppose on ‘te ‘‘“f .^hen we am led to the generalization that 
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if we assume that a and 6 are integers and c is not. In this case, we reach 
the conclusion that a prime of the form 4n + 1 can be represented as the 
sum of two squares. A generalization of the last statement but of higher 
order is the statement that a prime of the form 4n + 1 is only once the 
hypotenuse of an integral-sided right triangle, its cube Is three times, and 
so forth. 

As soon as the student has become familiar with the fundamental trig- 
onometric identities, he finds there are even irrational values that can be 
assigned to a and 6 in the relation a* + 6* = c* and still produce a value 
for c which is integral; e.g., when a and 6 stand for the sine and cosine of 
the same angle, c is equal to 1. Here he even finds a generalization which 
had not occurred in Euclidean geometry; namely, that either a or 6 or 
both can be negative. Hence, important generalizations for all real num- 
bers arc discovered as one’s mathematical knowledge is extended. 

A geometric generalization of this theorem was suggested earlier when 
we noted it is still true if we replace the squares on the sides of the ri^t 
triangle by regular polygons or by semicircles. Another substitution in- 
volves similar triangles on each of the rides, and that in turn raises the 
po«ribility of using similar polygons. Many other generalizations of this 
type can be found. 

Pi-thagorean relationships may also occur between the elements of a 
set of geometric figures. The sides of regular polygons of n sides inscribed 
in the same circle provide an example. If, as represented in Figure 1, a 
and h arc a.65ociatcd with the sides of a square, 5* , and of a hexagon, S* , 
inscribed in the same circle, and c represents the side of the inscribed 
equilateral triangle, St , then a’ -1- 6* = c* again. Another set of related 
sides is shown in Figure 2. If St, St, Sio are the sides respectively of 
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the regular pentagon, hexagon, and decagon inscribed in the same circle, 
then 5io + Se = . A student noting these properties may wonder 

whether there are similar combinations of other regular polygons in- 
scribed or circumscribed in tiie same circle. 

The study of certain geometric curves may have its beginning in this 
same Pythagorean relationship. As an example we consider a right tri- 
angle with legs Oi and bi aod h3T)otenuse ci , on whose hypotenuse we 
construct another right triangle whose leg flj = ci and such that the legs 
are in the same ratio as those of the original triangle. As this process is 
repeated (Fig. 3), each new vertex obtained can be seen to lie on some 



curve which turns out to be the logarittauc spiral 
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uses or applications which can be found for properties which have been 
discovered. Its usefulness during various periods of history and in ap- 
parently unrelated areas is also a measure of its importance. The fact 
that the Pythagorean theorem is found on old Babylonian clay tablets of 
about 1800 B.C. and that at about the same period Egyptian surveyors 
used 3-4-5 triangl(s to lay out right angles indicate its usefulness from 
the very earliest daj-s of recorded history. This same theorem is not only 
basic in such more recent and advanced mathematics as the analytic 
geometry and calculus and in situations arising in the various sciences, 
but we also find it applied in art where the whirling-square principle is 
developed in the theory of dynamic symmetry. One of the simplest dis- 
section puzzlw Ls one which requires that a set of geometric pieces be 
arranged in the form of a square and then reassembled to form two 
squares whose sides are not necessarily equal. 

In the pages which follow, several additional problem-situations will 
be presented in detail to illustrate more clearly the successive steps that 
can take place in an exploratory study. Every teacher should realize 
that many of the topics usually treated in the elementary and secondary 
school courses in mathematics may be introduced and developed by the 
u.‘^5 of similar problems. One should remember, however, that the na- 
ture or choice of the problem and the manner in which it is presented 
arc of the greatest importance. These factors also must be geared to the 
age level and experience of the group or individual. 

HOW TO CUT A SANDItTCH INTO HALVES 
1. Presentation. Tlie thought behind this problem is that the aver- 
age person or well-known ^fan-^n^the^Strcct takes it for granted that 
c\itting a sandwich (made from slices of a square loaf of bread) into 
halves can be done in two and only two waj-s (Figs. 4a and 46) : either 
a cut made parallel to one edge of the sandwich thus producing rectangu- 
lar halves or a cut across l\ic diagonal resulting In halves In the shape 
of an i'o<^cles right tri.atiglc. The first is probably the more popular of 
the two and rwjuires the .shortest line, hut in both cases the halves of our 
idcalizctl square sandwich arc congruent. By nit we mean that line which 
separates the planar b.ase of the sandwich into two equal parts. Wc arc 
not conremeil here with a three dimensional approach to caraing the 
s.andwich, c^iiccially if it should lie of the triple decker or higher deck 
vnrietyl 'fliis would lie a natural and more difficult generalization of the 
problem we li.ave eho^on to work with, 

.«ome a^p-vts of this proUlem-sUiuvtion may have been noticeil hy the 
child in prr^cliof)! cxivnenrcs. One mother, for example, reports that 
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she used to cut slices of toast for her children in various shapes and sizes 
and used these not only as an incentive for eating but also for counting 
experiences and for developing acquaintances with various geometric 
shapes and their properties. At fiist, her ingenuity in obtaining varia- 
tions in shapes and sizes was somewhat taxed until she disco^'ered that 
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hands of cvcrj* cHld with the eu^^ion that he attempt to fold the 
squares in the two ways indicated. Thus the feel of the straight-line cut 
is stressed and at the same time the learner may get a better understand- 
ing of the meaning of halves. 

The problem part of the question can now be emphasized: Are there 
other straight-line cuts which will produce halves? If the child has had 
some experience with straight lines, then the question could be broached : 
Could these straight lines be modified so as to appear as broken lines and 
still produce halves? For an older child with an understanding of broken 
lines, the question can stress the posability of using cuts which are not 
straight. In a high school class which has studied the areas of polygons 
and of closed eurv’es, this presentation can pose the possibility that the 
halves need not be congruent. 

Once the question is proposed, one should not expect a general rush 
to the latchen with the intent of cutting up large supplies of bread slices 
for experimental purposes. It should be noted, however, that unless the 
presentation is so planned that the listener’s mind is activated, i.e., begins 
to realize the possibility of the ejnslcnce of new situations or solutions, 
the actual purpose here of getting the student to master various proper- 
ties of geometric figures will not be attained. 

2. Attention. In the earlier grades, it is important to have the child 
use concrete materials. Some children arc capable of making sketches 
of squares which arc quite satisfactorj’. If the child has had little experi- 
ence in handling squares, it may be necessary to provide him with some 
three- or four-inch squares cut from squared paper which is ruled at half- 
or quarter-inch inteiwals. (These can be prepared easily from mimeo- 
graph .steneik or from carbons used on other reproducing machines.) 
He can then count small squares and trace lines in such a way that he 
will have an equal number on each side of the trace or cut. He will soon 
notice a onc-to-onc correspondence between the small squares on both 
sides of this cut. 

One of the first dkcovcrics will probably be that if a line is drawm 
from points on opposite sides of the square and the same distance from 
diagonally opposite vertices, then thb straight line will produce con- 
gnicnl trapezoids. (See Fjg. -Ic and note that our first two solutions were 
really Fpeci.al c.a>es of this one.) Young children may have to cut the 
paper square apart in orxlcr to t>ecome convinced that the parts arc 
con^^rnt or cruial. However, if such a result Is not immediately forth- 
coming. some additional time may l»c needed and it may l>c well for the 
trarlic r to h.avc extra paj^r wjuares available for practice purposes. TIjc 
greatest l>cncfil to l>e dorivexi at this stage accrues when every mcml>cr of 
th** group is able to report his or her di«eovcry at al}Out the s.ame time. 
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A comment on the value of experiences vnth paper-folding for children 
m the early grades is in order here. Japanese children, at an early age 
lor example, work with four- or five-inch paper squares cut from ver 3 ' 
thin paper, and the first fold made in most of their further projects is 
that of folding the square along a diagonal. Their ability to fold and re- 
fold parts of the square to form certain common figures (bird, monkey, 
box, balloon, elephant, and so on) requires the use of geometric figures 
throughout and the intricate patterns which result are real pieces of art- 
ful workmanship. While carrying on this paper-folding, called origami,^ 
the Japanese child becomes well acquainted with many properties of 
geometric figures which are here being introduced and stressed in this 
problem-situation of the sandwich, but which he may study formally 
later in his course in plane geometry. 

3. Observation. As soon as several different solutions are reported, 
the problem bepns to reach this next stage. At first it may be noticed 
that there are quite a number of pairs of points on opposite sides of the 
square which are equidistant from the opposite vertices. This may be 
followed by the discovery that all of these lines, when shown in a given 
square, have one point in common, i.e, the center of the square. How 
long will it be before a student, in tearing or cutting the paper along this 
fold, will notice that if he digresses a small amount away from the fold 
in one direction he can restore the equality of the two areas by digressing 
an equal amount in the other direction from the fold? 

Some children may feel that the half in the form of a rectangle is larger 
than the trapezoidal or the triangular one. They should be challenged to 
discover whether this conclusion is true. In seeking such 3'crlficaCton, the 
child may find it when he places the triangular or trapezoidal half over 
the rectangular one and notices that parts of each overlap the other or 
are common to both and that the remaining parts are congruent. 

Students in upper-grade classes may discover the floating figure prin- 
ciple which can produce halves. For example, when the comers of the 
original square are folded so that they form isosceles triangles and the 
original vertices meet at the center of the square as in Figure 4d, it mil 
be found that a new square is formed which is just one-half of the ongina! 
one. If we think of releasing this new square from its points of contact 
with the sides and aUow it to float around inside the original square, then 
the remaining or uncovered part of the original square forms the swond 
piece of the sandwich and can also be called one-half of the ongmal 
square. This is a case of appljring some take-away subtraction since 


Ot^r floating figures can soon be imagined. Students with cxpencnce 
with regular polygons of more than four sides, can dclcrmme whether 
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these can be used as floaim figures also (Fig. 4e). A real challenge to 
the understanding of any hi^ school student with ability is the question 
-n-hether this floating figure could be in the shape of an equilateral tri- 
angle. A test {or their understanding of the formula for the area of a 
circle can be pro\nded by requiring students to find the length of the 
radius of a floating circle— the hole in the sandwich— which equals one- 
half the area of the oripnal square. 

Another position for the floating square is to think of it as being shoved 
into one comer of the original square, thus having two of its sides and 
included angle in common (Fig. 4f). Children accustomed to using com- 
passes will note the possibility of drawing an arc of a circle, using one 
vertex of the square as center, thus producing a quarter of a circle equal 
to half the ori^al square. 

Cases where certain suggested cuts cannot produce halves should also 
be observed. A good illustration is one in which we think of a single bite 
made into the sandtvnch starting from one side of the square and making 
tins Kle in the form of any triangle whose third vertex does not Ue on the 
opposite side. Such a bite could not be a minor segment of a circJle but 
variations of major segments are possible. Or, supposing that bites are 
made by parabolic dentures, one could practice with the area formula to 
determine the dimensions of a segment of a parabola which the fictional 
Paul Bunyan would have had to have cut out if he wished his first bite 
of a sandwich to have been onc-half of it. 

The challenge of these obser\'ations lies in the variety of situations 
which the imagination can produce. If the original squares are cut from 
cardboard of the same thickness, it should be possible to demonstrate 
^s•ith a set of beam balances that, no matter what their shape, the halves 
are always equal in weight. This of course will not furnish proof in the 
sense of mathematical lope, but it will furnish a verification of the stu- 
dents’ conjectures and may at the same time be the stimulus for a valu- 
able introductory discussion of the diflerence between proof and verifica- 
tion, deduction and induction, as discus.=ed in Chapter 4. An interesting 
classroom display could be prepared by constructing mobiles in which 
the parts were all halves of the same square. 

4. Classification. Some forms of classifj'ing results have already been 
noticed as we have listed some of our observations. Our first thought w’as 
in terms of cuts which produced congruent figures with a straight-line 
cut through the center. However, other congruent figures were possible 
if dipes^ions from such straightdine cuts were made in a symmetrical 
fjuhion using the center of the square as a point of symmetrj'. These 
cuU could also be included under those involving broken-line segments. 

Another classification could be dc\*eloped which involved the floating 
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figure principle. At first these figures were thought of as squares and 
regular polygons of more than four sides. The circle becomes the limit 
for such polygons. However, polygons which are not regular could also 
be considered and the possibility of using ellipses and Iima?ons need not 
be excluded. 

The bite principle may be considered either from the comer of the 
square or as originating on one of the sides. These bites can be separated 
into those cases in which all lines are straight and those in which some 
lines are curved. The use of such curves as the parabola, hyperbola, 
catenary, cycloid, and sine curve could be proposed. Some ways of using 
an Archimedean or exponential spiral might also be suggested. A figure 
in the form of the snow-flake curve described by Kasner and Newman* 
■would capture the imagination of some students. 

5. Further Exploration. Part of this stage may require a certain 
amount of calculation. For example, a study of perimeters can be made 
based on the amount of original crust which each of the two parts pos- 
sesses. We might impose the condition that the two parts have crusts 
which are in the ratio of 1 :2 and study what limitations this places on the 
problem. The study of these ratios may be generalized to the form of 
a:b later. 

The need for the study of integral calculus may be noticed if we con- 
sider halves enclosed partially or entirely by some of these curves. How 
to approach the question of the areas of segments of such curves could 
become intriguing, too. 

Part of this further exploration will result from "what if you should" 
questions. For example, what if we should cut the sandwich into thirds, 
fourths, or fifths, or cut the general square into any number of equal 
parts — would we be able to use the same principles regarding cuts? 

Another direction our problem might take would be to substitute an 
equilateral triangle or other regular polygons for the square slice of bread, 
ultimately including the circle also. Various of the quadrilateral figures 
such as the rectangle, rhombus, parallel<^ram, and kite could be used. 
Some students will note an appheatiofi of the floatiny square fn case the 
original figure is a quadrilateral and the half is found by using the paral- 
lelogram formed by joining the midpoints of the sides successively. 

6. Formulation. Some general principles that may be formulated 
were already suggested in the observation stage above. There we found 
that any straight line passing through the center of the square produces 
two congruent figures. Symmetrical digressions from this line also pro- 
vided congruent figures. Equal area digressions or nonsymmetrical ones 
may produce equal figures also. 

It has been quite evident that halves need not be congruent but are 
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always equal. Also straight lines need not be used for cuts but the loca- 
tion of cur\’ed lines requires careful calculation and will not produce the 
accuracy which recUUncar figures can attain. 

7. Generalization. A succession of generalizations has appeared as 
this problem-situation was investigated. The conventional cuts of the 
Man-in-lheSlreel are merely special cases of the general one that any 
straight line drawn through the center of the square divides it into two 
equal parts. Certain di^ssions from these lines not only introduce prop- 
erties which can be assigned to broken lines but indicate the opportunities 
which other mathematical cur\'es present. 

The bite and the floating figure principles lead to the best generaliza- 
tion of all: that any line — be it straight, broken, curved, or closed — could 
be thought of as moving across the plane to the square, then coming in 
contact n-ith a vertex or moWng across a side, and continuing across the 
square until it had reached a position where two distinct and equal parts 
of the square are evident. 

8. Verification and Application. That two parts of a square of dif- 
ferent shape but equal size can be found, required an understanding of 
area as enclosed by the lines already mentioned. llTiere the two parts 
arc bounded by straight lines only, the knowledge of areas of various 
polygons as dcN’elopcd in pboe geometry should be sufficient to verify 
the conclusions that have been suggested. In the case of areas partially 
or entirely bounded by other plane curv'cs, the need for the calculus is 
soon noted. 

Some application of properties found in Ibis problem-situation is seen 
in certain figures of the jigsaw tjqM*. Here, there arc opportunities for 
the child to become acciuainted with fractional parts of a given square — 
fourths, eighths, pixloentlis, and so on, as well as thirds, sixths, twelfths, 
fifths, and scvcnllis. He might be led to consider the case where a figure 
is separated into two parts which are in the ratio of a:b. Children in the 
early grades need such experiences with fractional parts of geometric 
figures including the circle. Actual handling of such concrete parts should 
prove valuable in preventing some of the absurd results relating to frac- 
tions which children often report in their practice exercises. 

An extension or application of some of the properties of this square is 
found in the famous Chinese puzzle of seven pieces, the so-called tan- 
gram. Tlij? puzzle is sold in toy stores under various trade names 
(Hr. 45). The square (usually about 2 ^ inches on a side) is separated 
into (c\cn pieces, two of which arc right isosceles triangles each equal to 
one-fourth of the square; tl.rce more pieces are in the form of a square, 
an Uosceles right triangle, and a parallelogram each of which equals 
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one-eighth of the square respectively; and the two remaining pieces are 
isosceles right triangles each equal to one-sixteenth of the square. Chil- 
dren in the earliest grades can make the parts either from a drawing on 
squared paper or by carefully folding a square along the lines shown 
in the figure. A good insight into the equality of figures is gained as 
two, three, or more of the pieces are tested to determine whether squares, 
trapezoids, parallelograms, or triangles can be formed from these pieces. 
H. E. Dudeney’s Canterintry Puzzles and Other Curious Problems^ con- 
tains illustrations of other figures which are not necessarily mathe- 
matical in design but all of which are equal in area. Perhaps some of 
these arrangements anticipated several works of modern art. 

Another dissection which is used less frequently is the Loculus of 
Archimedes shown in Figure 5. Archimedes may have aroused a raathe- 
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Fig. 5. The Loculus of Archimedes The square is divided into 14 parts with 
rational areas. Points Z, N, E, M, C, H are midpoints. TH is perpendicular to 
BG. K is the intersection of AH and BZ, O is the intersection of BC with DG. 

matical interest among such royal friends as King Hiero of Syracuse or 
King Ptolemy Philadelphus of Alexandria by challenging them to 
entertain themselves and their guests by reassembling these fourteen 
pieces in various stimulating patterns. These pieces can be expressed 
as multiples of 48ths of the original square, i.e., they appear as ^8» 
Hs, Ks. and Ms- Once these fourteen pieces have been identified, 
many different arrangements of these pieces could be discovered which 
total of the original square. Making sketches for the cases w’here 
these parts have sides in common and where they could be thought of 
as being encased within a single border line could become another 
interesting diversion. At the secondaiy level, proof that these fourteen 
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pieces do actually bear the relationship to the whole indicated by the 
fractions listed above can test the mathematical inpnuity of the best of 
our present-day students of high school mathematics. 

THE FOUR COLORS-FOUR NUiMBERS PROBLEM 
1. Presentation. This problem-situation arises from the question: Is 
it possible to take sixteen soldiers — call them Al, A2, AZ, AA, Bl, B2, 

D3, and D^—repTesenting four different companies (A, B, C, and 
D) and four different ranks in each company (1, 2, 3, and 4) and ar- 
range them in a square formation of four men to a row in four rows in 
such a way that no two soldiers of the same company or rank are placed 
in the same row, column, or diagonal of the square? Another V'ersion 
might be: Can ^teen class or room officers from four different classes 
or rooms (freshman, sophomore, junior, and senior) each havdng four 
different officers (president, vice-president, secretary, and treasurer) be 
seated on an auditorium platform in a square arrangement consisting 
of four rows of four chairs each in such a way that no two classes or 
offices are represented in the same row, column, or diagonal? In this 
case these sixteen indmduals could be designated by symbols such as 
P-9, F-9,S-9, r-9, P-10, F-10, ••*, P.12, •••, TA2. 

A colorful way of presenting this problem to a class or group is to 
use a set of sixteen square cards cut from cardboards of four different 
colors with the numbers 1 through 4 marked on separate cards of each 
color. (Stapling a piece of masking tape on the back of each card, with 
the gliehti side exposed, makes it possible to press the cards against a 
blackboard or window pane and move them about as desired. Small 
plastic circular discs with adhesive on both sides, now available com- 
mercially, may also be used.) 

Another way of presenting the problem is to use four sets of regular 
polygons of 3, 4, 5, and 6 sides respectively drawn on cards with num- 
bers 1, 2, 3, and 4 appearing inside the respective figures. A teacher 
could prepare these figures on a mimeograph stencil and give the chil- 
dren an opportunity to arrange the cut-out pieces on their desk or work 
with them at home. 

2 . AUenlion.An“allthumbs”approachusedbytheteacherin trying 

to find a solution can easily arouse the attention of the children in the 
middle and upper grades. In the first demonstration, the teacher may 
place the cards or the symbols on the board so that some rows and 
columns seem to meet the requirements and give the impression that 
t{ Glmo8t uorlti. The teacher may use chalk in four different colors which 
has the advantage that erasures can be made readily. Likewise the 
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children may choose colored pencik or crayons, say, blue, green, red, 
and yellow, and write the numbers in the sixteen cells of a 4 by 4 square. 
They will find this method cumbersome after a while, however, because 
changes are hard to make. ’IVhen the students themselves suggest the 
possibility of using symbols in one color, they ^\t 11 be discovering a 
lesson on the importance of a wise choice of symbols as this relates to 
the development of mathematics. One notation which they may suggest 
is to use Bl, B2, jB3, and B4 to represent the four blue cards; G\, G2, 
GZ, and ff4 to represent the four green cards, and similar symbols for 
the cards in the other two colors. 

It may be well to allow several days to elapse before going on. Stu- 
dents should be encouraged to hand in a copy of their solution as soon 
as possible and asked to indicate the approximate amount of time they 
spent in finding it. Some in the past have reported successes in less 
than fifteen minutes while others have persisted for two or three hours. 
At tlus stage, it is important to allow every person as much time out- 
side of school as he cares to take so as to insure as many successes as 
possible rather than to hurry on to other aspects of the problem. 

We are primarily concerned in observing ways in which learnings take 
place. Hence the teacher should lend encouragement but refrain from 
describing the solution herself. Showing a class or an individual koto 
defeats the purpose and may result in loss of attention as well as in- 
terest. Time after time it has been noticed that those students who are 
shown answers either try to remember how the solution is obtained or 
lose interest in it entirely. This problem is not a diCBcult one, once a 
method for its solution has been discovered, and it provides elementary 
school children opportunities to develop their reasoning powers. 

A trial and error approach to a problem has always been one of the 
first ways of investigating some new problem. Unfortunately it takes 
time and often leads to disappointments but frequently it is the first 
approach to the study of new problems. Persistence is one of the abil- 
ities often listed as an aim of mathematics education and this present 
problem may well prove to be a measure of the persistence of some 
individuals. 

3. Observation and Exploration. Alert students may notice a 
parallel here with the requirements for the formation of a magic square. 
The sum of ev’ery row, column, and diagonal is always 10 with the added 
feature that colors are not to be duplicated. It is hoped that some stu- 
dents null begin to wonder whether this color feature can be translated 
into mathematical terms. If so, they are recognizing a parallel which 
arises in the art of programming for electronic calculators. 
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monaver a systematic approach is reported, it is usually found that 
it suggests placing tour cards of different numbers and colors m one of 
the roiv's, columns, or diagonals. In Figure 6a, cards Bl, G2, i?3, ami 
have been placed in that order in the first row. Our next intent was to 
place Gl and B2 in the second row. Then the remaining cards for this 
row had to be i24 and 73. Most persons report that after a certain 
point, the remaining cards just fall into place. This phenomenon sug- 
gests that there may be certain mathematical laws which apply here. 
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Another obseiT'ation which it is hoped will be made is that groups of 
four cards representing four different numbers and colors may be found 
in other positions besides in rows, columns, and diagonals. For example, 
in Figure 6o, the four comer squares satisfy this condition, as do also 
the four center squares. Elementary school children have a wonderful 
time noticing other such groups. The art of discovering such patterns 
is another one of the aims of mathematical education and is definitely 
one of the facets of the learning process. 

4. Classification. After several solutions have been reported and 
examined, two questions may arise: <l) What constitutes a different 
solution? and (2) How many different solutions are there? In the case 
of the first question it will be agreed that if a given solution is rotated 
throu^ an angle of 90" in either direction or through an angle of 180" 
that the resulting square is essentially the same a.s the original. In fact, 
one criterion forcla-ssification may he based on whether the same relative 
order appears except for a cyclical change in the elements. For example, 
if we take the first tno rows in Figure Ga and rewrite them below the 
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third and fourth rows, we obtain another solution, since the diagonals 
are different (Fig. 66). The order in the rows and columns is cyclically 
the same so this new square belongs to the same group of squares as 
the one in Figure 6a. Similarly if we think of beginning a solution by 
moving every element to the left and up one space starting with the 
element YZ in Figure 6a, placing H4 at the end of the new first row, 
moving the original first row into the bottom row, and making similar 
cyclical replacements for the other elements for the fourth row and 
column, we obtain Figure 6c. 

At this point it may also become apparent that comparisons may be 
made more readily if the cards are designated in some orderly or sys- 
tematic fashion. An improvement in our use of symbols may make 
further study easier. Instead of using abbrevnations for colors, it may 
be well to return to the letters used in the original designation of the 
soldiers in companies and use Al, A2, " Z>4, or something like 1-1, 

1-2, 1-3, • • • , 4-4. The former of these two seems to have some advantage 
at this stage. One should not ignore, however, the fact that the earlier 
use of colors has provided a worthwhile element of interest in this work. 
If our study of this problem had involved the fact that we wanted to 
know how to get a solution and then how to use this method to solve 
other problems like it, then we might have adopted some best notation 
at the very beginning. But if we believe in the importance of the suc- 
cessive stages of the learning process, then the repeated modifications 
provide us with experiences parallel to the various improvements and 
refinements which the mathematicians and scientists discover as they 
carry on the continuing phases of their investigations. 

5. Further Exploration. One consequence of the preceding stage 
is the fact that new questions which need further investigation begin 
to take shape. Not only are we asking the question at this point, “How 
many different solutions are there to thfe question?” but we wonder 
about other questions such as, “Is it possible to determine the number 
of solutions by using some mathematical formula and without making a 
tabulation of all of the possible solutions?” 

We are led also to the realization that certain phenomena need to be 
explored further. Such is the case with the observation that after a cer- 
tain number of cards have been selected, the others seem to just fall 
into place. Suppose we select the four cards Al, B2, CZ, and J54 and 
place them in the first diagonal in that order (Fig. 6d). If we select A2 
as our fifth card, we find that it can be placed in only one of two posi- 
tions, i.e., in the fourth cell of the third row or in the third cell of the 
fourth row. Jf we decide on ihe former, xns find that the only card we 
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can choose for the second of these portions is Bl, i.e., there were only 
two positions possible for the fifth card and only one for the sbcth. In 
fact, once these six cards are in their correct position, the remaining 
ten find themselves assigned to unique places (Fig. 6d). 

The possibility of determiiung whether there are other approaches to 
producing solutions needs to be explored also. One might consider 
placing the four cards Al, B2, C3, and 7>4 in the comer positions or 
in a block of four in one comer or in a center block and then determine 
whether the remaining cards occupy unique or semiumque positions. 
Or one might consider the famous fmighfs move used in magic squares 
of odd order. That there is some sort of knight’s move principle present 
is noticed in Figure 6d. Using this movement, we can start from A1 
and locate X3 and from the latter position on using the same movement 
locate both A2 and A4; likewise starting with B2 we can use this same 
movement to locate B3 and Bl and from the latter position obtain the 
place for J54. Similar locations follow from the C3 and Z)4 positions. 

6. Formulation. The various stages involved in the development of 
solutions to problem-situations are not always clearly separated from 
one another nor is there necessarily a continuous path from one to the 
next. In our present exploration, we noticed that, in our 4 by 4 
square, making a selection of a certain set of four elements and placing 
these in key positions was an important factor in the solution. Thus it 
may be possible for us to propose criteria for the selection of four ele- 
ments and to indicate the conditions under which a solution may follow. 
Perhaps it will be possible to suggest ako the various patterns for other 
solutions related to this one. 

7. Generalization. Some students may wonder why the three colors- 
three numbers problem was not considered and they may have satisfied 
their curiosity on this score. On the other hand, a set of twenty-five 
cards for the five colors-five numbers case can be arranged in many 
solutions and may be studied in a manner similar to the one presented 
here. Unfortunately the ^ by six case cannot be solved— a fact dis- 
covered by the famous mathematician, Leonard Euler. Certain larger 
square arrays have been solved and their study can prove profitable 
for the able and ambitious student of mathematics. 

8. Verification and Application. Proofs for some of the proper- 
ties which have been indicated require mathematics beyond that gen- 
erally studied at the secondary level. 

The simplest application of the oripnal solutions for the 4 by 4 square 
is to the development of magic squares of order 4. If the consecutive 
numbers in one color are simply written as the first four numbers, and 
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the same consecutive four numbers in another color are written as 5, 6, 
7 , 8, and so on for the other two colors, and these numbers are substituted 
in the solutions found, the resulting squares will be of the magic type. 
Not only will the sum of every row, column and diagonal be 34 but 
other groupings of four squares, as already indicated, will provide pat- 
terns producing the same total. 

Another interesting application is found in the theorj' of Graeco- 
Latin squares. An agricultural experiment may involve testing four 
different varieties of com in combination with four different soils or 
fertilizers but under the same climate or weather conditions. Not only 
can the separate combinations be studied, but the yield of a particular 
type of seed or of a certain soil may be shown to be superior under all 
conditions. Other applications are found in statistics and topologj'. 

PRIME NUMBERS 

Introduction. One of the most fruitful fields for developing mathe- 
matical thinking is in the study of number theory. This is probably due 
to the fact that many questions about numbers require very little 
mathematical theory before one can appreciate the nature of the rela- 
tionship involved. There is also a certain appeal to the imagination 
here. Even little children, after they have learned to count, like to talk 
about millions, quintillions, and trillions, not knowing which is larger 
but enjoying the appeal that bigness of numbers seems to have to them. 

Some of the interest in the study of numbers is aroused when one 
begins to identify or list the so-called prime numbers. The recognition 
of those integers less than lOQ which are evenly divisible by other num- 
bers as well as those remaining numbers which are not so divisible is 
absolutely necessary in the study of algebra. 

As soon as children have learned those multiplication and division 
facts in which the product or dividend is less than 100, they should 
certainly be made more and more aware of the fact that there are sev- 
eral two-digit numbers which arc not evenly divisible by 2, 3, 5, and 7. 
Soon they should be able to distinguish between odd and even numbers 
and to recognize that when any odd number is divided by 2, the re- 
mainder is always 1. By the end of the fifth grade, a child should be 
able to list all the primes less than 50 and by the end of the sixth grade 
he should know all the primes less than 100 as well as the factors of 
all numbers in that range. 

1. Presentation. For 2500 years or more, mathematicians have been 
trying to find simple w’ays of telling whether certain large numbers are 
prime or not. It is not difficult to tell when a number is divisible by 2 
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or S, and the usual test for divisibility 3 or 9 should prove of interest 
to children after they have bad some experience with division. But in 
the case of large numbers, it may be necessary to divide by several 
possible factors to test their primeucas and often this work becomes 
tedious. 

There is no reason vchy the method discovered by a Greek mathe- 
matician, known as the Eratosthenes sieve method, could not be intro- 
duced to children at fifth or sixth grade level. The fact that listing all 
the numbers from 2 to 100 and crossing out every second number after 
2, ever}' third after three, every number after 5 ending in 5, and every 
seventh number after 7 produces numbers which are not di\dsible by 
any other number less than themselves other than one, can be presented 
in such a way that children will alwa}^ remember this method. 

Certain questions for generating further thinking can then be pre- 
sented or developed, depending on the age and grade level. Among 
these could be the follov-ing: 

1. Do you believe that all prime numbers wth the exception of 2 
arc odd? 

2. Can the Eratosthenes method be extended for numbers between 
100 and 200? Between 200 and 300? Can one use it between 600 and 
GOO without knowing all the primes less than 600? 

3. In finding the primes less than 100 why did one not also cross out 
ever}’ 11th number after U, every 13th after 13, and so on? In finding 
the primes less than 200, can one stop when one has reached the 7’s 
step? Is there some way of knowing when one has done enough crossing 
out when finding the primes for any number less than a number one 
wishes to name, e.g., 2000? 

4. Are there as many prime numbers between 100 and 200 as there 
are less than 100? If not, is it conceivable that the number of primes 
decreases for ever}- successive 100? In that case, is it possible that even- 
tually one mi^it find an interval containing 100 numbers in which not 
a single number is prime? 

5. Is it conceivable that if one continues examining larger and larger 
imml)er3 tint eventually one would find no more primes? 

C. If one knows that a certain number is prime, is it possible to locate 
the very nc.\t prime after that? 

7. Mliat is tlic licst way of determining whether some large odd num- 
Ur is a prime without constructing a complete sieve or consulting a 
t.able? 

8. Do the gaps V-clwcen primes increase in length? For cx.ample, the 
difTcrcncts Wtwocn primes Mow 75 are cither 2, 4, or C. Docs that 
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mean that there vnll never be any with a difference of S, 10, 12, or more? 
Is it possible that eventually one might no longer find a difference of 2 
between successive primes? 

Some additional preparation for these questions can be provided by 
giving students an opportunity to construct their own table of primes 
up to 600 or 1000 rather than providing such a table for them at this point. 
This becomes a good exercise in collecting data and at the same time 
provides some practice in accuracy. Later a table of primes less than 
3000 should be provided and their attention called to the table of primes 
less than 10,000,000 of D. N. Lehmer.* 

As soon as students have had some experience ^ith formulas, several 
unsolved problems of prime numbers can be broached; Is there a formula 
which will always give a prime for every integral value of the variable? 
Does a formula exist or can one be found which will express all prime 
numbers? 

2. Attention. By referring to a table of primes, it wll be noticed 
that some of the numbers can be seen to be members of certain arith- 
metic sequences, e.g., 6, 11, 17, 23, 29, 35, 41, 47, 63, 59, ’ • In fact 
out of the first 10 terms of this sequence, 9 are prime. The first 10 terms 
of the sequence based on the expression 6a + 1 does not fare quite so 
well since our “batting average” is only 7 out of 10 and in the case of the 
sequences for 4n — 1 and 4n + 1 we get a batting average of .600. Ques- 
tions of the following kind can be challenging : Does our batting average 
get better or worse as we consider the first 20 terms of either of these 
sequences? Can anyone discover a sequence in which successive terms 
have a common difference in which the first 10 terms are prime? If 100 
per cent perfection in an expression is not possible, what expression does 
yield the largest number of primes for the first 50 or 100 values of the 
variable? A contest for determining some best method or formula does 
have an appeal value to many children. 

When it begins to appear that 100 per cent perfection cannot be 
reached with arithmetic sequences, a slight variation of this same prin- 
ciple can be suggested, i.e-, sequences in which the differences between 
successive terms are in arithmetic progression (actually this becomes a 
sequence whose terms satisfy a quadratic polynomial). Such an example 
is the sequence 5, 7, 11, 17, • • • or the one 11, 13, 17, 23, 31, • • • where 
the successive differences conrist of the sequence of ev’en numbers. 

3. Observation and Exploration. It soon becomes apparent that 
none of the suggestions considered thus far uill succeed in always pro- 
riding primes. Attempts to create such sequences is good practice how- 
ever. Various combinations for a and d in arithmetic sequences should 



